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Classroom Notes

ALMOST PERIODIC DISCRETE PROCESSES

&*
C. Corduneanu

INTRODUCTION

The discrete processes occur in the investigation of many phencmena, mainly in
the case of use of computers. One of the most widely adopted definition of a

discrete process can be formulated as follows:

4 discrete process is a map from the additive group of the integers Z, into
a complete metric space (X,d), such as R,Rn,c,ﬂn- with the disance functiom in-
duced by the vector norm.

We shall use two different notations to designate a discrete process. Namely,

if f: Z+ X is a discrete process, we shall write instead {f({n})} or

s
{fn}#zz’ dropping usually the subseript ''m € 2", since no cnnfusinnniin occur (in-
deed, we are not going to consider iIn this paper discrete processes defined on a
group, other than Z).

0f course, cne of the most commen sources for the discrete processes is the

theory of difference equations, such as

= =]
(L) % 41 Axn + bn, nEZ,

where {xnl stands for the unknosm process, with values in R" or Cm, A is a
square matrix of order m with real or complex entries, and {bn} stands for a
given diserete process, with values in the same space as {xn}. In practice we deal
with solutions of (1) which are defined only on subsets of Z, and therefore, they
might be regarded as restrictions of a “complete" process to a subset of its domain
of definition.

More sophisticated equations (or systems) than (1) are those described by the

relationships

(2) X" f{n,xn}, n€EZz,

where f: Z x R" + R" {or Cm} is a given map, In general nonlinear in beoth

arguments.
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Since our main objective is to provide criteria for the almost periodicity of

solutions to equations of the form (1) er (2), we shall first review- the basic prop-
erties of almost periodic discrete processes. Let us point out that the definitiom
of almost pericedic discrete processes has been formulated by A. Walther im [9],
shortly after Harald Bohr constructed the theory of almost perlodic funetions of a
continuous argument {see [3] for the basic theory of almost periodic functioms,
where the discrete almost pericdic processes, or sequences, are briefly investigated;
also, see [5] for mere details inm regard to almest periodic disecrete processes, as

well as some applications to difference equations).
BASICS OF ALMOST PERIODIC DISCRETE FROCESSES

Following H. Bohr, A. Walther [9,10] has formulated the definition of almost

periodic discrete processes in the form given below, excepting the fact he considered

only scalar valued (R or C) processes.

Definition. Let {an} be a discrete process with values in (X,d). We shall say
{an} is almost periodic, if to any positive £, there corresponds a positive inte-
ger W(e), such that any set consisting of N consecutive integers contains at

least one integer p with the property
£ 1=
(3> d{a“+P,an} E, nE L.

An integer p, with the property shown in the above definitiomn, is called an

£ = almost period for {an}, or an € - translation number.

In order to formulate a property of almost periodic processes, which is equiva-
lent to the definition above, we need the concept of a normal process. MNamely, the
discrete process {an} will be called a normal process, if for any sequence

k-T

uniformly with respect to n€ Z, as k + =. In other words, for every € posi-

fmk}C %, there exists a subsequence {mi} z {mk}, for which {a 1 converges

tive, there exists K(e), and a discrete process {E%], such that

(4) d(a ,Eﬂ} < g, for k>K(), n€EZ.

e

The following theorem is proven in [3]. See also [5].

Theorem 1. A necessary and sufficient condition for a discrete process to be almost

periodic is that it be normal

Remark. The normality has been recopgnized for the first time by 5. Bochner (in 1927}
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to be equivalent to the almost periodicity as defined by H. Bohr. Later on, this
definition of almost pericdicitvy has been extended by J. von Weuman to the case of
functions defined on an abstract group. The theory of almost periediecity on groups
developed into a conspicucus chapter of modern harmonic analysis (see W. Maak [6]).
The case of diserete processes on 2 has been overloocked for a long period of time,
but seems now to get new interest, mainly in regard to the applications of the dis-
crete models.

The following results, regarding almost periodic discrete processes with scalar

values, can be found in [3] or [5].

Theorem 2. Assume that {an] and {bn} are scalar valued almost periodie discrete
processes, and e is a scalar. Then the following diserete processes are almost
periodic:

i) {can}; ) {an + bn}; iid) {anbn}; iv) {anfbn}, provided
Ibnl *m>0 for every n€ Z; v) {an+k}, where k 1z a fixed integer.

All the (arithmetic) properties stated in Theorem ? can be easily obtained if

one uses the normalitv as definitiom.

Theorem 3. Any almost pericdic discrete process is bounded.

In other words, if {an} iz an almost periedic diserete process with values in
(X,d), there exist a point xS € X, and a positive number r, such that
d{&n.xu} ¢ ry, for any n & Z. For scalar valued processes, the property simply
states the existence of 4 positive number r, such that Ian| <1, for any n € L.

The next property is a comvolution type property, and can be stated as follows.

Theorem 4. Let {k ! be a summable sequence, i,e., such that
. n

(5) k= |k |<o=
nsZ

Then for any almost periodic discrete process {a }, the process {b } defined by
T n

{(6) b = ] ka ,n€g,
n =2 m Ti=m

is also almost periodic.

The proof immediately follows from the estimate

(7) sup |b -b | < K sup |a - a
= al €2 P ™l
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which iz a consequence of (5) and (&). )

The preservation of almost periodiecity by convolutien with summable processes
is of special interest when investigating infinite systems of linear equations. 3ee,
for instance, I.C. Gohberg and I. A, Feldman [4].

Before establishing two more basic properties of almost pericdic discrete pro-
cesses, we shall briefly discuss the connection betwsen the almest pericdic functions
of a continuous argument, and the almost pericdic discrete processes.

Let f: £+ C {or R) be an almost periodie discrete process. Denote by
f: R+ C (or B) the map defined as follows:

(&) f(t) = fl_l + {t—n)(fn+1—fn}, n< t<onl,%n € E.

It can be easily seen that 'F{nj = fn, for any n € Z.

Theorem 5. If {fn} is a scalar discrete process, them f(t) is Bohr almost perio-
die if and only if {fn} iz almost periedie.

The proof of this theorem can be found in [3]. It is due to A. Walther [10].
See also I. Seynsche [B].

Theorem 5 allows to reduce the proof of. certain properties for almost periodic
discrete processes, to the similar proof in case of almost periedic functioms in

Bohr's sense.

Theorem 6. Let {an} be an almest periodic discrete process with scalar values

(R or C}. Then the limit

PO
" o Aot Ppt2 Atk
e k

exists uniformly with respect to =n € Z, and is independent of n. This number is
called the mean value of the process {an}, and iz usually dencted by Hfan}.

The proof follows withour difficulty if ene notices that
alt)dr = ntl ot ntk 4B ntk

" k 7k

where aft) is the function constructed by linear interpolation, as shown by (8).

Since aflt) is almost periedic in t, the limit of the left hand side of (1)

(10) £

otk a  .+a +.uta a -a
k J

exists uniformly in n. Due to the boundedness of {an}, the second term in the

right hand side of (10) tends uniformly to zero, as k + =. Hence, the limit (9)
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exigts uniformly in n, and equals the mean walue of the almost periodic functiom

of a continuous variable a(t).

Theorem 7. Let {an} be an almost periodic discrete process, and let {ﬁh] be a

discrete process constructed as follows:

(11) 4. is chosen arbitrarily, and A -ﬂh =a for any n € Z.

0 -l

A necessary and sufficient condition for {Aﬂ} to be almost periodic is that it
be bounded.
The proof of this theorem is a consequence of the following formula, which

follows from the definitions of a(t) and {Anj:

X _ X . aﬂ+a1 ]
(12) J a(t)dt = A[n]+1 + J al(t)dt - ———E—E— "

0 [x]
where x stands for a positive number, while [x] means the greatest integer in
% ({similar formula helds true for negative x).

From (12) one sees that the integral of a(t) is bounded if and only if {An}
iz bounded. Indeed, the last two terms in the right hand side of (12) are dominated
in medulus by Sup|an|. n € Z, hence bounded. If {An} is bounded, then the in-
tegral of the almost periodic functiom afdt) dis bounded on the real axis, and
therefore, it is almost periodic. Using again (12) and Theorem 5, one obtains the

almost periodicity of {An}.

Remark. For Theorems & and 7, proofs which deo not rely on the corresponding prop-
erties for the continuous case are available (see, for instanee, [9], [101).
Wevertheless, the simplicity of the above proofs, based on Theorem 5, is too tempt-
ing to be overlooked.

Before concluding this section, let us point cut that further properties of
almost periodic discrete processes can be derived from the general theory of almost
periodie functions on groups (see [3] ar [E6]).

Most properties of almost periodic discrete processes hold true for asymptoti-
cally almost pericdic discrete processes. For the definition and the basic facts
concerning the asymptotically almost periedic discrete processes we send the reader
te (5], I1].
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DIFFERENCE EQUATIONS: ALMOST PERIODICITY OF THEIRE SOLUTIONS

Az mentioned in the Introduction, our main objective is to provide some criteria
of almost periodicity for the discrete process defined by means of difference equa-
tions, such as (1) or (2).

Since almost periedic discrete processes generalize the periodic ones, the oc-
curence of almost periodic solutions to such equations is a phenomenon of higher
frequency than the occurence of periodic solutions. Unfortunately, much less atten-
tion has been paid by researchers to the case of existence of almost periodic dis-
crete processes defined by difference equations, than to the periodic case.

Papers like [2], [7], or the monograph [5], display a pood deal of results re-
garding periodicity. Only [5] has some results related to the existence of almost
periodic discrete solutions, and those are basically shaped on stability achemea.

Let us consider now the equation (1), assuming the almost periedicity of the
discrete process {hnT, which takes its values in the complex vector space of m
dimensions = Cm. Since A 1is a square matrix of order m, with complex entries,
it iz natural te look for solutions of (1) which are discrete processes with values
in ¢". of course, only bounded solutions of {1} - if any ~ can be discussed in re-
gard to their almost periodicity, since any almost periedic discrete process is
bounded on Z. The analogous problem for continuous almost periodic functioms, con-
cerning the equation =' = Ax + £(t), t € B, has been first investigated by Bohr
and Neugebauer (see, for instance, [3]), and conducted to a classical result: any
bounded solution is almost periodic, provided £(t) 1s almest periodic. It turns
put that this result holds true for the equations of the form (1), which we shall

establish below.

Theorem 8. Let {bn} be an almest periodic discrete process, A - a sguare matrix of
order m, and assume {x } is a discrete process satisfying the equation (1).
n

Then {xn} is almost periedic, if and only if it is bounded.

Proof. We shall follow the method of proof used in [3] for the continuous case. It
is well known that the matrix A is equivalent to 8 matrix of upper triangular form.
In other words, there exists a square nonsingular matrix of order m, say T, such

that T_l& T=PE8 has the form
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{13} ] A [ 7, b

where ik' k=1,2,...,my, are the eigenvalues of A (or B). If in the equation
(1) one operates the change of wariable xn = Ty“. then one obtains
(14} y = By + 7l , ne 2.

“ntl n i

The system (14) Is of the same form as (1), with {T_Lhé an almost periodic dis-
crete process, but reduces considerably the difficulty in discussing the almost peri-
pdicity of its solutions. More precisely, the general case of an arbitrary matrix

A dis now reduced to the scalar case. TIndeed, the last (scalar)} equation of the
system {14) is aof the form

= Az : n e i
(15) zn+1 PVn + r“, n Zs

where A iz any complex number, and {cn? is a scalar almost periedic discrete pro-
cess. All we need to prove is that any bounded sclutien [zn] of (15} is almost
periodic. It will imply that from the last equation of (14) we can derive the al-
most periodicity of the m-th coerdinate of the process fyﬂ]- Then, substituting

yim) in the (m-1)-th equation of (14}, we cbtain again an equation of the form

?im_lj and zo on. Therefore, we have to discuss only (13). Three dis-

2l < 1; 2y ] s 13 3 Al = 1.

(15} for

tinct cases have to be considered: 1)

Case 1. Let us consider (15} for the value n+p of the index, and then subtract side

by side. One obrains

=iz ., -2 )+ (e -c},

(16) zn+p+l = Bt ke o wép N

and since {z } is a bounded process by assumption, one derives from (16}
n

)
(173 sup |zn = zn| < {1-]x) sup ||:n+1J =<

o5z TP T

*

if taking into account that sup |z = iR | is the same as sup |z
: n

np nbptl  Cnl'?
for n€ Z. But (17) shows that any (]—Illja - almost period of {c | iz an e-almost
n
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period for {zn}. Mereover, one sees that for periodic {cn}. one obtains periedic

{zn}' of the same period.

Case 2. One starts again from (16), which leade to

rH'I.'r-cn

*

-1
(18) sup |z -z | = (|n]-1) sup |e
£z TP W o7

From {18) one derives the almost periodicity of the process {zn}-

Case 3. In this case one can obviously write A = exp(-iwn), for some real uo.

Multiplying both sides of (15) by exp(i(n+l)a), one obtains
(19} Exp{i{n+1}u}zn+1 = exp(lna}zn + exp(iu}[exp(inu}cn],
which can be rewritten as

- e (=
(20} Zn+l n - Cpt B z,

with obvious notations. The equation (20) allows to conclude about the almost peri-
adicity of the discrete process {Zn}, according to Theorem 7 of this paper. Since
z = znexp(inq), n€ Z, one sees that {zn} iz almost periodic, being the product
of two almost periodic discrete processes.

The proof of Theorem B is thus accomplished.

Remark. In cases 1 and 2, which correspond to eigenvalues of A with modulus dif-

ferent of 1, one can cobtaln as shown above the inequality

(21) sup |z | < M sup |c_|.
wez " ez "

where M = 0 1s a number which depends only en A, In particular, if we assume all
the eigenvalues of A& have moduli different of 1, then the uniqueness of the almost

periodie solution is implied, and for that unique solution one obtains the estimate

(22) sup |x | < K sup |b_|,
€z P ez "

with K a positive constant which depends on A only. The inequality (22) easily
follows from the scalar inequalities (21).
In case 3 it is not possible to obtain inequalities like (17} or (18). Yoreover,

it is not possible to derive periedicity for the selution, even though we assume the
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periodicity of {bn}' But periodicity is assured in cases 1 and 2, which correspond
to the absence of eigenvalues with modulus equal to 1 to the matriz A.

The inequality (22) plays an important rele when trying to extend the investi-
gation of almost periedicity to the nonlinear case of systems of the form

- . =
(23) x 41 Axh + f(nix), n € Z,

where f 1is almost periodic in the first argument. Im (23), x etands for the process
{xn}. Equations of the form (23) have been investigated in [5], under the assumption
of uniform asymptotic stability for the corresponding homogeneous equation X 41 -Axn,
case in which the uniqueness of the almost periedic process is assured,

Let us quote now a result from [5], which deals with the nonlinear system (2).

For the proof, we send the reader toe the book [5].

Theetrem 9. Conslder the system (2), with {xn] and £ taking their values in R,
and such that f is periodic with respect to the first argument. If there exists
a bounded selution {inj of (2) which is uniformly stable, then (2} has an almost
periodic solutiom.
Let us formulate now the definition of uniform stability for the solutiom
{in} of the system (2). It means that to every ¢ > 0, there corresponds
(e} » 0, such that |xnD - i“ol = ()} dmplies qu - inl <e for m2zn.
It should be noted that the solution {in} itself is not necessarily almost periodic.
We shall prove now a theorem concerning the almost periodicity of bounded solu-
tions for a system of the form (2), under the assumptiom that the right hand side of
the system is almost periedic in the first argument, and satisfies a certain momo-

tonicity conditiom with respect to the second argument.

Theorem 10. Consider the system {2}, and assume that f 1is almost periedic from
2 to R* (or te C™, uniformly with respect to the second argument in any bounded

get. Moreover, let f werifv the condition
2
(24) (f(n,x) - f(n,y),x - ¥y} > k|x - y|", k> 1,

for any n € Z, and any x,¥ € R {or ij. If (2) has a bounded solutiom om 2Z,

then this solution is almeost periedic.

Proof. Let {x ! be the bounded solutien of the system (2)}. Writing the system
S T
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(2) for n+ p dinstead of n, and subtracting side by side, ome obtains

(25) x = I{rrl-p,xn

nhptl ntl +p
+ - =
f{otp,x ) f{n,x ), n € Z.

}y - f{n+|:|,xn'}l +

By scalar multiplication of both sides in (23} by R obtains taking

(24) into account:

(26) {x

nll_xrril’xrﬂ'p_xn}iklx - X

wp n

{f{n+p,xn} - f{n,xn},xn+P - xn}.

Using Schwarz inequality, onme can strengthen the inequality (26) as follows:

x|z kle , -x |2 -

BTy tx!'L+|:|+l - 1n+l““n'|‘1} " n+p n

|f{n+p,xn} - f{n,xn3]|xn+p - xn|.

Taking now the supremum with respect to n € Z, one obtains from (27):

. - x |2 -x |? -
(28) Eg |xn+p x |° 2 k - |xn+p x|

sup |= - x | sup |f(otp,x ) - fln,x ).
ez TP " g o L
Excepting the case in which {x“} is periodic, with period p, (28) implies

(29) sup|x
nEZ

Taking into account the hypothesis of almost periedicity ef f in the first argu-

ol |
- x| = (k-1) ey |£(ntp,x ) - flm,x ).

hp
ment, (29) shows that {xn} iz an almost periodic discrete process. If f is
periedic in the first argument, with period p, then the second term in the right
hand side of (28) is zero, and since Lk > 1 one sees that (28) is possible only if
X - for any n € Z.

ntp
The procf of Theorem 10 is now complete.

Remark. Condition {24) leads irmediately to the conclusien that (2) has at most one
bounded solutien on Z.
To conclude the discussion, it seems rather interesting to point out the fact

that the conclusion of Theorem 10 remains walid if (2) is replaced by the "higher
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1

] _ M & 5
order" system X k= f{n,xn}, with k € Z fixed.
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