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1. Introduction. One introduces the n*" order tangential cones T"D(z) to a
subset D of a normed (or general topological vector) space X (see (2.7) and (2.8))
following some ideas from Pavel [5| and Pavel-Ursescu |7|. One gives (in addition
to classical necessary conditions (3.5)) new necessary conditions for extremum in
terms of second order tangential cones. Examples and comments are also given
{Example 3.1) to illustrate some possible applications. Related ideas can be found
in Ledzewicz-Schaettler [2].

2. Higher order tangential cones. Let X be a normed space, of norm || - |
and let D be a nonempty subset of X. Recall that a vector vy € X is said to be
“tangent” to D at x € D, if

im %dist (x4 tu; D) =0, (2.1)

where dist (z; D) stands for the distance from z € X to D,
It is well-known (and easy to check) that (2.1) is equivalent to (cf. [6], Ch. 3)

z + t{vy 4+ €4(t)) € D, for some e;(t) =0 as¢ | 0. (2.2)

Denote by TD(x) the set of all v; € X satisfying (2.1). This is a cone in the sense
that vy € TD(x) implies Avy € TD(z) for all A > 0. TD(z) is also known as the
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“contingent” cone (or tangent cone) to D at z. It goes back to Bouligand in the
early 1930's [6]. Many useful versions of such tangential cones were introduced by
C. Ursescu [8], F. Clarke and other researchers in optimization [6].

The extension of TD(z) to Banach manifold was given by Motreanu and Pavel 13].
If D is a submanifold of class C', then TD(x) is just the tangent space to D at
z € D. Such tangential cones play a crucial role in both optimization theory and
in the flow-invariance of D with respect to a differential equation (details in [6]). It
was shown by Pavel and Ursescu |7] that the “second order” tangential directions
vz to D at z € D plays the key role in the flow-invariance of D with respect to a
second order differential equation (so, in flight-mechanics). Precisely:
Definition 2.1. A vector v; € X Is said to be a second order tangential direction
to D at x € D if there is v; € X such that

2
Ij_m%d!;at (z +tu + Svgi D) =0, (2.3)

tl0 2
It follows that vy € TD(z) and (2.3) is equivalent to:
2
T+t + %{un +.ez(t)) € D, for someeg(t) = 0ast 0. (2.4)

Remark 2.1. Given v; € T2D(z), by definition there is v; (which must belong to
TD(z)) such that (2.3) holds. Is such a v, unique? The answer is no as shown by
Remark 2.2,

Denote by T?D(z) the set of all second order tangential directions g to D at .
Clearly T*D(z) is also & cone. Indeed let v; € T2D(z) and A > 0. Replace ¢ in
(2.3) by VAt. It follows

lim ti,dist {z + t[ﬂm] + %(Au;j; D)=0. (2.5)
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Therefore Avs € T?D(z). Actually, in [7] only the formula (2.3) was studied (which
goes back to Paves [5] in 1975). In this form, T2 D(z) is introduced here for the

first time. Equivalently,

T?D(x) = {vs € X; there exists vy € T' D(x) such that (2.3) or (2.4) holds}
(2.6)
with T' D(z) = TD(x) (by convention).
The generalization (ie., the definition of T"D(x) for n = 2,3,...,) s straight-
forward:

T"D(z) = {va € X; there exist v; € T"D(x),
§=1,2,...,m—1, such that (2.7) holds},

where (2.7) is given below
T

1 §* ¢ :
i —i1i — e p=ry L =u, = ly&yenes 2.7
ll!Ll:EllndJst(m-FmI + 21u2+ +ﬂ!umﬂ} 0, n=1,2 (2.7)

Equivalently, (2.7) means

n—1
T+t +-v-+hun_1+5{un+c,,{t)} € D for some ¢,(t) - 0ast | 0. (2.8)

T™D(z) is a cone as, if v, € T"D(z), there are vy,... ,v— satisfying (2.7). Then
M A8 A g NS sy satisfy (2.7) (with tA% in place of t), so A, €
T D(z).

Our T2D(z) here is somehow related to the second order tangent cone
TC?(D;z,h) € X x Ry introduced by Ledzewicz and Schaettler [2]. Namely,
TC?(D;z,h) is the set of all pairs (v,7) € X x Ry (the second order tangent
directions to D at z in the direction of h) such that

z+t/Th+ v +e(t) e D (2.9)
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for some ¢(t) — 0 (as ¢ | 0). Clearly, such an element v € T2D(z). Indeed, (2.9)
can be rewritten as: 5
2+ HyFh) + %{21.! +2(t)) € D (2.9)

which is just (2.4) with v; = A,/ and v, = 2v. This means that %v € T2D(zx) and
therefore v € T2 D(z) (as T?D(z) is a “positive” cone).

As an example, let us find 7°D(z) in the caseof D= 5, = {z € X |z|=r}=5
and X = H—a Hilbert space of inner product { ). First of all, it is known [8, p.
118] that

TS(z)={ye X, (z,9) = 0} =) =r, (2.10)

ie.,

1
lim —dist (z +;5) =0, if and only if (z,y) = 0 (2.11)

with |z| = r. Moreover
2

g S : t
i Fdlﬂt I:Iﬁ + iy + ETJ],S) =10 (2 12)

if and only if
(z, 1) =0, [vg |2 + (2, u9) = 0. (2.13)

The proof of the equivalence (2.12) «= (2.13) is similat to the proof of Lemma 2.1
below (which is new).

Lemma 2.1. Letz € S (ie, || =7) and v, v2,v3 € H. Then the following two
conditions are equivalent:

. 2 ¢
lltlin Fd]“ (z + tvy + Eﬂz + ﬁﬂa. S)=0 (2.14)

{z! pl} = ur !Wll2 + (I, UE:’ =0, %(?:1 uﬁ:’ i {“l'l t’ﬂ} =0 {2+15}
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Proof. We know that (2.14) is equivalent to:

2

£ t
[z + tuy + 2 + 5 (vs +es(t))? =2 (2.16)

for some €a(t) — 0 as t | 0 (by (2.8) with n = 3). Inasmuch as |z|2 = r?, it is easy
to check that (2.16) implies (2.15). Vice versa, we prove that (2.15) implies (2.18),
i.e., if (2.15) holds, then we can find ea(t) satisfying (2.16). Indeed, choose es(t)

given by:
e t* ¢ a(t) ot
z+£v|+iw+ﬁvs+mﬁz{ﬂ=mf (2.17)
with a(t) =z + tv; + Sy + 5vs € X, Then (2.16) holds. It remains to check that
e3(t) = D ast | 0. Indeed:
lale)(r = la()])] _, _ It =la(®)?|
eor el = e

where (2.15) was used. Here b(t) — Oas ¢ | 0. This completes the proof. Therefore:

=t3b(t), (2.18)

a0l =

T2S(z) = {v2 € X;3vy € X such that (vy,z) =0, |0, + (z,v2) =0}.  (2.19)

Remark 2.2. Clearly vz = —z € T25(z). Indeed, take an z* with (zt,z) = 0
and |zt| = |2|. Then with v; = £z (2.13) holds. Moreover, it follows that for a
given vy the element v, satisfying (2.13) is not uniquely determined.

Finally;

T%S(z) = {va € X;3v1,v2 € X such that (2.15) holds}. (2.20)

3. Optimum principles in terms of second order tangential directions.
First we recall the following general results of Pavel-Ursescu [7].

Let g: X — Y (Y —a finite dimensional space of inner product ( }) be a contin-
uous function (in a neighborhood of 2o € X). Set

Dy =g7'(0) = {z € X, g(z) = 0}. (3.1)



46 Necessary conditions

Lemma 3.1. [7| (1) Suppose g is continuous in a neighborhood of o and Frechet
differentiable at zq with g{zo) (the Frechet derivative at za) onto. Then

TD, (o) = ker g(ao) = {y € X, (§(xo),y) = 0}. (3.2)

(2) If in addition to the above hypotheses, G(xp) (the second Frechet derivative)
exists, then (2.3) 1s equivalent to:

glzo) =0, (g{zo),v1) =0, (§lwo)vy, 1)+ (§(xo),v2) =0, (3.3)

s0 T? Dy(a) = {va € X;3v1 such that (3.3) holds}.

The main result of this section is Theorem 3.1 below (optimum principle in terms
of the first and second order tangential directions).

Theorem 3.1. Let G and g be two functionals from X into R and let Tg be a

minimum point of G on g=(0), i.e.,
inf{G(z); g(x) = 0} = G(z0). (3.4)

Suppose G is of class C? in a neighborhood of xo (G—not constant) and g satisfies
the conditions in Lemma 3.1 above. Then ( necessarily)

(Glxo),v1) =0, ¥y € X with (§(z0),v1) = 0, (3.5)
(i.e., G(zo) = Ad(xo) for some A # 0),
(G(z0), ) + (C(zo)vr, 1) > 0, (3.6)
Jor all (vy,vs) satisfying

(9(xo),v1) =0, (§(zo), v2) + (G(zo)v1,v1) = 0. (3.6)
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Proof. Let vy, v; satisfy (3.3). Then there are ri(t) — 0 ast | 0,i =1, 2 such that
glzo+ t{vy +11(t)) =0, glzo +tvy + g(tu +ra(t))) =0 (3.7)

for all ¢ > 0. Therefore
Glzo + t{vr +11(t)) = G(xp) 20 forallteR (3.8)

which implies (3.5), and
Gzo + tuy + %{m +2t)) = Clzo) 20, £>0. (39)

In view of Taylor’s formula and of (G(xp),v,) =0, (3.9) yields:

E;{G{Iuinth} + g(éfruluh ui) + £%(t) = 0 (3.10)

with b(t) — 0 as { — 0 (which implies (3.6)). This completes the proof.

Remark 3.1. In [2] the condition that §(xg) is onto is not required, but g is sup-
posed to be three times differentiable. Condition (3.5) is the Lagrange multipliers
rile, while (3.6) is new. The points zp satisfying (3.5) are “candidates” for infimum
points in (3.4). Condition (3.6) will help to eliminate some of these “candidates”.
Precisely, a point x satisfying .{3,5} but not satisfying (3.6) is not a point where the
infimum in (3.4) is assumed, Such a candidate x¢ Is eliminated by (3.6). However,
the necessary conditions (3.5)4(3.6) are not sufficient (for zp to be an infimum
point as in (3.4)). The following simple example will illustrate the above situations.

Example 3.1. Take X = R?, G(z) = (z] +23)/6 and g(z) = (=3 + 23 — r?) with

# = (z1,73) and r > 0. Let us apply Theorem 3.1 for finding xy = (201, Tea) such
that

inf{(z3 + z3)/6; subject to 23 + 23 = ¥} = %{mgl + T3). (3.11)
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In this case (_',‘{;,-}:%[;z:f,mgjz El'ﬂd.lentﬂf G at I=E31,Iﬂ} and d{m}= (331 ID:)

= Hessian matrix. Set #* = (23, ~2;). Clearly §(z) = (z,22) = z and §(z) =

(6 2)

(the tangent space to S, = {r € R* 27 + 2% = |7]? = 12} at = € S,, see (2.10)).
Therefore, (3.5) ylelds (with 2o = (z01,202))

kerg(z) = {viiv1 = oz = (axy, —am), @ € R} = T'5,(z) (3.12)

(G(xo), 1) = 0 = 23,200 — 201 = TorZoa(Tox — Toz)- (3.13)

Consequently in order for xo (with |zg| = 7) to be a solution of (3.11), we must
have either

Toizoz =0 of  Tor = Tm (3.14)
which yields respectively
Tny =€r, Ip = 0 e==%1 (Zul = ﬂ, Lma = ET'] ) {3.15}
or .
To1 = Tog = €—=, €=2+1 (3.16)
o1 o2 ‘El = L %

A pair (vy,vp) satisfying (3.6)', ie.,
(zo, v2) + [m[*=0 (3.17)
is given by vy = —xp, v1 = 2§ = (202, —Zo1) 5o (3.6) yields (with z2, + 23, = r?)
1

1
*Eﬂ?gl > 5532 + To1Z; + T Tog = 0

which can be written as
(zo1 + xo2)(r? — 3zos02) < 0. (3.18)

The set of all candidates xo = (201, 2p2) for infimum points (as in (3.11)) are given
by (3.15)+(3.16). Clearly (3.18) requires ¢ = —1 in (3.15) and € = 1 in (3.16) (so



Pavel-Huang-Kim 49

those xp cortesponding to e = 1 in (3.15) and € = —1 in (3.16) are eliminated by
(3.18)). Therefore these remain

Zg={-r0) and zy=(D,~r) and z.;,:{-}, 4

575 (3.19)

Finally, it is now obvious that (3.20) has two solutions
o= (-10} and x9=(0,-r) with

inf{G(z), |zl =1} = —% = G(-r,0) = G0, —-r). (3.20)

We are now in a position to point out that (3.5)+(3.6) are not sufficient for zp to be
a solution of (3.11). Indeed, in this case (3.5) is just (3.13), Let us examine (3.6).
A pair (vy,ve) satisfying (3.6)' is given by

Y= HJ‘T}L e {&Iml -ﬂmﬂl}l Wy = _aizu + bI"uL, b € R {3'21]
s0 (3.6) becomes:
—a?(ad, + ad,y) + brorzoa(zor — zo2) + 20% 201 z02(T0r + 202) = 0, (3.22)

for all a,b € R. Or, in view of (3.22), we see that (3.23) (l.e., (3.6)) reduces to
(3.18). Therefore x5 = E?"!, 7’,} satisfies (3.5) and (3.6) and however it is not a
solution of (3.11).

Remark 3.2. It follows from (3.22) that
T28,.(z) = {v2 = —a’z + bz*; b € R} (3.23)

with z = (21, 22) and 2t = (23, —x1) (see also (2.12) and (2.13)).

An example of applications of T'D(z) (for some special D) to optimal contral of
PDE was recently given by Barbu and Pavel [1].

Remark 3.3. From (3.8) it also follows that (in addition to (3.5) and (3.6)) another
necessary condition for xg to be a point of infimum (as in (3.4)) is given by
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(Glzo)ur,v1) 20, Vuy with {§(zo), 1) = 0. (3.24)

Or, in Example 3.1, vy = (&g, —ox;) with a € R (see (3.12)). Therefore, (3.24)
becomes:

o’ (2123 + 2a77) = 0 with £, = %oy, T2 = Toa,

ie.,

To1Toz(Tor + Toz) =0 (3.25)

which will also eliminate the candidate zo = ( -7 —J5) in (3.16).
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