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ON THE MUMEER OF QUADRUPLES OF PRIMES
IN ARITHMETIC PROGRESSION, BELOW A GIVEN BOUND

Emil Grosswald

I. INTRODUCTION

The old econjecture that for every positive integer k, there exist k primes
that form an arithmetic progression is still epen. It has been knowm for some time
{see [1], [2]) that there are infinitely many triplets of primes in arithmetic pro-
gression, but even this modest result does not seem to have bheen shown to held for
k=4,

Let Nk{x} stand for the number of arithmetic progressioms of k terms that
consist only of primes and with largest term not in exeess of x, In order to have
a proof of the stated conjecture, it is sufficient to show that, given the positive

integer k, it is possible to find = such that Nk{x} * 0 holds for all = i_xk.

k
In [3] it was shown that, on the basis of Hardy and Littlewoods's "Theorem X"

of [5], one can prove that, for x + m,
2
X

k logkx

N (x) - C (1)

with an explicitly given value of C Unfortunately, the proof of "Theorem X" uses

a certain unproved hypothesis, as Ha?dy and Littlewood take special pains to make
abundantly clear.

Formula (1)} can also be obtained by using the independence of the distribution
of residue classes modulo distinct primes, as was showm to the auther by D, Zagier
[7]. Unfortunately, one has to use these probabilistic eonsiderations also over
short intervals, so that also this "proof" of (1) has a gap.

In [3] the case k= 3 was handled by a third method (essentially the Hardy-
Littlewood-Ramanujan circle method, in the Vinogradov-Estermann-Prachar wversion),
which let te a complete proof of (1) and, in fact, of a stronger versiom of it,

Much of the work for k = 3 goes through at least for k = 4, The attempt to
set up a complete proof along the same lines failed however, due to the difficulty to
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evaluate a certain double integral over the (two dimensional) "minor intervals". If
one assumes, however, that its order is essentially what one would expect it to be
(e.g., by analogy with the case k = 3), one obtaines by this third approach a strong
form of exactly the same result as by the first two methods. Consequently, for

k = 4, also this third method leads only to a heuristic "proof" of (1), just like
the first two approaches. However, it appears rather interesting that three inde-
pendent approaches, neither of which could be sharpened into a convincing procf, lead
to exactly the same result. Teo this, one may add the following. A computer search
was made up to x = 50,000 (see [4]) and the convergence to the results of that
gearch, i.e. to the exact values of N.{,, (x), of the values computed from formula (2)
of the main Theorem (see Section 2} is quite remarkable. For these reasons and also
in view of the fact that the case k = 4 presents some tachnical difficulties not
encountered for k < 3, it may not be inappropriate to record here the results of

these investigations in spite of the fact that they were not entirely successful,

Z.  MAIN RESULT

Let us denote by E(x)} the contribution of the minor intervals (see Section 3
for the precise definition of E(x)). With this notation, the following theorem
holds.

Theotem, For every posifdve integer M,
Z M a

u, (x) = ¢, X 7 {1+ i kk + 0f ;+1 11 + 0(E{x)), 1Z]
log x k=1 log x log  "x
where ¢, == T g1 - 2Bl 2 sg63 ...
foArIs Ty’

1
computable; the dum in parenthesis contacns the fiwst teams of an asgmpiofic sendes,

a, = 5+ log 4 - % log 3 = 3.639763639... and all furthenr cocffieients a; ore

Conjecture. For every K, E(x) = ﬂ(xzflog K}_K}~

Corollary, The truth of the conjecture implies that, for x + =,

3p-1 . _x% -
R rTe Lk I R S T Y 2"
{p-1}) og X

AORS S
= log x j=1 lnng 1

4 p



Emil G 1d
mil Grosswa 101

3. PRELIMINARIES AND NOTATIONS

ezvipa and consider the double intepral

=

Let Si{a)({= Ex(n}J = E
P =

I(= I(x)) = rﬁ ré 5 ()5 (B-20) 5 (x~26) 5 (8)dBda.

If we label the running primes in the different sums by P (i=1,2,3,4), we obtain

1 )
: ; o exp{211{p1u+p2{5—2u)+P3(ﬁ—?B)+P&B)TdBdu
i

1
I-= . r
E_ 0

1 .1
g ID ID explzwiu(pl—2p2+p3}] exp[Ewiﬁ(p2—2p3+Pﬁ)]dBdu

p; £ x

1

X

. E f; Exp[zniu{p1—2p2+p3)3dn.% exp[zviﬂfp2—2p3+p&)]dﬂ.
1=

Either one, or the other integral wvanishes, unless both exponents vanish simultane-
ously, i,e., we have either Py = Py = Py = Py and this occurs T(x) times; or
else for pl - p2 = pz - p3 o p3 - p4 # 0. This common difference may be either
positive, or negative and each of these cases occurs precisely H&{k) times.

When both exponents vanish, the integrals reduce to unity, so that the corres=-
ponding summand of I dis one. It follows that I(x) = w{x) + Eﬂﬁ(x), or, equiva-
lently, that

N, (x) = zl (L) = (x)). (3)

In order to compute the integral I, the unit intervals are split into "major inter-
vals" centered around rationals with "small" denominators, and their complements, the
"minor intervals", Specifically, let N = [lugur] (2] = greatest integer functiom,
u = integer, to be selected later) and consider the fraetions afq, (a,q) = 1, with
lzgq<«H If 7= M/x, then the major intervals along the a-axis are defined by
=afqg+ 8, with a and q as before and !&| € T, The two dimensional intervals

a a a a

E o —— 31, B Eh + 52. centered at G—l # Egﬁ, arranged in some arbitrary, but
2 2

9
fixed order, will be indexed by an index j = J. The union of the complementary
("minor") intervals will be denoted by U. With these notations it is well known

(see e.g. [6], pp. 179-185) that if we set 8(qg,8) = EEj.}l ¥ 27408 1 0e 1,
g 2<n<x
S(a) = S(a/qks) = S(q,8) + T(6), (@)

with
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T(8) = Ofx(x|&]+1)e " 198 Xy (3

for any real & with 0 < |6 < %, and

-cvlog x

T{6) = 0(xe } (6)

for |§] < r.
Here and in what follows ¢ stands for some pesitive constant, mot necessarily

the same in all expressions. Also,

S(q,8) = of ) (7

T S
#(q)log x
for arbitrary real &:

30,0 = OGeTap ®

for 0 < 8] €

1=

The proofs of (¥) and (8) are essentially found in [6], p. 1B5, except that we
find it preferable not to replace ¢(g) in the denominater by its lower bound ql—e‘

as 1s done in [6].

4. SKETCH OF THE PROOF

Let o = a + 4 g = azfqz + Ez, a = 28 = falnz—Zaqu]fqlqz + {ﬁlhzﬁzj =

T T
a3fq3 + IS'3:- {53|q3} = 1; and B = 2a-= (32':!1_&1'12}-'!:]1“42 + {'52‘2'31) =
aﬁfqﬁ + 8, (aﬁ,qé} = 1., In accordance with an earlier indication, we shall abbre-
T
viate temporarily the summations 1 i_qi =W 1 E_qg =N 1 i_ag = q 1= ag < 4,
(31.5!1-}:1 ':512 !q2)=1

by | . Whenever this is not sufficiently clear, the symhol ¥ ¥ will
I ity
occasionally by used for the same summation. With this notation,
T LT T M1 *2 - %4
I= 3f4 Iq S%;+ﬁﬂsﬁg+£?5%;+ﬁﬁ5ﬁ:+6ﬂd%dﬁ-}EW}. (9)

where Efx) = IIU S(x)5(E-2a)58(a=28)S(R)dRdn.

From here on we proceed successively as follows:

{a) We replace each S(afq+d) by (4), so as to obtain an integrand of the
4
form 1 S{g,,5. )} + B in (2).
g=1 11

(b} We estimate B by (5) and (6) and compute its contribution to the integral
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over a major interval and then we sum that contribution over all major in-—
tervals j & J; the result, say E,(x), turns out to be O o PO .

{c) We extend the limits of the integrals in (9) from +1 to 4+ 1f2 thereby
introducing a new error, say Ezcx}, with E (x) = G{x f{log xj }

{d} We compute the principal term, given by

2"1(n1_2"2+n33ﬁlezﬂi{n2-2“3+nﬁ}ﬁz

=
E E —— 4§ dE, .
A, < x log n, log o, log n, log n, 2 I

& y(q}
/2 Il!? €

L7 . FIERL
5 -1z 712 k_lcb(qk} <

This equals

& u{q } 1 1/2 Zwi{nl—zn +n3}~5

2
(n ) E ! &
I k=l 'ﬂqk 3 {_"1 < x log n log n, =172

1
561 *x

log n, log n

1 3

+m, ) & 4 w[q ) '
1/2 34 2d6 E{ I 1

-if2 V¥ ¢{qk)}

an{nz—Zn

I

~J. log n; log n, log n

2 3 1o8 g

o

where the dash signifies that one sums only over values g that satisfy

- = - = - 1 (]
Ny =M, = N,= 0, =0, -n,. A= the last sum is Independent of the aj s and 9y S»

it may be factored out and the result reads

1 &u{qk)
LNy
4 7 k=1"g

5-51 < x log n, log n, log n, log n ). (10)

2 a

The first factor of (10} equals

1
2 P — — + o(—E—), (11)
2<n, <x log n) lof m, log n, log n, lng{.x

n
where E means that the summation condition has been strengthened to
ny -n, =0, = Dy =0y -0, * 1. The sum of (11} (in fact, a more general one) has
heen studied in [3], where it is shown that it equals

a

xz X k 1
S {1 & ] T+ 0
6 log x =1 log x log "x

here all coefficients a, ~are computable, M is an arbitrary positive integer and
the curly brackets enclose an asymptotic series.
(2} The second factor of (10) leads to the "singular series". One ohserves

that it is multiplicative. Hence, one may start from the expression
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== u(pu} u(p“} wlg, )y wig,)
S=lim n [ 7§ I, | - - 3 47,
pr® psP v=0 p=0 L <a, <p lza, <P ¢(P}¢(p}¢(q3}¢fq2}
(a;0p) =1 (a,P) =1

show that it converges, and that it iz the limit for W == = of the second factor of
(10). The computation yields

_S:E m .'“___3'&}1

2 3
p =5 (p-1)
By putting together these results, one obtains
2 M a
1 -% e BT e O e e T e DI D(xle—cI08 %y
log = P (p=1) k=l log x log “x

02 (log ¥)~ ™Y + E(x).

On aceount of (3,, awd ir we take u > M + 4, this completes the proofs of (2)
and (2').

5. S0ME DETAILS OF THE PROOF

The error term R consists of the sum of 15 among the 16 terms of the product

&
n {E(qi,ﬁl}+Tfﬁi}}. By using only the trivial estimate [3| £ x and (5), we obtain
i=1

IRl _ ﬂ{xﬁe-eflng x

intervals of lengths Tt leads to IE IE |R| dﬁldﬁz
-cvlag x

Y by the definition of 1. Summing this first over all invervals

(1+x §)), & = max{fﬁl|,!ﬁz|}. Integration in both variables over
_ 4 2, 53, —cilog x
= 0{{x ' t"4x"1" e ) =

ﬂ(xzﬂae
with given 97+95» for 1 < a; 24, 1 iaz < 4y, {al_ql} = {32'{12} =1 and then

for all q;,q9,, 1 < q;, 9, < ¥, we obtain E, = o(xZn e C108 X,

? —cvlog x
1 ° .

= 0(x

because N = ﬂ{lngux}.

6. FURTHER DETAILS OF THE PROOF

Denote the integrand of (9) by Uj{51,62); then the change of limits of the
integrals leads to a certain new error, say ey for the j-th major interval. By
the symmetry between 2 and P it is sufficient (see Fig. 1) to compute the order

of magnitude of the integrals
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1/

&
2.1
N Iﬂ |?J(61,62}f dﬁzdﬁl. The integrand,

r

however, consists of 4 factors, Each of
these has to be estimated either by (), or
by (8), according to the value of the
respective 6. In addition to the diffi-
culty with [é&| = 1/2, ome also observes

that for certain ranges of the values of

W

61 and 62, either 63, or ﬁ# may

vanish, or else be so small that (8) is net
usable. We therefore define n= 1/3 and shall estimate any 3§ by (7}, also when-
ever the respective & satisfies f5| < n. It is clear that ¢ < El j_lfz, go that
§(q1,61}| can be estimated by (8) for all §. Also |& | <1/2, so that S(g,,5,)
will be estimated by (8), except for O f-ﬁz < n, Wwhen (7) has to be used, For

other two factors one has to divide the rectangle of integration into subrectangles;

in some of them, (7), in others (8) will have to be used for the individual factors.
Specifically, for 63 one observes that - %—i_- 61 %—— 262 <

1 -
hence, |53| =3 and we use {B) for S(qa,ﬁa]. except when |53| <n, i,e. for
(6,-n}/2 < &, < (&,+n)/2, when we have to use (7). In the same way, by requiring
6, = 8 - 28, to satisfy n E-lﬂai E.l

for use of (B), it follows that if T< 4

lr—l

§_63 = 61 - 262 <

B

S

& 2 . 2 1= &
we may use (8) for S(qﬁ'ﬁﬁ}' while for E-c 61 j_%] we have to use (7) if
1 1
& - = -
L0y = 251 7y and (8) for 26, 5 < 52 < &,. Now cne has to interleaf the

points of subdivision of 62 and this requires some further refinement of the
1
subdivisions. 3o, e.g., 261 -5 {6l-n}f2 if El = {1-n)/3, but EEI-%-P(ﬁf-¢f2
. 1fz %
£ & 1= « TIE 3 = z
i 1 > (1=n)}/3 we set Ej II IU 1j(ﬁl,62)| dizdﬁl, then the total error
introduced into I by the change of limits is at most 2 E e, = Ezfx}, say.
ied
By using previous points of subdivision, we now obtain the following, For the j-=th

o

two—dimentional interval, define ¢j = I ¢(qk}; then
k=1

i
I

-+

Ml:l

Ilfﬁ

et I

8.4 £ (1,/6,)d6, + [ (1,/8,)d8, + [ (I,/6,)d , + 1 (1,/6))dé, +

4+

|
-
=] = R E ]
W3 w|=

I£+_n_ (15;‘61}&61.
3 3
Here
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x 9% (8,-m/2  d (5,4n)/2 dé
L Tegx Lo TEE]t nt % . x5 2,
3117 62|53f|;,ﬁ| log x {6l—n}f2 6, |8,
s S U
(6,4m) 5, [5,016,]
and TE,..,,IS have similar expressions. The integrals that enter the expressions
of the Ik are easily obtained. There are all together 24 integrals to he evaluated.
411 are elementary. It follows from these caleulations that J'I'M (Ilfﬁl}dﬁt =

7 i _
0(x™ (log %) u l}, while all others are 0O(x(log x}l_u 2}, Hence, E1'¢_1 =

9(32(103 xj_u_tj and e = .11]__11]{3;1(103 x}_u_1}, It should suffice, 1f we indicate

i
here, as an example, only the computation of J'Jl:'m (Ilf"él}dﬁl.
With 153 vl = 2!52 :ml g, = 8, - 251., we obtain the [ollowing.
17N Sy +1
. —— & é d4
1=xj.n“dﬁz sr 2 46, , X z 2 1 7 _
1 log x "0 [&,]]4,] n 8,|65][8,] 1o x FL_H 8yl 841 "8ytn I'-2|53|||5£’]
2 .
7
- " ik B =
N 1 i 2:51 f L1 = 16n’ (28 n}l_ , X 1 (3131 n) (&, -n) ,
’ : f & +m) (6, +
log x 361 251—&11 ﬁﬁi (8 -En}f'{é —Tl}jﬂﬁ +n) log = 2 1 ] | nl{ 1 n)
1 1 1 1
3
(6.+m) (34, -n)
Llu:'ng 1 L of—= 2. B i, log l} in In= 1 < 4§ =< 1/4. Consequently,
2 [ log ¥ 16 ol m — i =
Eﬁl 16n | fi
1
A8 er 15 3d6, = D=2 Ly % 0t 1og L+ n[—’f mj+n(£ log &« e flog 25 " Ly +
T [ R | log = n ne B q N log = e BN * (log x

E.]ll:}':2 (log xj_zu'ﬂ

) = otx>(log )Ny, for u > 2.
The value of E?(x} iz found, by summing 2

ei over all j € J. We ohtain

Ezix:l = U(xzflng w}_u_lj Z ¢Tl. We shall verify that the sum over ub}l converges
jed

az M-~ w, s0 that, finally, Itzl:x} - U{xztlug x}"uhl}, as we wanted to show.

. -1 . 1
In order to show that lim E f, = 1lim E E —
g T s . $(q,)40q,)8(q,)4(q,)
N+ jed -+ ql'qE—N ..11,a2 1 pil a1 ]
converges to a finite value we ohserve that the functions are multiplicacive as fune-

ar

tions of q]‘.'q:E' 50 that the limit for M + = exists, if
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g 1
lim I I ) ¥ 4 ¥ . = "
p>= p<P v=0 u=0 l<a <p 1=za, <p ¢ )élp }¢(q3}¢(q4}
(a,p) =1 (a,,p) =1
exists and then the two limits are equal., Here 9 and q, are defined for

a9 = Dv, q, = pu as in Section 4.

The exact numerical walue of this expression is irrelevant; for this reason, we

shall only sketch here the proof that the factor corresponding to p > 5 equals

5 1-(2/5p)+(3/5p>)
2 =-1.2 -2.2 "
p {1-p ) (1-p ")
This suffices to show that 1l F(p) converges, hence that lim ¥ ¢51 is findite,
P H+= jeJ
as we had to prove. The primes p = 2 and p = 3 require separate considerations

F(py =1+ (12}

and lead to factors 71/9 and 85/32, respectively. The lengthy details of those
computations may be suppressed.
For general p » 5, let us consider first the case v > u. Then

w1
j _Hg Wy=ingy v

— o — ._._._._..._.._ . S0 that e = P » Similarl}r,
W ) 3

P P P P

W W u wiu=2 2
and 9, = p . Hence, for all 4(p )4(p ) = p (p=-1) couples (al.azj,q3-=qﬁ =Pu

fo
N

a 2a a
1

=
k=
E{M
I
|

W
and the sum over 1 < a, <p , 1 <a

1 EP s p!alaz amounts to

2

u+v -2
It 1

(PS ; { " e 7 - For fixed w and v = wr (r = 1,2,...),

ip’” i 1)} p

{(p-1) p (p-1)

@ 2
I - - =
Z2(utr) =2 2 2u 2.2
=1 p? 20 n? P et o’n
2 TR
The contribution for all v > p > 0 is, therefore -———J%——E——— e
(p-1L)"(p"-1) p=0p

the total contribution to the sum equals

4
—_ P r
. By symmetry, we obtain the same contribution from the terms with

2
(p-1)% (p%-1)? 4
B *w, =0 that all terms with 1 ¥ v econtribute a total of —————EL—————
(P-l) (p+1}

In a similar way, but with more ,computation, one shows that the contribution of

the terms with p = w * 0 equals P (p-3}[p+l)+2p . The contribution of the term
e-1)" (1)

with p =w =0 1is one and, if we add all these contributions, we obtain (12},
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L COMPUTATION OF THE PRINCIPAL TERM

vlog x

If we combine (9) with the faects that EI(x} - ﬂfxze_c } and Ez{x} =

D{xzflog x]~1—u), we obtain that

2rin_6&
4 u(g ) & i%1
1f2 . 1f2 k -
1= J L Iy T, (1 =) y (1 &— " yas.ds. +
91595 29,3, =-1/2 " -1/2 k=1 ¢{qk3 2<n,<x =l log n, b |
0{12(105 H}_l-u} + E{x). (13)
If we replace here &3 and 54 by their values, the multiple sum becomes
4 pniq)
k
i I (n )
k=1 909

ql’qz all‘ﬂ'2 =
2"161(n1_2n2+n33E2ﬂ152{n2_2"3+ﬂﬁ}

1/2 1/2 e
I ! I dé. dé
2 <n; <x =1/2 “-1/2 log n, log n, log 0, log n, 271
This equals
E E ( ; ::qk;} log n, log n 1lu n, log n, *
909, 2,3, k=1 PUNK0 2 cn. < i OB Ty 10B Ty 10BNy log n,
IIFE 32“161(n1-2n2+n3)d5 flfz 32ﬂ162(n2_2n3+n&}d5
_ -1/2 1 “-1/2 2
One or the other of the integrals vanishes, unless we have nyo- an + n3 -
n, - 2n3 + n, = 0, when both reduce to unity. The principal term reduces to
' 1 4 ulg)
E log n, log n, log n. log n E E L E $ (g ]':I - (14
2<n, <X 1 2 3 4 q.,9 Qq,8, k=l k
e 12 1*72
By recalling the definition of E', we see that the first sum contains (i)
- 1 = X 3
terms with oy =m, =n,=n, ie., ) = ;7 (i1) terms with

2<2m¢<x logﬁn lag x

positive common difference; and (i11) terms with negative common difference. The
contributions of (ii) and (iii) are obwviously equal; hence, recalling the definition
of E", the first sum equals

To L + 0=
ng o€ x log n log n, log fy log n, log™x

x

Ay

i

| N2

The second factor of (14), say SN, is a sum over the multiplicative product
4 uiq)

= . It also turns out to be a convergent sum, as N + =; hence, lim 5H=S’
k‘l b (qk} . N+ =
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with
o ” w(e”) up™ ulqy) uigq,)
s=1f I I ) 4
& 0 " T 3 (15)
v=0 we0 1l <a <p l=<a <p dlp) ¢(p") ¢lay) ¢(q,)
pla; pla,
where qg,qﬁ are defined with respect to ql = pu. q, = pu. As in the computation
=1
of E ¢j y the primes p =2 and p =3 require separate considerations. The
jed
computations are, however, much easier here, because u{pu} =0 for w > 1.
Claim 1. The prime p = 2 contributes the factor 4,
Proof. There are four terms to be considered. The term with v = U = 0, contri=-
p(l).4
butes {$Iiji = 1. The second term with v =1, o = 0 has q; = 2, q, =1, a, =
a a
1 21 _-3_%3 1 21_0_%
a, = 1 F 1 T2 °1° % , 80 that q; = X, q, = 1 and
& wpig )
2).2
1 k = {u( )} {uil}}E = + 1; by symmetry, this is also the contribution of the
k=1 ¢{¢k] (2] p(1)
third term, with v =10, p = 1.

In the last term v =y = 1, 4, =4, = T al =a, = 1 and proceeding as before
4 g, )
we find gq, =q, = 2, so that 1 k. (Ejgiﬁa = 1. The sum of the contribu-
37 % o ¥y " @)
tions of the 4 terms equals 4.
Claim 2. The prime p = 3 contributes the factor 9/8.
Proof. The term with v = py = 0 contributes {E%%%&ﬁ = 1.
If vwv=1, p =0, q; = 3, 4 = 1, a = l or 2, a, = 1. If a = 1 then
., B3 " i B3 "
3771 ° E;', so that q, = i Ii-5 = E;; g0 that q, = 3. Simllarly we verify
that also for a, = Z, 9y = 9, = 3. Hence, in each case
4 ulg )
Te pl3),3 p(l) =1 -1
= == =. ith v =10, u =
kzl *qu} (¢f33} $(1) g o together 4 The terms w N y =1
make the same contribution. If w=pu =1, q =49 = A 3 = 1, er 2, a, = 1, or
2. We wverify that if a, = a,, then 43 = q, = 3 (this happens twice, for

a, = 32 =1 and for al =a,

1-2},

= - ]
while if a, # a,, then q,=gq,
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2, a, = 1). Hence, the

(this happens also twice, for a, = 1, 4, = 2 and for a, N

. ni3d). 4 ui3r. 2 p(1).2 2 2 _ 5
contribution of these terms is 2(*{3}} + 2{¢(3}) {‘*—{“ = 16 ¥ 73"
Summing up, the factor corresponding to p = 3 equals 1 + 2.{%‘] +%= g- , 4as
claimed.
Claim 3. Any prime p > 3, contributes a factor {1 - E"'S-Ef}l—a}
—_— p=
Proof. The term with v =} = 0, contributes {'% =4+ 1.
1 24
If vw=1, u=0, 9 = P» 9, = 1, then for any a; 20 (mod p), it
23 e
-~ and - —=—, whence (using p # 2) it follows that q. = q, = p. Each
9 1 P 9 3 &4
such term contributes (E-Eﬂﬁ u(1) = {-i}ﬂ . . The sum over all
2 ial =p -1 equals = 3 and the same contribution is made by the terms
(p-1)
with vw=0, p=1. If w=p=1, 9 =9 =P 8 and a, each take all values
i ke
from 1 to p=1. For fixed 81y T = :|_ shows that for p-2 wvalues of a5,
3
2, 20 {mod p}); hence 9y = p. For the one value say ai with 2a£ =a
(mod p), 4 = 1. Similarly, q, * P» except for one value of a,, say a;, when
9, = 1. We claim that aé 4 a£+ Indeed, otherwise, from a, - Za, = 32-231 =0
(mod p) follows a + a, = 0 (mod p), a - 232 S 3a2 =0 (mod p), which iz im~

possible for pfa P > 5. It fellows that (for fixed al} P -3 wvalues of a

i 2
lead to 93 = 94 = P, onme value leads to 93 =P 9, = 1, and one value leads to

a4, =1, q, = 4, for a contribution of the summands with fixed a, 2 0 (mod p) of

(p-3) (‘E"E‘E%‘}ﬁ + Hi—fp% . —"l-':i—# - _ g == —'Eﬂ'—il « The sum for all p-1
. v (-1)"  (p-1) (p-1)
of 31 equals - —211—3 - The total contribution of all terms adds up te
(p-1)
1+ 2 = )+ (- tl )1 - ) , a&s claimed.

(p-1)° (»-1)° (p-1)°

Combining the three Claims, (15) becomes

S=&-% il {l_-éPiS}
P35 (p-1)
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and the principal term (14) now reads

g 3p=1 , 1 x
2= = I {l - ]' L E o + 0 }]_ )
2 p > & c x 198 o log n, log o, log n, lcgﬁx

5 {p-1) 2zn, <

The sum is known (see [3]) to be equal to

2 M
X % 1
{1+ I et 00—y
6 log x k=1 log x log x

1},

where M may be any positive integer and where the ak are certain computable con-
stants.

With this the principal term becomes

M+
p 1

2 u
2on n--2ly X gy a{: + 0—=-—3}.
23 (p-1)" log'x k=1 log x log x

We now substitute this in (13) for the multiple sum of integrals and obtain

<2 H & 1 2 =1=-u
I= 2, — I+ ) o 0} + 0" (Log ) ) + E(x), with
log x k=1 log = leg =
Ca'% I {1-—3?—'%}1.:&?63“. .
p =3 {p-1)

If we select u > M+ & and substitute the value of I in (3), we obtain the
. 2 - .
Theorem and, on the basis of the conjectural E(x) = 0(x (log x) k}, this finishes

also the proof of the Corollary.
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