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BOUNDED SOLUTIONS FOR SOME GRADIENT TYPE SYSTEMS

A. R. Aftabizadeh

1. C. Corduneanu [3,Th.l] investigated the existence of a unique bounded solution
of the system
2
d u
—5 = grad F(x,u), x € R, (1.1)
dx e

(2}

with u€ R", F: R x &' — R, continuous and of class G© in u.

In this paper we shall prove the existence of a unique bounded solutien of (1.1)
under weaker conditlons than in [3,Th.1], and also we shall discuss the asymptotic
behavior of bounded soluticom of (1.1) on a half-line. We wish to mention that
M. M. Belova [1] had similar ideas, but she did consider only a special case (space
LE}, and without concern for existence.

We also prove that the bounded solution of x" = f(t,x) becomes almost periedic
When the differential equation is almost periodic, and a monotonicity condition is
verified.

Before we proceed further, we present some results without proof, which help
gimplify the proofs of our main results. Lemma 1.1 is analogous to Lemma 2 of
[2,p.102], Theorem 1.1 is analogous to Theorem 1 of [3], and Lemma 1.2 is a special
case of Theorem 1.1. We also need the following definitiens for the spaces M and
M. :

0 . (el
M={x: xEL (R,E7), sup | |X{S}|d5 = |x[ < m};
toe tER ¢ M
- t+l
HD = {x: x € LlDC(R,R ¥a Jr [2(s)|ds — 0 as |t|] — =},

where the norm in HU is the same as in M. It is easy to see that Hﬁ T M.

The definition of the spaces M and Mu, ofn R+ instead of R, can be easily

formulated by the reader.
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Lemma 1.1. If x € M, then for o > 0

t o
e Ot [eﬂs|x{s‘;|ds < z |x|H, for t > 0,
0 e =1

o
ot Je_u“|x(s}|d5 2

E3
t e -1 A

Theorem 1.1. Consider equation (1.7) with uw € R, and F a continuous map grom
R x B" into R, of cfass ¢ n u, Auch that

L) |graduF(x,u}| < A(r), (x,u) ERx B;

i) ml < H(x,u) < M(r}I, (x,u) ER* B,
where B = {u: u € B",|u| <, >0}, m>0, M(x) >0, A(r) > 0, and

2
Hiz,u) = (ﬁ;—-}, i, = 1,2,...,n. Then equation (1.1) has a bounded sofution on W
b

which 48 wtigue, provdided mr > A(D).

Lemma 1.2. Consider
dzu
—2'-'1"1!.1- f(x}, x € R, (1.2}
dx

with M >0, u € B, and f is a continuous bounded map from R into R'. Then

{1.2) has a unique bounded solution em R, given by

. _ X
iy = = L [ f e £(t)dt + e i J Mt f(t}dt}, 1.3
2 | x i
such that
sup|u(s) | iI]T- sup|£(x)|, x € R. (1.4)
2. We will state nmow the first main result of this paper.

Theorem 2.1, Conddden

‘i—;= grad F(x,u), x € Ry (2.1)
dx

with u€ 1", F: R x K" —R continuous and of class G(Z}inzu, such that

- - F _
grad F(x,0) €M, and |grad F(x,0)|y = K. Llef Hlxu) = {Eﬁﬁﬁi—}, .4 LT, s ity
and assume thene exist a pesitive mumber m > 0, and a posifive nondecheasing fune-

tion w(r), such fhat

ml < H{x,u) = afe)l, {x,u) ER = Br’ (2.2}
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whete B, = {u: u€ R“.[u| = r,r » 0} and alr) — = as r —> =. Thern equation
(2.71) has a bounded sofution on R, which 48 unigue, provided

ﬂ;i —_x 0 A4 T — @, (2.3)

T

Proof. We shall first investigate a special case of (2.1), which is the linear sys-—

tem
dzu
— —ou = f{x), = €ER, (Z2.4)
dx

where u S Rn, ¢ >0 and f € M. We show that equation (2.£) has a unique bounded
solution on K. Indeed, according to (1.3) this solution is given by

o X
- ey - s
Q) = - 7= {e'ﬁ;—x f e £ (syas + oYX J &5 frs)ds) . (2.5)
/@ ; -
¥Wow, an application of Lemma 1 leads us to the estimate
- 1 e "
sup|u(x)| < Ay [£],, x € R (2.6)

Therefore, u(x) is bounded on R, that means u € C{R,Rn}. which stands for the
econtinuous bounded maps from R into Rﬂ, with the supremum norm. Also, uf{x) is

unique, because if ;(x} is any other hounded seolution of (2.3), then we have

7 - -
“—“;’l - afu-v) = 0. 2.7)
dx

The general solution of (2.7) is given by

. . ~a
ax) - vix) = cle*gx + Che MK %€ R.

Hence, ufx) - v(x} is bounded if and only if €, = C, = 0. So, ufx) = v({x), and
as a result, u(x) 1is the unique bounded solution of (2.4).

Now, on Br C E(R.Rn} we shall define an operator T by means of the following

equation
d2
EX _ gu = grad Flx,v) - ov, (2.8)
dXZ u

where o = a{r) » 0 is as in (2.2). The right hand side of (2.8) is in ™M, because

graduF{x,v) - v = graduF{x,v} - graduF(x,DJ - v + graduF(x.Dj

1
= f A [grad Fix,tv)]dt - av + grad Fix,0)
udt u u
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1
= J [HG,tvidt]v - av + grad F(x,0)
0

1
= [J‘ Bix,tv)dt-allv + graduF(x,D).
0

Using (2.2) we obtain

[graduF(x,v)-avl < (a-m)|v| + ]gra:luF(x,U}[,

from which the assertion follows. Henee, equation (2.8) has a unique bounded solu-
tionm on R, 1.,e., this solution is in {]{R,E“}.

We denote u = Tv, where w € Br’ and u is the only bounded solutiom of
(2.8). Therefore, T: B —> C(R,R"). Now, we show that the operator T 1is a
contraction on B, provided r is large enough. At first we note that from (2.2)
we have

fgraduF{x.uj - graduF(x,v‘j,u-v}z_m|u-v|2,

which shows the monotenieity of the right hand side of (2.1). Let u = Tv and
u=Ty for v,'-.r. 5 Br. Then (2.8} implies that

|:|2 u-u

L dxz
We show that the right hand side of (2.9) is actually din G{R,Rn} (we know it is in
M}. We have

- afu-u) = grad F(x,v) - gradurcx,ﬁj - af{v-v). (2.9)

1
. d - .
graduF(x,v] - graduF(x,V} =J!}E [graduF(fot{V-ﬂ}]dt

1
=[J Hix, v+t (v=v))dt | (v=v).
]

Therefore, using (2.2) we obtain

1
IgraduF(x,v}—gradul“{x,ﬂ-a(v—\_r}] = ||:J Hx, v+t (v=v))dt-al {v-—;)
0

< (o) |v-v],
or

suplgrad F(x,v)-grad F(x,'l.'r}nu(v-—\-r}ﬂ £ (m-m) sup1v(x}—"?(u)]. (2.10)
¥ER . h xR

Hence, the right hand side of (2.9) is in C(R,R") € M, Equation (2.9) is a special
form of equatiem (1.2), and therefore, by Lemma 1.2, it has a unique bounded solution
on E, that satisfies inequality (1.4). That means



A. R. Aftabizadeh 125
sup |u(x)-u(x) | E_l-sup[grad Fx,v)-grad F(x,v)-a({v-v)|,
¥R * xER b .

or from (2.10)

sup Ju(x)-u(x) | E_Eim'suplvfﬁ}~;(x]|. (2.11)
x=R

*<R

Inequality (2.11) proves that T is a contraction om Br.
We must prove now that TBT c Br' Indeed the right hand side of (Z.8) can be
written as

graduF{x,v} - ov = - [el-H{x,v(x))]v(x) + gradufo,u}|u_ﬁ.
Since ol - H(x,v(x)) is a symmetric matrix, then
|lat-H]v| < |aI-H||v] < (@-m)|v| < (@-m)r.

Wow applying (1.4), (2.3), (2.6) and above inequality we obtain

Yo ()
- L e
supfutx)| ¢ ALEL . oy . |grad F(x,0)],,
<R x(r) fatny o0, u M

which implies

sup[u(x}| T,
*ER

provided r dis chosen such that

. alr) o

m
<2
— r —K*
e I:“E-':.'ll-l
where K z_lgtadufx,ﬂ}]. This completes the proof of Theorem 2.1, since the left

hand side in the last inequality tends to zerc as 1 —* =, on behalf of (2.3).

Remark 1. In Theorem 2.1, if @ is bounded, then one can define an operator T
from ﬁ{R,R“} to E[R,an by means of equation (2.8).

Bemark 2. The scalar case of this theorem has been dealt with by C. Corduneanu in

[4], where the first derivative can also oceur in the right hend side.

Theorem 7.2, Considen

2
‘—1-121— = grad F(x,u), x € R, (2.12)
dx
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with u € &",F: R+an —= R condinuous, and of class C(Z} in u, such that
graduF{x,G} = Ho. Let Hix,u) be the Hesslan of F. and suppese there exdist a num-

ber m > 0, and a function a(c) > 0, such that
ml < H{x,u) < a(r)I, (x,u) € R_|_xBr, (2.13)

whene B_ = {u: uEC(R+,Rn},|U|Cir}. Then equation (2.72) has a unigue bounded sofu-
tion on R,, such that w(n) = Uy provided a(r) wverigdes [2.3). Furthewmone,
this sofution tends fo zewo ad = — o,

Proof. As before, at first we shall consider the special case of (2.12) which is the

linear swvstem
2

d—;‘ -ou=f(x), x€ER, (2.14)
dx
with f € Mu,u >0, and u(Q) = Uye A particular solutiom of (2.14) is given by
- g -7 ®
o B, — {e“qx J e *5f(g)ds + e X J R (s)ds}, xeR,. (2.15)
2va X 0

Since £ EM_ T M, then by Lemma 1.1, this solution is bounded on I-'.+ and there—

0
fore, u € C{R+,an. We show that lim |u(x)| = 0, or equivalently,
bm
vax [T - o % Jas
lim " ** J e /as |f(=)|ds = 0 and 1im e Vox J EE |£(s)|ds = 0. From Lemma 1.1,
= X Koo

there exists K > () such that

o £+l
ng J e-ES |£(s) |ds < K sup J |£(s)|ds,
x t>x ‘e

and since f € HU’ then

3 i -
im & J e
Wb X

|£¢=)|ds = 0.

Also, by Lemma 1.1, we have for 0 < Xg < X

“.lr-' X o~ ¥ E+1
e ' OF J "% |£(s) |ds « —= sup J |£(s)|ds,
Ja
xu g =1 ti;a t

and f E Hﬂ implies
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xe£$ |£(s)|ds = 0.
0

lim

X+m

Ao |

Therefore, lim|u(x)|
K

0.

The general solution of (2.14) is of the form

- - _
u(x) =€ e fax +C, e My ue,
and wu(x) is bounded on R+ if and only if C2 = (. So
o -
u@) = ¢, e+ a(x), x ER, (2.16)
where Cl = ug = uf{0). Therafore, l.f_m|u{x}| =0, and u(x) is bounded on I?.+,

n e
that means u € Cq (F._'_,R ).

Now on B_ ECU(R+,F.H} = {u = E(RPRn}: ul=) = 0 |'u|c < r,} we shall define an

operator T by means of the following equatiom:

2
d—; - gu = graduF{x,v) —ov, u(0) = u_, (2.17)

dx b
where v € Eﬂ{&_'_,Rn}. At first, we show that the right hand side of (2.17) is an
Hﬂ. We know that
|graduF{n,u}-uu| < (a-m)[v]| + |EraduF{x,D}|,
ar

%+l w+l
J |graduF{t,v}—av|dti(u—m} sup hr|+J |gradu]-‘ft,ﬂ}|dt.

x t=[x,x+1] X
n
=
Sinece v € {:D{R+,R ) and 3raduF(x,l'_'l} HD' then
'-x+1
lim } |grad Fit,v)-uv|dt = 0.
Hem C u

This shows that the right hand side of (2.17) is in Hﬂ. Therefore, (2.17) is a
form of (2.14), and hence (2.17) has a bounded solution u on R_|_. which tends to
Zero as x —& @,

We denote uw = Tv, where v £ CD(E+,RHJ and u is the only hounded solution
of (2.17) whieh tends to zero. Therefore, T: Br — CQ{R_'_,RH). We show that the
operator T is a contraction on Er. Let u=Tv and u=Tv for u,; = CU{IE'_,RnL

Then (Z.17) implies that
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2 =
E_i%ggl__ afu-u) = grad F(x,v) - gradchx,G} - afv=vy), u(0) - u(0)=0. (2.19)
dx

Using the same argument as in Theorem 2.1, we get
|graauF(x,u; - graduF{x,Gj - a(v=v)| < (a-m)|v-v|, (2.20)

C M. . Therefore,

which shows that the right hand side of (2.19) is in GU 0
0.

ufx) - u(x) 4is bounded on B, and lim|u(x)-u(x)| =
Ko

It has been shown in [4] that the bounded solution of (2.14), with wu(0) = 0,
and f € C(R+,Rn}, verifies
1
sup |u(x)] 5 sup |y (2.21)
¥R ¥ER,
Applying the abeve estimate to our problem, and using the fact that the right

side of (2.19) is in C (R, ,E"), we observe that

[T
& I . kst
sup |u-u £ 5 sup |grad Flx,v) - grad F(x,v) - a(v-v)],
¥R *ER b N
-+ +
or uging (2.20), (2.21)
= =M -
sup |u-a| E.EE_ sup |v-v|. (2.22)
XER+ R+

Equation (2.22) proves that T is a contraction on Er = CD{R+,R“}. We can use the

same argument as in Theorem 2.1, to show that TBr = Br' The proof is complete.

3. Let us now consider the general form of equationm (2.1) which is
x" = £f(t,x), t € L. (3.1)

We shall prove that any bounded solution of (3.1) is a almost periodic, if the dif-
ferential equation (3.1) is almost periedic, and a monotonicity condition holds true.

To do this, we need the following Lemma [3]:

Lemma 3.1. Let x = x(t) be a E(EJ

- map from R into [0,=), such that
=" = w(x), t ER, (3.2)
with w(x) continuous on [0,w), and satisfying

wix) > 0 for x> M= 0. (3.3)

If it is known that x(t) is bounded om R, then x(t) < M, for t € R,
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Theprem 3.7, Conddder the differential sgstem (3.7}, wheae ft,x) 44 almosd perdo-

dic on t, unifonmly with nespect to x 4n any bounded set of RS, 1§ =(t)

bounded sofution of [3.7), then =x(t) 44 almost periodic unden the condition:
CE(E,3)—F(t,5),%-y) > klx-yI2,

whete L 44 a posifive constant.

Proof. Since ="(t+1)

at

rdl‘_2

f(ttr,x(t+t)), we have

[x{t+1)-x(t)] = flt+r x(c+r))-£({e,x(L))

Let u(t) = x{t+r) = x{t). Then from (3.5) we derive
{u",u) = { [flctr,x{c+))—f (v, x(t))],uy + ( [E(e+r,x2(e))=£(E,2(t))],ul.

We know that

" = _d;_ 1 _ ] 1 ¥ - i ‘_C_]_ 2
fui,u) = o-futuy - {utu'y and (ul,up = 5o fulv,
and therefore
2
fu",uy = %'ii-*i-lun2 - lu'uz.
dec
Mow using (3.4}, (3.8) and (3.7), we have
2
25 nar? < t? s wul? L (b, x(e))-£ (8,x(E)) 1,0
dt
or
dz 2 2
h—i-lul > 2klul™ - Zlul sup VE(t+r,x(e))=f (c,x(t))l.
dt tER

L4 a

(3.4)

[f (et x(e+r)) - (e+r,x(e))] + [E(edr,x(c))-£(t,x(t)}]. (3.5}

(3.6}

(3.7)

Then using Lemma 3.1, with w(r) = Zkrz - 2r sup [f({t+r,=x(c))-f(t,x{t))l, we obtain

tER

Tl ik_lsup 1E(t+r,x)}-£ e, 2, M=l £t = sup ix(t)i,
tER tER

or

2 (e )= (L) < k‘lsup NE(e+T,x)-£(t,x)I,
teR

which shows that =(t)} is almost periedic. The proof is complete.
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