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ON CERTAIN CONSTRUCTIONS IN UNIVERSAL
ALGEBRA INSPIRED BY AUTOMATA THEORY

Dan A. Simovici

Ia INTRODUCTION

We shall discuss in this paper the notion of admissible decompositiom of an al-
gebra. This concepts originates In a certain construction from Automata Theory.

Let A = (4,F) be an algebra, where & # ¥ is the base set of algebra and
F = {fn""'fr"'} is the set of operations, We refer the reader to [2] for nota-
tions and basic facts. If f 4is an operation from F then ng will stand for the

arity of this operatiom.

Definition 1. A decompogition of a set A is a collection of non-void subsets of

A, U= {B |1 € I} such that VU {B,|i € I} = A; the sets B, are the blocks of T,
If A= (A,F) is an algebra then 0 is an admissible decomposition (a,d,) if, for
any collection of blocks {El"“'Bn } of P and any f € F there is a block B
of U such that f{Bl,...,Bn ) E_B.f

Clearly, if T dis an adgissible decompogition such that for any Bi’Bj’ with
i# 73, Bi n Ej =@ then ' 4is nothing but the partition associated te a congruence,
However, in general, for admissible decompositioms the block B which contains
E(ByyeensBy) iyl =

is not uniquely determined by f and El'“ -
Let T be an a.d. of the algebra A = (4,F). £

Definition 2. A P quotient of A is an algebra B = (P,F), where ?{Bl....,En )=

B if B is a D-block such that £(B B ) CB. The set F contains the

1! L ¥ f

barred version of the elements of F,

An admissible decomposition P generates many P-quotients because E(BI....,an}
can be contained in many P-blocks. We shall denote by A/P the set of all P-que-
tients of A,

The Yoeli Algebra attached te B = (F,F) € A/D is the algebra Y(A,B) = (K,F),
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where K = {(a,B)|a € BE P} and F{{al,Bl},...,(anf}) = (F{al...,,anf),
..,anf} € ?IBI,...,BHE), hence

f{El*“"an}}' The reader will notice that £{a
this construction is a correct one. If w: E+ I is the projection given by

m((a,B)) = B then ({(a,B), (a',B')) & ker w iff B =DB', i.e, if there is a
block B containing both a and a'. Thus, we can attach a partitiom on K, Pﬂ‘

1=

to the decomposition 7. A block of Pﬂ is characterized by a block of the decom-

position T,

LI, SUBDIRECT PRODUCTS AND ADMISSIELE DECOMPOSITIONS

Let {Ai = (&1,F)f1 € I} be a family of algebras having the same type and

suppose that € C H{Airi € 1} 1is a subdirect product of this family. If pEC we

shall denote by B Wi the subset of Ai given by

P
B, ¢ = {ala & AL, 8 q€C, q(i) = a, 9(G) = pU), for j# il ()

Lemma 1. The collection T -'{Bp ilp E £} 1is an adwmissible decomposition of the

algebra Ai - (Ai,F}.

Proof, According to the definition of the subdirect product, for each a € Ai,

there is a p € ¢ such that p{i) = a. Therefore, a E Bp i hence
¥
?= {EF i1p € 0l 4is a decomposition of Ai.
L]
Moreover, 1f a, = Bpk,i' for 1 <k 2mn; then there exist q, 12k=ng
such that a = qk{i} and qk(j} = pk{j}, for j # i. Thus, E{all...,anf} =

f{ql,...,qk){i} and f{ql,...,qkj{j} = f(pl,..+.pk)(jj, for j # i, which indi-

cates that ffa.,...,a ) E B We obtained the admissibility of the
1 ne

f{plj"'lpk}li.

decomposition T,

L tma 2. The Yoeli algebra Y¥(A,B) attached to the algebra A = (A,F) and the
D-quotient B is a subdirect product of A and B, Moreover, [ dis the decompo-

sition induced on A by this subdirect product,

Proof, If Y(A,B) = (K,F) it is easy to see that K 1is a subalgebra of A x B.
For any a € A there isa BE T such that a € B (hence (a,B) € E} because T
is a decomposition; similarly, for any BE 7 there is an a such that (a,B) € K,

because each U-block is non-void.
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For p = (2,B) we have B g "™ B, which proves the second part of this lemma,

¥
Thus, we obtained the following

Theanem 1, Any a.d, of an afgebra is induced by a subdirect product via the conon-
Loald mechanism descaibed by (7).

We shall discuse now another construction which is Inspired by the structural
theory of finite automata (see [1],[3]).

Let Ha = U {Hj[j > 0}, whare w is the ith Cartesian power of the set
M M° consists of a unique element 1, i = {1}.

Assume that A = (A,F), A' = (A",6) are two algebras for which there is a par-
tial mapping w:wa F + & such that

1) dome=UAE x {£}] £ £ F} and

i1} if wila a ,f) =g then both f and g have the same arity,

prere n

Definition 3. The cascade product of A and A' wvia the mapping w is the alge-

bra A wA' = (A * A',F) such that
= 1 ' - [ [
f':{al‘al}l""(anf'anf}} (f{al'l""“ranf)l mfaliﬁiuanflf}(a ri.-’anf}}r

Here Bypeensd € A, ai,...,a' € A" and for each £ e F, f is a n.- Aary opera-

g g
cion.
When bkoth A4 and A" are unary algebras (i.e., essentially finite automata)
then A w A" dis the cascade product of automata,
We shall use subsequently the concept of derived algebra of an algebra as de-
fined in [2]. If A" 1s a derived algebhra of A we shall say that A covers AT,
Let 1, = {{a,a)|a € A} be the diagonal relatiom on A, Assume that A is a

finite set with rA| =mn, 1f B is an zquivalence on 4, let m, = max |[a] [.
' i asA g

Suppose that T is another equivalence on & for which 8 N1 = lye Two distinct
elements a', a" from a 6B-class [a]B cannot be T-equivalent, Therefore, A/t
containz at least my blocka, It is possible to construct actually an equivalence
T which has exactly mB blocks by labeling the elements of each O-class by

]
1,2,.,,,mﬁ1 two elements of A will be T-echivalent if they have the same label,

Theorem 2, Let B be a congruence of fthe afgebra A = (A,F). There exist fuo
afgebras B oand C  such that B = Afe and A s a derdved algebra of a cascade
product B w C.
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Proof. Let T be an equivalence on A such that 8 N 1 = 1. We shall consider
the family of operations G = { < [alle....,[anflﬂ. £ = |al.,...anf €A, fEF} on
the set AfT1, where

< laylgeealay Tgo £ Qajliennlay 1) =

[£([a;]; N 1ﬂi]T,---.[3h£]& [Eéf]f}]T’ if [aa]a m [ai]t¥ P for 1 <j <n, and

arbitrary, otherwise,

We have used here the faet that if {aj]ﬂ n [35]T # ® then this set can con-
tain at most one element.

The mapping w: (afﬂ}' ®* F+ 0 is given by wila,]l.,...,[a 1.,f) =
1'& nfﬁ
< [allﬂ,...,[an ]E’ £ »; the algebra ( is defined by C = (A/1,G).

Let WS A/® x A/t be the set W= {([a],,[a'] | [al; N [a'] # P} we claim
that W is a subalgebra of B w C.

r ¥ -
Indeed, assume that {[alle,[aI]T},..+,(Ianf]a.[anf]T} are n. arbitrary ele

ments of Bw C. We have _
fcftalla,[ailT),...,c[anfle,[a;lfu) - “ffal»---*“nf” g
wllalgrenalay 1O Aaleneenalag 10 =

= ([EGayeein g [£Gh e ia) 1), where faf) = Tag]y O Taf],

for 1 <j<n Due to the fact (aj,a;} €0 for 1:2]=ng

£
we obtain (f;al,.,,,a Y, Efal,...,a" )3 € 8, which indicates that
ng 1 ng

ftaﬂ"‘."aﬂ.f} € {f{al|...,ﬂ.uf

i L] L] = : 5  _
f(([BIJB‘EEIJT)"‘"{Eanf]ﬁ’[an ]T}} W, which points out that W is a sub

|""| n T ;
}]e Ef(al,m,anf}]T Thus,

algebra of B uw C.

Moreover, the mapping ¢: W=+ A& given by w{[a]ﬂ,[a‘]T} =g is a surjective
homomorphism, Eventually, we shall remark that if 4 dis a finite algebra then we
can choose t such that the base set of ( will eontain m = max {|fa]E[ |a € &}

blocks,
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Lemma 3, Let T be an a.d. of the algebra A = (A.F). If Bﬂ is the congruence
related to the partition P‘[} of the Yoeli algebra Y(A,B) then YU’.,B}J"BF is iso-
morphic to B.

Proof,  Assume that Y(A,B) = {K,F}. The projection w: K+ U previously defined
is a surjective homomorphism and we have ker w = Eﬂ. Therefore, B i1s isomophie
to Y(A,B) ker m, i.e. to Y(&,E)IEF.

Theorem 3, Let 0 be an a.d. of the afgebra A = (A,F), For eveny algebra
E=A/P there exists an algebra C such that A 44 a derived algebra of a certain
easeade product B ow C.

Proof, If B = (P,F) & A/U we can consider the Yoeli algebra Y(A,B) = (K,F) and
the partition Pﬂ. It is easy to see that the equivalence ﬁﬂ generated by FD is
a congruence of Y(A,B); the class [(a,E)jgﬂ has the same cardinality as the set
B. Using Theorem 2 we can find an algebra C such that Y(A,B) 1is a derived al-
gebra of the cascade product Y{A,E]!&E w G,

According to Lemma 3, Y{A,E}fﬂﬂ is isomorphic to B, hence TY(A,B) 4is a de-
rived algebra of B w C. Since A 1is a derived algebra of Y(A,B) (being a homo-
morphic image of this algebra) it follows that A is a derived algebra of B w C,

Remark 1. If the algebra A is finite, we have noticed that [(a,B)]a contains
]Bt elements., Therefore, we can choose T such that T 1s an equivalence on the
base set K of Y{(A,B) and K/t contains a number of elements equal to the larg-
est number of elements contained by a class [{a,B)]Eﬂ, i.e. by the largest block
of T.

| If A COVERING PROPERTY FOR FINITE CONTRACTIVE ALGEBRAS

We shall consider now a class of algebra which generalizes a certain property

of finite unary algebras.

Definition 4. An algebra A = (A,F) 4is said to be contractive if for any f £ F,

the set f£(4,...,A) 15 strietly included in A.
Al Al

n
For instance, any unary algebra A = (A;{fl,...,fn}} in which no operation

f.: A+ A 1is surjective is a contractive algebra,

]

Any right-null semigroup is also contractive, etc.
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Lemma &, If A is a contractive algebra then the family of sets T -'{wﬂ!w; =

A~{al}, a € A} 1is an a.d. of A.

Proof, T is clearly a decomposition. Moreover, we have for f € F and

. gsiassl (=3 ' H
1 *n
£ .
E
f{Wa ,...,Wa 1 Cf(A, ... ,4) i A
1 n
£
Therefore, there is an element a ﬁ\f{Wa ,..,,Ha ) which depends onlwy on f
1 n
f
such that fﬂn‘_cl ,...,Wa Y e w;. We proved that T is an a.d. on A,
1 i
£

In the family of algebras A/D there is an algebra B € A/, B = (0,F) such
that sach [ € F is a constant. Namely, with the above notations we shall have

f(wa ,...,Hé ) = Ha'
1 n
Let Cuntrm be the family of all contractive alpgebras having only m-ary opera-

tions. If A e Cnntrm then we can cover A with a cascade B w C  such that B
has constant operations, according to Lemma 4 and Theorem 3.
The base set of the Yoeli algebra attached to B is K = {{a,W )|a ¢ bl; the

base set for ( dis a quotient set K/v, where 1 iz an equivalence such that

¥
8 Nte - This means that if a #b and a'$b (i.e. if a £ W oand a'e NL}
then [{a,wb),{a',wb}} £ 1 dimplies a = a'. Moreover, it is impossible to choose T
such that Kf1 contains |A -1 elements.

If f dis an m-ary cperation from T we have the operation < [(al,wbljlﬁ & D

: i - }
[{dm,wb ”5 . », for every collection {I(al,HE }]E i ,[(am.H£ }]D } of
m 1P m U
GU—classes. Assuming that [{aj,wbij}ﬁﬂ N [Eaﬁ, thJ]T = {aé‘thj for 1 <3 <m,
- J
we shall have
< [{al’wh}]ﬂ ""‘[{am’wh JIU £ = f[(ﬂi,”hr}]_---+sIRQ»Wh-IT} =
17 m D 1 1
= [£((a}, W) @r W ). = [(E@a],.cal), T ue.e W)
1 m 1 m
Using the definition of ﬁp it follows that by = bj for 1 < j <« m, Therefore,
if ?Ewb ""‘Wb ) = Wh then we shall obtain as a result of the above operation the
d m

T-class [f(HI,...,a;},W }]!. If any of the sets [(aj,H£ }]En r {{EJ'HEEJIT is
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void then we shall adopt as the value of the above operation {{f(ai,....aé},wa]T.
We infer that we can not exhaust all the elements of the quotient set K/t by con-
sidering the set {[f(a{,....aH).Wﬁ]I{a; EA for 1 <3 <m}; this points that C
is also a contractive algebra. Since the base set of € contains |a] - 1 ele-
ments we can repeat the previous contruction and obtain a contractive algebra with

la| - 2 elements, etc, We have thus proved

Theohem 4, Let A= (A,F) be a finife afgebia from Coniim. There exists a cas-
cade of some algebras from Caninm. having conatant operafions, which covens A,
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