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BOUNDED AND ALMOST PERIODIC SOLUTIONS OF CERTAIN NONLINEAR
PARABOLIC EQUATIONS

e
C. Corduneanu

To the memory of my father
Costache Corduneanu (1901-1981),
twice thrown in jail by the com=-
munist regime of Romania, and then

sent to forced labor camps.

L. In a recent paper [3], we have investigated the almost periedicity of bounded
solutions to some classes of nonlinear elliptic equations. The method used in de-
riving the almost periodicity had been based on the lines method of reducing the
partial differential equations to ordinary ones. The results available for ordinary
differential equations made possible to establish first the almost periodicity of the
approximating equations, and then to carry out this property to the original partial
differential equations. The main tool to obtain the almest pericdicity, as well as
the validity of the approximation scheme, was the Lemma stated and proved in [3].
This paper is dedicated to similar developments, regarding nonlinear parabolic
equations. In order to carry out the proof of the approximation thecrem which pro-
vides the needed connection between the sclutions of the partial differential equa-
tion and those of the approximating system, we will need a Lemma which can be stated

as follows:

Lemma Let x be a differentiable map from B into R+, such that

(1) x'(t) < wix(t)), t € R,

with w continuous from R+ inte K, and such that w(x) <« 0 for x > M > 0.

Then any bounded (on R) solution of (T) must satisfy =(t) = M, t € R.

Proof. Since =(t) must be bounded on R, there are only two exclusive cases to be

examined, First, when =x({t) attains its maximum value at a point t'U £ BE. Then
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%" (tu} = (), and therefore x(to} is such that m(x{tu}) * 0., This implies obvi-

ously x(t) < x(tﬂ] = M, Second, there is a sequence {En]', with trI — = {or tn

— = @), such that x(t ) — x ag n—>» =, If x(t) — = as t —>» =,
n max max

then we can assume - without lossz of generality - that x‘{tnj > 0 for sufficiently

large n. Indeed, the contrary case would mean x'(t) is negative for t¢ > T,

which is impossible., Therefore, for such a sequence {tn} one obtains W{X(tn}l} =0

for sufficiently large n, which obviously implies m(xmx} 20, and x <M. 1In
case x(t) does not tend tea x ag t —» o, there is a number =x , 0 < x < =®x _,
max (u] - O mes

such that for a conveniently chosen sequence {En'}, En — =_ one has xl{En} — %,
as o = =, In this case, the sequence {r_n} can be chosen in such a manner that
{K(tn}] represents a sequence of local maxima for =x(t), and therefore :h'.'(tnj = 0
for any n. Again one obtains m{x(l‘.n}} » 0, from which we get m(xmx} > 0. Hence,

_— i i t
X < M. When the sequence {tn}, on which x(t) tends to X oax® 18 such tha
- —> = w, gimilar arguments hold true, For the case x(t) —= xmax as t —> =m,

it is useful to notice the existence of a sequence {tn}, such that X'(tn] — 0.

t

The proof of the Lemma is now completed.

Remark A sort of dual lemma can be easily obtained from the result above when t is

changed inte = t.

2l Let us consider now the nonlinear parabolic equation

(1) o= + f{t,x,u), (t,x) € B=(0,1),

under boundary value conditions
2) u(t,0) =0, u(c,l) =0, t ER,

Since we are interested only in solutions dafined in the whole strip Bx(0,1),
the initial condition does not play an important role in the forthcoming considera-
tions.

The problem we want to solve in this paper can be formulated as follows: Assume
ult,x) is a selution of (1), (2), and is bounded in the strip BR«{0,1). Under what
conditions can we obtain the almost periodicity of wu(t,x) din t, uniformly with
respect te x € [0,1], if £(t,x,u)} iz almost periodic in 7

Using the lines method of approximation, we shall give a positive answer to the
above problem, Let us notice that the problem considered in this paper has been
dealth with by Carla Vaghi [5], under somewhat different assumptions.

We shall assume that the funetion f(t,x,u) occuring in (1) is comtinuous from
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R = [0,l] * B intoe R, together with its partial derivative fu+ Moreover, it will
be assumed that an inequality of the form

2
(3) fu L L

holds true in the whele domain of definition for £, with A fixed.
To the equation (1), with boundary value conditions (2}, we shall associate the

system of ordinary differential equations with n unknown functions Uk(thkﬁliz.--:n,

du
(4) ko 2

i (n+l) (uk+1 - zuk + uk-l} + f(t,xk,uk},
where
(5} u (£) = u_ ., (e) = 0.

Of course, conditions (5) are dictated by the boundary value conditions (2}, while
uk{t}, k=1,2,...,n, stands for an approximation of u(t.xk), where
X, = kf{n+l), k= 1,2,...,0.

Using obvious vector and matrix notatioms, the system (4) can be rewritten in
the more concise form

du _ 2
(6) 2 (n+l}) ﬁnu + £n(t,u},

where An stands for the tridiagonal matrix of order n, with =2 on the main
diagonal, and 1 on the diagonals bordering the main one. As pointed out in [2],

A4y is a stable matrix, and the greatest eigenvalue of the matrix (n+1}2&n tends to
2

-1 as n — =,

If we assume f£{t,x,u) to be almost periodic in t, wuniformly with respect

to (x,u)E [0,1]=x[-H,N], where N is an arbitrary positive number, then the vector
function fn(t,u} is almost periedic in £, 1in the sense of Bohr, uniformly with
tespect to u  in any bounded set of r" {see [1] for basic properties of almost
periodic functions, depending uniformly upon parameters). It is then a natural ques-
tion whether the system (6) has almost periodic solutions. The next Section of this

paper iz devoted to this problem.

A Let us consider mow the system (6}, under assumptions specified above, and prove
that any bounded (on R) solution is almost periodic. Indeed, if one writes system
{6) for t + ¢ instead of t, and then subtract term by term, one obtains for

vit) = ulttr) - uit) the systam

dv

) =

. {n+ljzﬂnv + £ (bt u(et)) - £ (5,u(e)).

If one multiplies sealarly by v both sides of the system (7), one obtains after
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obvious calculations
(8) %% w2 = 1)2 {ﬂnv,v} 4+ {fn{tﬁ,uitﬂ}} - fu(tﬂ.u{t}},v}

¢ {E (tFr,u) - £ (tu),v ),
n

As noticed in the preceding Section, the greatest eigenvalue of the symetric matrix

{n+1)2An tends to ? as n — =, Therefore, we can write

(@) (@)% v < ~@rP-o)lvl?, ¢ >0 and small, n large enough.
On behalf of conditionm (3) one can write the inequality

(10) (£ (trr,uleh)) - £ (t,u(e),v) < vl 2,

From (B), (9), and (10) one derives

(11) é%—"v"z i__fnz_l—g}ﬂvﬂz + Nl suplfn{t+T,u} - fn(t’U}u'

where the supremum is taken for t € R, and for u in a bounded set (sufficiently
large, to contain inside the graph of wu(t)). Of course, for large enough n, the
quantity in the paranthesis is positive, and an application of the Lemma wvields the

following estimate for wir
(12} lwicil = bufc+r) = wic)l < {vsz—l—c}d suplfn{tﬂ,u}-fn(t,u}l.

where the supremum is taken as describad above.

From the inequaliey (12), in whieh T 1is an arbitrary real number, one obtains
the almost periodicity of the solution u(t) of (6).

The uniqueness of the bounded solution (on R) of the system (6) can be obtained
by means of the Lemma, provided we write the inequality werified by wi(t) = u{t}-—E(tL
where u(t) and uf{t) stand for two bounded (on R) solutions of (6).

In order to prove the existence of a bounded solution {onm R) to the svstem (6),
we need a variant of the Lemma, which will provide the needed estimates in applying
a compactness argument. This variant is concerned with inequality (I) on the posi-
tive half-axis, the initial condition x(0) = 0 being attached. The conclusion of
the Lemma remains valid, the estimate x(t) < M belng verified only for t > 0.

Let T « 0 be an arbitrary negative number, and let wu = u(t;T) be the solu-
tion of (6), with u(T:T) = 0. It can be easily seen that u(t;T) is defined for
t = T, and is bounded there. Moreover, a common upper bound can be found by using

the variant of the Lemma specified above. More precisely, one obtains
(13) (e < 267070 swpl £ (6,000, € 2 T,

provided we choose n sufficiently large. The inequality (13), together with the
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equation (6), constitute the basis on which we can conclude about the compactness of
the family {u(t;T}!T < 0} om any compact interwval of R (assuming u(t;T) is set
0 for £ < T). Therefore, the existence of a solution te (6}, bounded on the entire
real axis, is assured.

Let us summarize the above conducted discussion in the following

Theonem 1, Let f(t,x,u) be a continuows map from Rx[0,1]*R <nte R, zZogethea
with its denivative £, and et condition (3] be verified. Assume funthen that
f(t,x,0) 4is bounded on Bx[0,1]. Then the approximating systfem (&), with conditions
(5], has a unigue bounded sofution on R. 14, mokeover, fit,x,u) L4 afmosd perdo-
dic in t, uniformfy with respect to (x,u) € [0,1]x[-w,0], 0> 0 arhitrany, fhen the
unigue bounded sofution (& almost periodic.

Remark 1 The rank n of the approximating system has to be chosen sufficiently
large.

Bemark 2 The almost pericdicity of the bounded solution of (6) could be obtained
also by means of Amerio's ecriterion {(separated solutions; see [1], for instance) or
from a recent result of Pankev [4] concerning the differential inequalities with

monotonicity conditions.

4. Let us go back now te the equation (1}, with boundary conditions (2), and assume
that u{t,x) is a bounded solution of this problem. We want to prove that this
golution can be uniformly approximated in the strip Ex[0,1], by means of the
bounded solutiens of the systems (6), for large values of n.

Since uk{tj, k=1,2,...,0, have been constructed in such a manner to provide
approximations for the functions u(t.xk}, k=1,2,...,n, it is necessary to find

adequate estimates for the quantities
(14) Ek(t) = u{t,xk} - uk{t), kw 1.2,q.0500

If we denote c(t) = cnl(cl{t], cztt},,,..zn{t}}. then the following equation

can be easily derived from (1), taken for = = x k=1,2,...,n, and {4):

kl
de _ Z _
(15) rale (n+1) A e+ fn{t,u+c} fn(t,u} + rit),
where Ea(t} - En+l(tj =, and r(t) is the ecolumn vector whose coordinates are
given by
(16) r (6) = u_(t,x) - ) Tule,x, ) - 2u(t,x) + ult,n_ )],

k= 18 e ons
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In (15), u stands for the vector function representing the only bounded solution of
the system (6).

We shall make now one more assumption concerning the solutiom wu(t,x) which
will guarantee the fact that rk(t}, k=1,2,...,n, can be done arbitrarily small
on R, provided n is chosen large encugh. WRamely, we will assume the existence

of a continuity medulus fer u__, say w(&), such that

(17) Ju (e,) = u_(c,8)| < u(l|x-£]), t €R, x,E € [0,1],
where w(8) 4is continuous at the right of the erigin, w(0) =0, and
(18) /muED) —> 0, as a—> =,

As pointed out in [2], condition (1) helds true when U is HYlder continucus, with
index greater tham 1/2,

In order to estimate the error in the approximating procedure described above,
we start with equation (15). Multiplying scalarly by €, one obtains after similar
calculations to those leading to the inequality (11)

(19) % % el ® 1:_-{112—1,—11_}"5]2 = el suple(c)l,

where the supremum has to be taken om R, and n represents a small pesitive num-
ber. Of course, n is assumed large enough, such that the greatest eigenvalue of
the matrix (n+1}2Ah does not exceed & P

From (16), (17), and (18) one obtains
(20) suplc(e)l < v m(:iii, hence supleit)l — 0 as n— =,
Consequently, from (19) one derives by means of the Lemnma
(21) le(e)l < (n2-a-n) m(u—i-f}, t € R,
and (20) guarantees the convergence of the approximation procedure, i.e.,
(22} suple(t)l — 0, as n—> =,

tER

It remains only to prove that the solution wu(t,x), which can be approximated
as described above by almost periodie functions, is itself almost periodie in ¢,
uniformly with respect to x, x € [0,1].

First, let us point out that wu(t,x)} 4is almost pericdic im t, £or fixed =,
any time x 1= a raticnal number in (0,1). Indeed, any such number is an
X - k/(n+l), for conveniently chosen n and k. But x  1is also representable
as (pk)/(p(n+l)), €£or any natural p. Hence, u{t,xk} is the limit of a sequence

of almost periodic functions, uniformly convergent (on behalf of the convergence of
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the approximation procedure) on R. The almost pericdicity of u{t,x), of course
in case f{t,x,u) 415 almost periodic in the sense described in Section 2, will be
now a simple consequence of its uniform continuity in %, uniformly with respect
toe tER,

Let us point out that a (elassical) solutiomn of (1), with boundary value con-
ditions (2), in case of almost periodic f(t,x,u), is necessarily bounded in the
strip Bx[0,1], as well as its first and second derivatives in x, and therefore it
is also uniformly continuous. Indeed, for x = 0 one has u(t,0) = 0, which
implies ut(t,ﬂ} =0, t €ER. Consequently, letting = =0 in (1}, one abtains
uxx(t,ﬂ} + £(t,0,0) = 0. This shows that uxx(t,ﬂ} is bounded on R, which com-
bined with (17) provide the boundedness of uﬂ{t,x} in the whole strip Bx{[0,1].
But u(t,0) = 0 = u(t,l) means that for each t, there exists x € (0,1), such
that ux(t,xt} = 0. Therefore, ux{t,x) = ux{t,xj - ux{t,xt} = {x-xtjuxx{t,x*}.
But Ex—xt] < 2, which proves the boundedness of ux(t.x}. Similarly one obtains
the boundedness of u(t,x), and since u“(t,x] is bounded, there results that
u(t,x) satisfies a Lipschitz condition in x (hence, it is uniformly continuous in
¥, uniformly with respect te € € R}). Of course, the above conclusion stands in
case we assume only the boundedness of £(t,0,0) omn BR.

How let wu(t,x) the solution of (1), under boundary value conditions (2), and
assume f(t,x,u) 1is almost periodie in t, uniformly with respect
(x,u) € [0,1]%[-N,H], for any H > 0. As seen above, ult,x) is bounded and uni-
formly continuous. Since wu{t,x) is almost periecdic in t for every rationmal
x € [0,1], from the inequality

(23)  |ultdr,x) - ule,x)| < |ult+r,x) - wle+r,x)| + Iu{t+t,xk} = u{t.xk}l
B |u{t,xk} - u(t,x)[,

where X, stands for the closest rational of the form k/{n+l), with given =n, to
%, one derives the almost periodicity in t, uniformly with respect to x.

Let us summarize now the discussion conducted in this Section.

Theorem 2. Assume f£(t,x,u) satisjies the conditions of Theorem 1. Then Lthere
exists at most one bounded sofution ult,x) of the equation (1], with boundary vafue
conditions (2], and it can be wniformly approximated on R by means of bounded sofu-
tions of the system [6), provided [17] and (18) hofd faue. When f£(t,x,u) 48 afmost
perdodic in v, ZLhen any bounded sofution (if any] satisfuying (17] and [1B) L& ak-
most perdiodic in ¢, waigoamfy with respect o = € [0,1].
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Remark 1 The uniqueness of the bounded solution is the consequence of the conver-

gence scheme described in Sectiom 3.

Bemark 2 Under somewhat different conditions, and using the concept of almost peri-
odicity in the sense of Stepanov instead of Bohr's almost periodicity, the existence

is proven (for variational inequalities) in [4].

5. A few final remarks will be concerned with the periodic case, as well as with
possible generalizations of the problems discussed above.

First, in case of a periecdie £(t,x,u) with respect to t, the system (&) has
a unique periodic solution of the same pericd as f{t,x,u). Indeed, this clearly
follows form the inequality (12) of Section 3. Therefore, any bounded solution of
(1) will result periodic, with the same period as f£(t,x,u). In other words, the
periodie case appears as a special case of the almost periodic one.

Second, the conditiom (3) for the derivative fu means that this derdvative
has to take walues outside the specttum of the operator L{u) = - U with the
beoundary conditions (2). Since the spectrum of 1T consists of those numbers which
can be represented as nzwz, n=1,2,..., it would be interesting to see whether
such results can be carried out to the case in which the derivative f'.1 is such
that
(24) nzn2 <Af fuc« (n+1}2n2.

While the periodic case seems to be treatable by means of series expansion for the
solution, it seems more difficult to find out what should be done in case of almost
periodic solutions.

Third, the method based on the qualitative inequality (I) can be used under
more general circumstances. For instance, multidimensional elliptic operators ecould

be substituted te Yo in the right hand side of (1}.
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