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ON A THEOREM OF TARSKI"

Adrian Rezus
[

In the mid-twenties Alfred Tarski raised the problem of axiomatizing classical
propositional legic (TV, for shoert) by a gingle axiom and the rules of detachment
(for material implication) and substitution as primitive rules of derivation. The
problem was solved, by Tarski again, in 1925, for a large class of propositional
logics, as eventually announced im [13], Theorem &, but no proof of the result
claimed there was ever published.

The method of Tarski for finding sinpgle axioms was frequently referred to in
print (see, e.g., [9], [23], [11], [14], etc.} and though several persons - among
which authors of textbooks of logic - have been certainly familiar to the principle
involved in the original proof, none of them has ever documented the method for a
larger audience.

We have discovered incidentally an analogue of Tarski's original metheod in the
late 1979, relying on an extremely simple lambda-caleulus argument (cf. [19]). This
note reports some elaborate details of work contained, in essence, in [19], section

4, extending Tarski's result in various directilons.

*Thia work was partly supported by the University of Utrecht. The author is indelted
to Henk Barendregt, David Meredith and Willem L. wan der Poel for useful comments
on earlier drafts of this paper. Also Ian Douglas, Robert E. Meyer (A.N.U.,
Canberra) and Alasdair Urquhart (University of Toronte) have largely facilitated us

the access to unpublished, as yet, material on relevant legics.
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1. Preliminaries

Throughout in the sequel, a propositional language is constructed as usual,

from a denumerably infinite list of propositional variables p,q,r,s,t,u,v,w,...
(possibly affected by numeric sub- and/or superscripts) and some unspecified propo-
gitiomal comnectives. Whenever the latter are fixed we use Fukasiewicz's paren-
theses—free frontal notation in order to denote propositional formulae. In parti-
cular, © will be used as a binary connective and stands for any suitable notiom
of implication (material, intuitionistic, strict, multiple-valued, relevant, ete.).

4 propositional language E is implicative if some notion of implication C
iz either primitive in L or can be defined in terms of the primitive notions in
L. A purely implicative language is a propositional language containing only C as
a primitive (propositional) comnective.

Lower-case light face Greek letters o,B,y,... {possibly affected by sub- or
superscripts) will be used as meta-variables on propositional formulae in some im-
plicative language, module uniform reletterings of the propeositional variables they
contain.

Similarly, lower-case bold face Roman letters will be used as constants for
fixed propesitional formulae meodulo such reletterings. For convenience, we shall
pick out a standard {e.g., lexiecal) ordering of the propositional variables and use
formulae with thelr propesitional variables occcurring in this order as ad hoc repre-

gentatives for gpecific bold face letters.

Examples (to be used later om}:

= Cpp or := cpﬂpﬂ
:= CpCap

Cplaq

:= CCpqCCrpCrq

:= CCpgCCqrlpr

1= CCpCqriqCpr

i NENIE e
n

1= CpCCqClpriqr

e e o ne

&= Cpilpag
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ED = E = CplqCCplare

gn re= CquCCqurCsl...Csnr
E = CpLqCrCCpCqlrss

g8 i= CCpCqrCCpqCpr

EI = CCpqCCpCorlpr

woie CCpCpalpq.

As a sherthand, a constant formula (denoted by/represented by some bold face letter)
B may occur as a subformula of a propositional formula «. In such cases the nota-
tional convention is that no propesiticnal variable occurring in B should occur
elsewhere in o. E.g., §+ stands for Cpk, i.e., for CplqCrq or some lexical
variant of it, but definitely not for CpCpCrp,CpCaCpgq, ete. This will be some-

times made explicit Im current auxiliary notation. Thus where

ig =i 1= CPUFH' :_.n 1= L‘,pnpn {n> 1),
we will also set

EEI 1= ¢ t= CpCCpqq, '=L11 bis EpCC:_Zl..,C;'nECqu (n > 1},

L= ' i= OCi ... Cd

ky * CCCppaq, k i= CCi...CLCi .,qq {n > 1)
and

k' := OCk rr:= CCCpCCpgqre, k' := CCi....Ci Ck (n > 1)

=0 s plLlpgqrr, ey TR En =nrr n > .

A (system of) propositional logic will be often confused with the set of its theorems,

but whenever not otherwise specified, we shall understand by "propositional logic”
a Hilbert-style presentation of some concept of logical derivation.
Where L 1is a propositional logic, the set of its {well formed) formulae will

be denoted by FnrmL.

A propesitional logic L is implicative (relative to some specified notion of
implication C) 4if (i) so is its underlying language and, morecver, (ii) the rule

of detachment for C (modus ponens; (MP)}, for short)
Cuf,a = 8

iz a derivable tule in L (say not only admissible in L; for the distinguo

derivable/admissible in L see, e.g., [10]}. A propositional logic is purely
implicative if it is implicative and its underlying language 1s purely implicative.

(This is mere technical jargon not intended to commit ourselves to some particular
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assumptions - philosophical or so - concerning what is to be meant by "dimplication
at all. But see [22], Chapter 1, for details.)

In particular, if some implicative logic is denoted by L then its pure
{1y implicative) fragment (relative to the specified notion of implication) will be
denoted by L,.

In view of a remark of John von Weumann, it is immaterial if we choose to pre-
sent a propositional logiec with axiemz and the rule of substitution (henceferth:
(SB)) as a primitive rule of derivation or use axiom schemes and give up the rule
(5B). Sp it will be convenient toe forget any explicit reference to the applications
of (S5B), save in critical cases or in examples when we shall adept the usual Pelish
school notation for substitutions (see, g.g., [12] or [18]).

While indicating proofs by (MP)} (and (SB)) from particular sets of implicative
formulae we shall make heavy use of (a slight refinement of) C.A. Meredith's

condensed detachment operator (cdo, for shert).

Initially thought of as a simple and convenient notational expedient (cf. [18]:
Appendix IT, [141, [®], [15], [16]1, [17], etc.), this abbreviative device has also
gome deeper motivation and applications as it will be seen later om.

Roughly speaking, where o,B are (purely) implicative formulae, Dupf stands
for the most general result of the detachment of B or some substitution instance
of it (as a minor premiss of (MF)})} from o or some substitution instance of it (as
a major premiss of (MP}). S0 yuﬁ makes sense for any two implicative formulae
i, such that there are substitution instances a',B' of o,f resp. with a' =
CR'y for some implicative formula vy. If this is the case we will say that Puﬂ
is a proof of vy or that PuB proves ¥ and it is easy to see that vy is

uniquely determined up to uniform reletterings of its propositional wariables. Here

"the most general result" must be understood 3 la C. A. Meredith, in the sense that

we should not make unnecessary identifications of propositional wvariables while per-

forming the underlying (condensed) detachment.
Obviously, C. A. Meredith's D-meta-notation for proofs by (MP) (and (SB)) allows
a non-ambiguous restauring of the missing substitutions (= applications of (5B)),

medulo uniform reletterings of propositional wariables.
Examples: where i,k,k'.,c and g, are as earlier we have that
Dek proves k',
Dki proves k'
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EEE proves g,

while, with applications of (S5B) written up in full, the latter proof might have
been displayed in the spirit of the Polish school as follows:

l := co o= CCpCarCqCpr

2 = 1 = Cpp
1[p/Cpq,a/p,x/fq] * C2[p/Cpq] - 3
3 := g, := CCplCpaqg.

The stipulatien requiring the most general result of a detachment forbids taking say
CpCpp for the result "proved by" RDck or Dki. As a further notational convention
we shall write Dof = Da'f' If Euﬁ and Qﬂ'ﬁ' prove the same formula v (modulo
the due reletterings). So one should have QEE = Dki.

More accurately, the cdo ) may be thought of as being a partial binary opera-
tor on sets of implicative formulae whether pure or not. We shall give here a closer

description of C. A. Meredith's D using the unification algorithm of J. A.

Robinson (cfE., e.g., [20], [21])}). For convenience, let us restrict the frame of ref-
erence to purely implicative languages (the extension to arbitrary implicative lan-
guages is trivial).

Let L be a set of purely implicative formulae. Then the cdo 1is a partial
mapping

D: LxL v+ L

such that, for all a,B in L,paf := D(o,B) is defined if

(i) o = Cy¥"y" and

(ii) B and the antecedent ¥' of o have a unifier in the sense of [20]
else Daf 1is undefined,

If Duf is defined them P and the antecedent of o have a most genmeral
unifier the the sense of [20] (mgu, for short}, B' say, and the due substitutien
instances o',B' of o,@ resp. give a' = CB'y, for some 7Y, which is unigque (up
to uniform reletterings). Then Daf := ¥.

It should be noted that the definition suggested above is comstructive in the

sense that the mgu of every two formulae (1f any) can be found effectively by the

so-called unificatlon algorithm. (Actually, the algorithm allews te establish

whether or not the unificatien iz possible and if this is the case it finds out the
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due mgu. For details, see [20], [21] or consult [15] for an alternative equiva-

lent account.)

2. HMeredith D-Froofs.

For the purposes of this paper it will be convenient to formalize the meta-

language of D-proofs and to introduce some systematic abbreviatiens.

For any implicative logic L, let the set of D-proof expressiens (pe's, for

short} of 1 be the least set D, such that

(i} any propositional meta-variable {(o,B,¥,...) is in D,
(i1} any propositicnal constant {i.e., a bold face letter denoting a

thegrem of L) dis in BL’

(iii} 4if =x,¥ are in D, then so is Dxy.

Hereafter, x,¥,Z,... (possibly with sub- or superseripts) will ramge on pe's
of some arbitrary implicative legic E.

A pe consisting of a single letter (propositional meta=-variable or proposi-
tional constant) is atomie.

Further we write (xy) for Dxy and save parentheses by omitting the outer-
most palr and assuming association to the left.
E.g., d(kk)(dki) stands for DDdDkkDDdki.

We also adopt the following use of numeric superseripts (n > 0): for any atomic

pe ¥ of some implicative logic L,

xﬂ is the empty word,

¥ =x and x =x %, forall mn > 0.

Similarly, we write Cn (n > 0) for n consecutive occurrences of C in some im-
plicative formula, (CC}n for 2xn consecutive gccurrences of C, etc. But
pj,qi,...fi,j > 0} are propositional variables and the superscript "i" has no
lterative effect.

If a pe x is defined ("meaningful","denoting") we write ¥t to indicate this,
otherwise (if = 1is not defined) we write =x'. It is reasonable to assume that
a pe x is defined whenever it is atomic, so we won't write ot ,Bl, etec. and

E#, it , etc. either.

Exsmples: EiiT’ wil, but ixb, kxb, k'x} whenever = (if = 1s atomic say).

In evaluating pe's we may adopt some obvicus inside-out and left-te-right
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strategy which can be always represented in a tree-like manner,

E.g., with the example above: d(kk)(dki), we should first evaluate kk,dk,
next d(kk), then dki and, finally, the entire pe..
Tree-like picture:

It should be clear how to define components of pe's (or sub-D-proof expressions;

gsub-pe's, for short). Further, a proper component (sub-pe) of a pe x is any com—
ponent of =x distinct from x ditself. (Sub-pe's of a pe correspond, as expected,
to subtrees, in the tree-representation of a pe.)

Wow the evaluation of a pe depends on the evaluation of its components and it

should respect in some immediate sense a variant of the Frege principle of

significance. For, cobviously, if some component = of a pe ¥ is such that xt
then the entire pe ¥ is such that ', while if ewvery proper component x of ¥
is such that =t then one should also have v {(otherwise, x is a component of
¥, For any pe =x).

So far we have introduced a class of (interpreted) formal languages suited for

some slightly modified typed combinatory logics (cf. [&4], [6] or [2]: Appendixes

A,B). To see how they work we need not develop special theories of reduction for

each implicative logic L but consider only the process of evaluation of pe's.

For amy two pe's x,y define x =y if xb,y4 and x and ¥ have the same
value; clearly, = is an equivalence relation on pe's 2z with =zb. (S0, to make a
parallel with the classical case, the evaluation of a pe may be compared with a
kind of "combinatory reduction”, while = is supposed to be introduced by the fa-
miliar Church-Rosser property, where "x = y" means that x and vy have & common
"reduct". 1In fact, our pe's have the so-called "stromg normalization property"

whenever they are defined, i.e., make sense as "typed terms", and hence our choice
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of "evaluation" - and net "reduction" - as a eentral concept in the "theory of
D-proofs’. BSee also [4], 9E and [7]1.)

How = can be weakened in the obvious way up to a partial equivalence relation
= on pe's, and we will want to write "x ~ ¥" for any twe pe's x,y, whether they
are defined ("meaningful") or not. (For later reference note that we have intro-
duced -~ starting from the definition of = and not conversely.)

The relations = and -~ may be interpreted intuitively as equivalence (partial
equivalence) of proofs (by (MP) and (SB)) in some implicative logic L.

As earlier, if x,y are pe's of some L and y is atomic them w¢ and we
say that x proves ¥ whenever x = y. Also note that, by construction, definite-
ness of pe's {...}) is preserved by =. 5o for all pe's x,vy if x proves y then
also =t (for ¥y 4is atemic, hence v, while = preserves definiteness).

It is esasy to check the following combinatory-like "equations':

Lemma 1.
For all pe's K YaXsZianensZ (n > 1):
(1} ix -~ = (2) kxy - x
(N k'xy -y (4) Kxyz -y
(5) bxyz - x(yz) (6) b'wyz ~ y(xz)
(7 CHYyz - xZy (&) g'}q.rz ~ ¥EX
(9) g xy -~ yx (10) duyz ~ ZXY
(11) d xyzz, .. ‘o~ zxy
(12) txyzu ~ uxyz (13} WEY ~ XYY
(14) sxyz - xz(yz) (15) s'xyz - yz(xz).

*3

Froof. Straightforward consequences from the definition of

Now = and ~ are congruences w.r.t. D. That is:

Lemma 2.
For all pe's x,v,2,
(1) if x
(2) if x
and finally,

(3} if wx .~y then xz . yz and zx ~ zy.

¥y and xz! (or wzd) then xz = vz,

v and =zxt {or =zw)} themn zx = zv,

Proof. Obvious.

Bemark 3.
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For all =n > O,
(1) if =xf and w then ﬂnxi and gnx?¢,
{2) if xb, v and z¢ then txl, txyt and txyel.
Some of the fellowing consequences from definitions will be useful later on.

Lemma &.

For all implicative formulae w,f in some L and all n >0,

(1) dn=a (2) kof = o
(3 k'ob =E (4) ki=ck=k'
(9 ko= gha=kla=1i  (6) Ekk=k
(7) koB = 8i' (8) K'a=ai™t
=n = =n =
(9) kg = qilk
oy =
Proof., Straightforward.
Lemma 5.
W g (2) b’ = Ble,('p) = b
() p'b'(b'ey) = ble,ed = g'e'e’ = ¢
(4) Bbe, = gg = ¢' (5) ei=g,
B @B,=g o g - A
Proof. Easy.
Lemma 6.
For all n >0, m > 2,
= EF o
M ki=k @ k=g
V) Bid=a
m
4y gni -l
Proof. Easy.
Where x,¥ are pe's, let x[y] stand for "y is a component of x=". Then we

have a

Corollary 7.
If %[yl ~ 2z and y - ¥, then x[yu] ~ %, for all pe's X2¥1¥ g2

Proof. Use Lemma 2.
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The evaluation strategy indicated earlier is guaranteed by the following con=-

sequence of Corollary 7.

Corollary 8.

For all pe's X3 ¥ ¥ 2 of some L, 1if x[v] proves z and ¥ proves Yo

then x{yﬂ] proves (also) =.

Proof. Indeed, if =x[y] proves =z then z is atomic and one has =+, by defini-
tion. So =x[yl+ and also ¥, by the "Frege principle" noted earlier; hence ¥
has a "walue". But ¥ proves Yy S° this "walue" must be Yo S0 x[y] and
x[FU] must have the same "value", by Corollary 7.

Let L be some implicative logic. If B is a theorem of L and

Bi"i= Bi

i 1iveed
for some m > 0, we say that B is m-solvable., Similarly, a set {ﬂj: jE 1}
(I €N) of theorems of L is m-solvable if Ej iz m=-solvable for all j in

il""’im are pairwise distinct lexical variants of 1, as

I EH. {In the above,
in Section 1.)

Then one has immediately

Lemma 9.
For all o,B in some implicative logic L,
(1) if B iz m-solvable (m > 0) then k of = a,
(2} Em is m-solvable, for m > 2, -

(3) Emugm = o, for all m > 2,

Proof. (1) Use Lemma 4: (6) and (1) with Corollary 8.
(2) Mote that k ii = ii"i = i, for all m > O.

=== == = = -
{3} By (1) and (2).

Let L be an arbitrary implicative logiec. Define, for each m,n * 1, mappings

n
A t Form, + Form
“M, N L L’

- s

by: for all 61,--.,Bn in FnrmL, not containing p;,q;{l <i<n=-1, 1< j<m,

n-1 1 1 n-1 n-1
CC ' Cq....C .G C w w il
LY By SRyl iy » » G Ty o = B, 1O m Pa-1
i1f n>1
d Y 1= ¥
~m,n(El' 'E*ﬂ:I
8 if n=1

1?
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In particular, set for m = U,gn 1= d with, for all @8

$o,0" g dn Farmk, not

1ol
containing pifl £ i<mn-=-1},

n-1
cC C . u ¥ i >
{cc) El szlpl Eﬁnpn—lpu-l’ if mn 1
gniﬁlsi--lﬁn}:=
E‘ll if n = 1.
Lemma 10.
(1) For all Cysnessl in some L (n > 1), not containing Pyse=+P 10
one has
n-1
sas d - .
d" Tag...0 proves un(ul’ ,ﬂn}

(2) For all o, ,sss,8 insome L and all m > 0, n > 1, where the
s n o -

1
ak's do not contain pi, q?{l <di<mn-1,12 < m), and where we have set

J
n=-1 __ n-1
%B o lfgm:I *

n—-1
Em ul..,un pProves Em,n{ul""’uh}'

Pronf, Tedious but trivial.
Let also L be as earlier and L be a mapping
3
- Form} + Form L
such that, for all 51,82.63 in FormL not containing p,
:= CCB_CR.C %
t(B;.B,.Ry) c Bl B, Bapp

Then one can see easily that

Lemma 11.
For all ul,az.aj in some implicative logic %,
imlazma proves Efﬂl'uj‘ujj'

Proof. Clear.

3. A Goneralization of Tarski's Theorem.,

Let L be a propositional logiec. Where {Rl),...,{Rr}. (r > 1} are derivable

rules in L we say that [ is finitely axiomatizable in the set of rules

{{Rl),,..,ERr}} if L has a Hilbert-style formulation with
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(1) a finite number of axioms ul,...,un. (n>1), and
(11} the rules {Rll....,{Rr},(SB} as primitive rules of derivation.
Let now L be an implicative logic with (ME}.(RIJ,...,{RT},(r >, derivable

rules in L. iz Tarshki axiomatizable in the set of rules

{(Rl),++-,(Rr},(HP)} if L has a Hilbert-style formulation with

We say that L

(1) a single axiom and
(ii) (MP), for the specified notion of implication, together with
(144} {le,...,(ﬁr),{SB} as primitive rules of derdivation.

(Alternatively, one can take a single/a finite number of axiom scheme/s and leave ocut
the rule (SB), as indicated earlier.)
Clearly, for L dimplicative, if 1 is Tarski axiomatizable in some set of rules

then it is alspo finitely axiomatizable in the same set. We establish suffiecient con-

ditions, generalizing Theorem & in [13], and allowing to prove the comversze of the

above.

Theorem 12.

Let L be an implicative logic (relative to some specified notiom C of impli-
cation). If
(i) L is finitely axiomatizable in the set of rules
{(Rl},--tsfﬂr}t{m}} {riﬂ}
and
(ii) for some m > O, Em is a theorem of L,
(111) k is a theorem of L
them L is Tarski axiomatizable in the same set of rules.
Proof. Let L be the (Hilbert-style) formulatiomn of L with axioms
. o .l'\n o
Dﬂlsllil‘ﬂn {'ﬂ 2 l:l
and rules
(Rll,‘--,{Rr},{HT},(SB} {x > 0).

there is nothing to prove but we inelude this as a limit case.)
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Define, for m > 0 and n> 1, (mn fixed),

= d B, prangd )a
Em,n —m,n( 1 ! nl'I
Then, by Lemma 10, one finds that
dn-lu .ot proves h
=m 1 n =M,
and since d is a theorem of L ,h is also a theorem of L (for h can
= ~0N =m,n “n =m,n

be proved by (MP) and (5B) from the axioms of Ln; hence the result holds for
¥ =0, too).

How set

1= d k
Em,n m,3(='
with k,k+ and h as above.
="= =m, TN

Tur claim is that 8. n is the needed single axiom. Firstly, B is a
L]

theorem of %n~ Indeed, by Lemma 4: {(6), one finds that
+
kk proves k
and, by Lemma 10,

+
d kk '
32D, Proves g,

hence the result follows by Corollary 8 (for E’im are theorems of L , by
hypothesis).
Cn the other hamd, let J* be the (Hilbert-style) formulation of L with

Em,n as single axiom and the same rules as earlier. (Explicitely, Em,n is

I
= Ck i wawll C - .
gm.n CCockCk r1EhL B % Em,HTECtl Ctmr2 )]
Using D-proofs one can show quickly that
m
En,nEp n(Em n} proves k,
and, in particular, for m =0 and with B, 7 By oo for convenience, one finds

*

that

gngﬂ proves E.

It is a tedious affair to find explicitely the needed substitutions, but the matter
is completely trivial and we have only to take some care in applying correctly
J. A, Robinson's unificatiom algorithm. For instance, displaying substitutions

& la Lukasiewicz [12], one has, with K :i= Cp Cq_p

and h :=Th
111 =

=0,n"
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CCEGqupCCrCsCtEuuCEuvv

£

B L - ‘ = T -
2 2= K 1[prCZHEEEnh,qurCsCLb,rfgn,stl,tfql,
wf/Ch Ch k,v/k]
=n =p="" =
- n, _
3 5= gl l[p/ch k,a/q,r/r,s/s,e/t,u/CCh kCh Ch k,v/Ch k]
2% 3 -4
4 :=k := Op Ca.p,,
loeay g; P o= Uﬁ;E‘}
How, h " is a theorem of T# for one can establish that
=T, -

g, O™ proves b .

=1, T
while the axioms O ,...,0 of L can be extracted from h as follows.
1 n ~T =m,n
With, for 1< j<n -1, set
b el
=m,n=]j =m,n=
(that is:
i
h mh B ey R
=m,n=1 =m,n== =m, n=
k4
L i= h T
=m,n=2 =m,n=-1== =m, n=
h ot T ,kkm = T L__'['.11+1','I5<lin|—-l}'}‘
=m,1 =M, 4= =m,n=

It is easy to see that, for 1< j < n,

h ,{RRJRM+1 proves O,
=m,] == = 3

so the axioms of Ln can be proved from g by (MP) and (5B} only (i.e., for
r =0, too).
(These axioms imply also that dl:l iz a theorem of 1*, by hypothesis.)

So ]"n and L* are aquivalent.

Remark 13.

Tarski's Theorem & in [13] is a particular case of our Theorem 12 with m = 0
and m = 1.
Remark 14.

tdur method of proving Theorem 12 dees not provide organic axioms, in the sense

pf M. Wajlsberg (for an axiom system L, an axiom of L 1s organic if it has no
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subformulae, except itself, that are theorems in &} and this was also the case
with Tarski's original method of proof, as reported in [11]. (The import of an
organic axiomatization is explained in [24].)

Another practical inconvenient of both methods (see [23] and [11] for Tarski's
examples) is in the fact the single axioms obtained thereby are very long.

In the end, Theorem 12 is of some theoretical interest since there are systems
of propositiconal logie that are finitely axiomatizable inm (MP) and still not Tarski
axiomatizable in (MP). E.g., the purely implicative fragment I of the logic of
"Ticket Entailment" of A. R. Andersom (cf. [1]) cannot be axiomatized with a single
axiom, (MF) and (5B) only. (This result is due te Z, Parks; see [1], B.5.2., for
details.)

Remark 15.
If we had considered the additional condition

{iv} t is a theorem of L

among the hypotheses of Theorem 12, the construction of the single axiom Enn might
¥

have been somewhat different. Indeed, with Em n 2% earlier, set
¥

* = .=
B0 7 Sl k) o O, G
for the new single axiom.
How as

kh k r ] &
t==m n= prove 5111,:1

by Lemma 11, E; o is also a theorem of (che new} L.
E]
Let L be the new formulation of L with g; o 38 single axiom and primitive
=y
rules as earlier.

It is easy to see that

ﬁ; naz n;; o Proves E
» H ¥

and

En,n'Bn,nln,) PTOVEE B,
(for this note that
+
Eﬁ,nﬁﬁ,n - 55 &%
while the aj's (1< i< n) can be obtained from gm " with k readily available,

»

=]

as im the proof of Theorem 12.
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{The combinatory argument behind the construction of E;,n is due, in essence, to
J, B. Rosser [unpublished]; cf. [19], 1.4. and Theorem 19 below.)

Let BLE, be the Meredith (purely) implicative logic (cf. [18], Appendix I,
[14], [17], ete.), formulated with (MP)}, (SB) as primitive rules and axioms E,E,

k
{for alternative axiomatizations gsee [14] and [19]). As pointed out by H. B, Curry,
K. Iséki, R. Routely, R. K. Meyer, D. Meredith et al., there 1z some interest in
studying BCK, and its extensions from both a combinatory and an algebraic peint of
view (cf. the references in [19]). But it is also a logical landmark in axiomatiza-

tion problems. Indeed, one has the follewing consequence of Theorem 12 abowve.

Corollary 16,

Any finitely axiomatizable extension of BCK, in some set of rules

{(Rl}""’(Rr)‘(HP}}' {(r > 0), is Tarski axiomatizable in the same set of rules.

Froof. MNote that

ckk proves i, Lemma 4:(5)
el proves [ Lemma 5:(5)
beg,, Proves g := d,

then apply Theorem 12, with m = 0.

Alternatively, one has also that
E(EE}(EEE*} proves t,

so t 1is a theorem of BCE, and one can apply the argument of Remark 15 above.

How BCK, 1s konown to be a subsystem of many familiar (propesitional} legics.

The following list is far of being complete.

Corallary 17.
The follewing logics are Tarski axiomatizable in (MP):

(1) the classical logic TV and its purely implicative fragment TV, (ef. [13],
[117, [1B], ete.);
(ii) the intuitienistic logic H and its purely implicative fragment H, (cf.
[50);
(iii) Hilbert's pesitive logiec, Johansson's Minimalkalkiil and any (finitely
axicmatizable} intermediate logic (in (MP); see [5]),

(iv) Pukasiewicz's many-valued logics !ﬁ {n > 13 and ND {(ef. [13]), etc.

Proof. Triwilal derivations, using Corollary 16.
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Eemark 18.

Arpuments similar to those used earlier apply, mutatis mutandis, to gquanti-

ficational extensions of the logics named above. (Do the exerecises of [19],

section 4.)

4, Refinements for Relevant Logics.

A, N. Prior noticed (cf. [14], page 181) that the original methods of Tarski
for obtaining single axioms do not work In the absence of the "paradexical" Law
of Simplification E {:= CpCqp). In particular, this comment applies to several
interesting (implicative) logies among which the relevant logilces R,E and seme of
their neighbours or rivals (see [1], [22], [28B]. etc.).

It will be clear from what follows that Prior's statement no longer holds for
our methods.

Actually, the problem of azxiomatizing Church's weak implication (in [3], i.e.,
the system R_ of [1]} was raised incidentally in [1], B.5.1. in [19] we claimed
that R, and the Andersen-Belnap Pure Entailment system E, of [1] are Tarski
axicmatizable in (MP) but the effective example of single axiom suggested there,
for R, , contained an oversight.

In this section we shall state explicitely - this was not the case in [19] -

some alternative lists of conditions guaranteeing the Tarski axiomatizability of a
large class of (purely implicative} relevant logics (in the semse of [1],[22]),
among which R , E_ ete,

We shall first introduce some convenient terminelogy.

Let L be a (purely) implicative logic. A theorem of L is solvable if it is
m-golvable for some m > 0, otherwise it is unsolvable. Sets of theorems of L
will be referred to similarly.

Examples: E’EI'E‘C-*’E’E’Em (m > 0} are solvable, while E.E,E‘ are unsolvable.

Clearly, unsolvable sets may contain solvable elements, but we needn't distin-
guish among such subtleties.

Let E (implicative) be now finitely axiomatizable in some set of rules

{(Rl}""’(Rrj’(HP}} - (MP} for the specified notion of implication - with r > 0,
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and all its axioms in the set

B g}

g(&} ={o, ,...,0 preeeaby

1? o’
(psq » O,p + g > 1) such that the ai's (1< i< p) are unsolvable and the Bj's
(1< f<q) are solvable. Usually, B(L) is called a basis for/of L. Hereafter,
"B(L)" will refer to this description with p,q wvarying as indicated (n :=p + q
positive, with possibly either p =0 or q=0; so no basis is empty, but it may
contain no unsolvable, resp. mo solvable elements).
Consider now the functions Qn = gu,n
A basis E{E} for some implicative logie L 1is sequentially m-quasiselvable

of gection 2. Let m > 0,

if its elements can be arranged in a sequence

I:l.11.++|,upgﬂl|!-*s|3 (Fﬂil: P"qin}'

q
with the uj's unsolvable, and there are theorems

al,...,ﬂb

of L such that the following formulae are m-golvabla:

(i} Ti’Bj’ (l2i<p,1<32q}
(11) oy, = dyla,y,) (=12 p}
(14) £, 2= d (gaeeeny,) f1L<i< p)
(i h, smd, _(f ,B.,..e,B)(1% § < q).
w =i =1=p""1 JJ =3z4
{Hote that £l ] ¥, = éi(ul’Yl} and El 1= ép+l{21""’gp’ﬂlj’ by the definition
of 4 ,d «)

"'ll“'z,. ..,gp-'_l
In particular, g(&} iz sequentially m=-solvable if p = 0; that is,

E{L} = {Bl,.,+,ﬁq} containg only m=solvable axioms and for some permutation T of

the set {1,...,q}, the formulae
T,
Ej : QJ(E‘_IT':E:I 1---151”::]}} (l i j i q}

are also m-solvable (viz., ﬂ;im proves i, for all j, 1< j < q).
For simplicity, we shall consider first (purely) implicative logics possessing

at least one (sequentially) m-solvable basis, for some m > 2. HNext we shall extend
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our diseussion to implicative logics possessing arbitrary bases.

Theorem 19.

a1

Let L be an implicative logic (for some specified notion C of implication)

such that

(i} L dis finitely axiomatizable in the set of rules

TR, L (R, 00 (2 0),
If, for some m > 2,
{ii) L has a sequentially m-solvable basis
(iii) k is a theorem of L,
=m -
and
(iv) d.t are theorems of L

then & iz Tareki axiomatizable in the same set.

Proof. Let o ...-.un in > 1} be the axioms of L (taking n =1, trivially, as

1
a limit case of the Theorem) and construct, for am appropriate w, formulae

Tr .
Ej B= éj(uwflj"“’dﬂ{jj

Sequential m-solvability means that, for some w, one has

) {12 1% o).

.m .
uj; proves i (1< 1< m,
I;;i-m praves % {1 {_ j i ).

Now Tecall that, by Lemma 9:{2) we have

m
ki proves i, for all m > 2.
=m* = =

We claim the needed single axiom is
i . L I il
E(m,n)’ E{Em’En'gm} = G0 Bh. k. PR

(obzerving the relettering convention of section 1 above).

Indeed, Em,g are theorems of L (the hvpothesis of the Theorem), so El

a theorem of L, for, by Lemma 10,

n=1 T
d G eeed  proves Zn’ for any m.

iz

As is a theorem of L (by hvpothesis, again), one has alse that, for an ap-

propriate T, Egm a) is a thegrem of L, aince
*

T Ll
h
EEm-=nEm proves E(m,n)’
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by Lemma 11.
. . ]
Conversely, let L, be the formulation of L with 'g_* 1= E(m,n}’ for con-—
venience (m,n fixed), and primitive rules as earlier.
b
One works in L,, deriving first Em from g,, mext En and, finally, the
uj's (1< j< n). This can be done as follows:

E.8, Proves Eﬁ+’

for EE iz m-solvable, by the hypothesis of the Theorem.
Recall alse that, by Lemma 6:{2),

k k, Pproves 5:, (m > 0),

S0
-

Bae = Kk = kb (m > 2)

and hence
+ _ o+t

BeBaly = ol ™ Ky inb Bl
given the m-solvability of Em for m > 2, (Lemma 9:(2) above), while

E*E*E; proves i for m= 2,
and therefore

Bagal = k1 = 31Tk (m = 2),

by Lemma &4:(7)} and Corocllary 7, etc.
S0 far we have shown that Em is a theorem of L,, for allm > 2.
How
+ ™
- L
gxk =Bl k) =g,
for Lk is m-solvable (m > 2), by Lemma 9:(2}.

That is, ceollecting the facts,
T
BEa{BuBs) PrOves En (for m = 2

B0, anyway, Em’gm and E: can be proved from Ex by (MP} and (5B) enly and the
result holds for r = 0, too.

. m .
Hext, since ujl proves i, for 1< j< m, we have

'k =h"
=n=m =n-1

n" k= h"k> = h"
=n=l=m =p=m =p-2

LR L T
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il T, n—-1 m

Bk, = BK, ™y =8y
Finally, for all j,1< j < n,

m, +

k . > 2

hj=m§m proves o (m > 2}
since

bi" proves i (1< j<n)
and

k4" i (m > 2)

s proves 1 m - .

Therefore, each uj (1< 3j<n) is provable from g, := E?m,n} by (MP) and (SB)
only, and this completes the proof of the Theorem with r > 0.

Unlike In Theorem 12, the hypotheses of Theorem 19 allow also applications to
{purely implicative)} relevant logics (in the sense of [1], [22], [25], [26], [28]).
But, as earlier, in section 3, where we paused on C. A. Meredith's §§§+, we prefer
to reach that point via some intermediary landmark. The motivation behind this
détour will appear soon.

Let BCI, be the Jaskowski-Meredith purely implicative logic (cf. [18],

Appendix I, [14], seection 7, or even [17], whose "Postseript" gives the reason we
had to use the name above). This, by the way, & relevant logic in the sense of
[1], [22]. Specifically, it ecoincides with the purely implicative fragment of what
E—M", for

the defendors of relevance use to call "Relevance without Contraection” "

short, where both "W" and "Contraction" denote our formula w, that is: "the
Hilbert formula" of the pest-war Dublin residents, whether Folish or not) and has
been studied = on different grounds - by various persons among which 5. Jaékuwaki,
C. A. Meredith (as principal proponents; see references given earlier), A. Church,
M. D. Belnap Jr., A. Urquhart (cf. [25], [27]), E. Routley, R. K. Meyer (see [22]
and the references given there), and the author ([19]).

By definitiom, §§£+ if finitely axiomatizable in (MP) with, as axioms, E’E
and 1. C. A. Meredith has also established its Tarski axiomatizability in (MP)
{cf. [18], Appendix I, [14), section 7; for alternmative axiomatizatlons see also
[19]}.

We will be interested in extensions of §§£+ still possessing this property.

One has the following straightforward consequence of Theorem 19.
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Corellary 20.

Any finitely axiomatizable extension 1 of RCI, in some set of rules
{[Rl},.. " ,{Rr),ﬂ'[?]l}, {r > 0}, such that L has a sequentially m-solvable basis

for some m > 2, 1s Tarskl axiomatizable in the same set of rules,

Froof. Note that

i Tove k. :=¢
gl proves kb, =g,

by Lemma 5:(5), and, as in Remark 15,

heg, proves d = ﬁﬂ

and
b(be)d proves .
Also, for all m > 0,

ek D) proves K,

s0 2,5 and the Em's {m > 0) are all theorems of EQI+-

Finally, apply Theorem 19 to the case in podint.

It is not wvery difficult to see that Corellary 20 is not completely pointles
(viz. there are implicative logics satisfying its hypotheses - indeed, somewhat
involved =; cf. Remark 23 below).

However, this result (as well as Theorem 19 above) does not seem to be very
useful in getting the Tarski axiomatizability of Church's weak implication - i.e.
the system R of [1], [3] - or of any "intermediate" implicative logic between
BCI, and R .

To put the finger on the nature of the difficulty let us examine several
axiomatizations of B, (with (MF) and (SB)).

Recall first that, in [3], R, was finitely axiomatizable in (MP) with, as
axioms, w,b,c and }. Henceforth, §+ will dencte this formulation of Church's
system. (But note that the basis {E’ETPE’i} has the same effect as Church's in
view of Lemma 5:(1) and (2}, and similarly, with ¢ replaced by either ¢, or
and for w replaced by g or 5', ete.; see [19] for details.)

Clearly, Church's basis is unselvable, due to the presence of i (for EE
already undefined; and similarly for the remaining four-element bases suggested

earlier). Sg even if gp}+ is trivially a subsystem of §+ , We have no means

kI

»

Lz}

to
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apply our Corollary 20 (eor, egquivalently, Theorem 19) to Church's system unless we
can find a selvable basis for it that is sequentially so, too. Is this, after all,
possible? We incline, at present writing, to a nepative answer of this question
and will try to briefly explain why next.

We shall do first of all some more axiom chopping (around §+).

Define two new boldface types, namely:

CCpCqrCCspCqlsr,
' := CpCCpCpqq.

e i@

The combinatory argument behind half of the following Lemma relies on a similar
construction which could have been traced back to the work of a pioneer in combi-

natory logic, viz. to F. B. Fitch's Yale dissertation (1934).

Lemma 21.
R, is finitely axiomatizable in (MP) with, as bases,
(1) {w,i,al (ii) {w',i,a}
(iid) {g‘,g,g,;} (iv) §§',E'1g,i]
(v) {g'.big,.il (vi) {w',b',e,,.i}
(vii) {y',b.c',i} (wiid) {u',p'.g'.1l,
etc.
Froof. Let, for convenience, Qi(ﬁ*}, with 1< i< B, be the corresponding

bases and §0(34} be Church's basis {w,b,c,1i}

: produces B or one has that
(1} §1(§+] d EU(B+} f h h
5; proves ¢,
Eé proves c,, Lemma 3:(5)
ac, proves E',
and
cb' proves b, Lemma 5:(1}.
Conversely,

B0 EH{B+} produces

(11}

iB(R,) and B,(R)

b(be)b  proves

B (R,

are equivalent,

for
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cw proves w'
= -

and
cw' proves W.
== =

(iii)=({wiii): Use (ii) and Lemma 5.

Lemma 22.
For all Q’Bl'ﬂz’ﬁ3‘aﬁ in any implicative logic L,
(1) w'a = doo = nga,u};
{2) w'ii is undefined (so, finally, w' is unsolvable};

{3) wbi=bii = i: (4) wb'i = b'ii = i:

- == === = = == = == =
(se b and b' are 2-solvable and therefore m-solvable for m > 2).
(5) wai-= Eii = g3 (6) E*ii = i (E* is Z-solwvable);

(7} 288,848, - B,(B,8. )8, and 2 is m-solvable with = > 4,

=1
(8) c,¢' are 3-solvable (and hence m-solvable with m > 3).
Proof., Trivial.

Remark 2Z3.

Corollary 20 spplies easily to BCK . Take, e.g., the standard basis {E,E.E}
(with (MP}). This basis is, clearly, 3-solvable (hence m-solwvable, for m > 3)
while, with El 1= E.Ez i= QZ{E,E] and 23
that k is 2-solvable, 22 iz 4-zelvable and 23 is 3-solwvable. 5o the EE§+-

basis above is sequentially 4-solvable and BCK,  is, obviously, a proper extension

of §E£+'

S 63(5,2,5}, one finds immediately

Remark 24.
Let i (n > 0) be lexical variants of 1 :=i,, as in gection 1. Than one
has clearly, for m # n,
di i =d,(i,.1) :=CCLCLrr,
so d dis 3-solvable.

However, for any m > 0,

] == §
X', = 4L, = L)
and g’im proves only EcimCEmrr := (CCCppCCpprr, viz. a (proper) substitutiom
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instance of CﬂimCEnrr+ How it is not difficult to see that E'lmin is undefined
for any m,n > 0. Thus g' iz unsolvable and, as it was the case with the R -
bases considered earlier, we cannot use Lemma 22:(2) in order to apply Corollary
20 (or Theorem 19) to the case of R,.

We will try now to explain why is Corollary 20 inappropriate for our present
purposes (the Tarski axiomatizability of R).

& (pure) implicative formula o dis a prima facle theorem of §+ if it is a
theorem of R, without thereby being a (proper) substitution instance of some
theorem of R, (that is: it does nmot arise from a theorem of §+ by identifving
two or more propositional wvariables it contaims). E.g., ¥ i= CCpCpgCpq 1is prima
facie, but CCpCCppCpp is mot so. Further, let a prima facie theorem of E, be

non-linear if it is not already a theorem of BCI .

Conjecture 25.

The non-linear theorems of B, are unsolvable.

If our conjecture iz true then it is already clear that no axiomatizatien of
§+ can satisfy the hypotheses of Corollary 20 (resp. Theorem 19).

Fortunately, we can prove the following generalization of Theorem 19.

Theorem 26.
Theorem 19 holds with "sequentially m-solwvable" replaced by "sequentially

m-quasi-solvable",

Froof. Let L be finitely axiomatizable in some set of rules containing (MP), for

the specified notion of implication, with axioms

e ey By B (p,a > 0, ptq > 1),

q

whers the ui's are unsclvable and the Ej's are m=solvable, for some m > 2.
Construct now, for Yl"'"‘Yp m-solvable theorems of L, formulae

Ei - _d,ztcﬁi!-'l"i} (1 {_ 1 i F}l

= TR < 4 <

£i gi{g].’ l‘ii} (1 = 1* P:'1

h, :=4d £ o < = X

by r=d o fELBaB) (232

By the hypothesis of the Theorem these formulae must be m-solvable, too. The needed
single axiom for L is now

g = E(p,q,m 7 3-’':]--'LIJ:I‘EG.'Ltl'ﬂ} - Gchmcgchmss
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and one has, as earlier in the proof of Theorem 19, that
gglgg) proves ks

for h is m-solvable (and so ds k ) and
=m

E (EE} proves Eq,

"Sequentially" points out, as in the case of seguential solvability, to the way of
1'5 and the Bj'a {1<i<p, 1< 1< q). BSpecifically, the
Est (1< 3j<gq) and £P can be obtained from h i.8.:

=q’ —_——

obtaining the o

h,

< 4 <
Jl‘c._m PIOVES Proves £P (1< j ql,

h k
By1rgi1sg
for the Bj'S (1< j< g) are m-solvable,

Then the Ef:iTB (1= i< p) can be obtained from Ep as follows:

-tilém proves Ei—l (L< 1< p),
for the Ei's {1< i< p) are m-selvable. (Note that il e El'}
Now the remaining gi'a (L= i< p) can be obtained from the f,'s, i.e.:
< i<
Eiilém‘t:tmﬂ:cm proves v, (1< i< p),

for the gi'ﬁ (1L< i< p) are m-solvable,

Finally, the c:i'a can be obtained from the v 's (1< i< p), since the

=
Ti's are supposed to be m-solvable and hence

Eiléu:. proves ui (1< i< pl,

while the BJ'S {1<j = q) can be obtained from the corresponding thS, as
expected, i.e., by
by (k) proves B, (1<j<a),

=1""" -1
On the other hand, g := E{p 0sm) iz a theorem of [, for so is hq (the
- L B

for h ,Eq are m-solvable.

Yi's, 1< i< p, were supposed to be theorems of L, while d 1is a theorem of
L, by the hypothesis of the Theorem), l.l:m and L. This completes the proof

(Lemmas 10 and 11 were used tacitly).

Remark 27.
An analogue of Corollary 20 holds with "sequentially m-solvable" replaced

by "segquentially m-quasi-solvable".
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Corollary 28,
B, dis Tarski axiomatizable in (MP).

Proof. This is a straightforward application of Theorem 26 (Coreollary 27),

Consider Church's axiomatization of B~ with

o, i=mwp. = 1,B :=£,33:=h.

Set Ty 8= b' (recall that ch proves EI*

-
Clearly, v, := E, := d (w,b'}. Now, with the conventions of the proof of

Theorem 26, one has

. - 1 ,
by = (5,0 o= b D)
Qz == 53(£1’215) s Qg{E!EI‘E’EJ‘
and
by = 4, (£ Lae) = (b Lue,D)

Using now Lemma 1, Remark 3, Corollary B and Lemma 22:(4) one can show that Ll’ﬂl
and 22 are Z2-golvable, while 23 iz &-solvable. As the set of £ 's

(j =1,2,3) dis 3-solvable and Yy F= b* is 2Z-solvable (ef. Lemma 22:(3), (8],
ete.), we have already established that Church's basis is sequentially 4-quas—
solvable. On the other hand, we know that dyt, and 5# are R -theorems (ef.

the proof of Corollary 20), so Church's system is Tarski axiomatizable in (MP) with,

as single axiom,

r := g(k,,h,,h,) = CCk,Ch,Ck, pp,

where h is as above.
=7

Remark 29.
It is possible to shorten the latter single axiom r, obtained in Corollary

28, using the fact that aii proves ¢, {cf. Lemma 22:(5)). Indeed, set, with

the conventions of the proof of Theorem 26,

ap i= g,ﬂl §i= ;,BE t= E and Yy i= a-

)

{(We have seen in Lemma 21 that a is a theorem of EFI+ and hence of R

s
How construct formulae ¥y = ézfg,i}, il 1= El’hl 1= ¢f£l,$} 3= QB{E, ,;3}

el -]

and b, = EE{EIiEQE} i=d,(v,2,1,b). One finds easily that h i proves c,
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(for 2253 =llgéi = bf iii = £ (11}1 = £,ii = wai = aii = g,); so one has also
that Egiﬁ: i, for Cy iz 2= solvable. Hext El is 4-solvable for Eléa = ;Iiﬁ =

is 4-solvable, by the same token

-
w313 =ai =i and, finallw, El 1

i=
(£1£Q= 3223, ete.). So the set | i,b b} 1= sequentially S-quasi-solvable and we
.

¥
&,

may set as aingle axiom (for ﬁ+} r Ck5ﬁh2¢k5pp, with Ez as above. The
additional criek (beyond the pattern of proof of Theorem 26) conzists of getting

g, from 22 and i. But the set {E'L‘E’Ew} is a basis for R, (by Lemma 5).

Theorem 19 admits now of a generalization in some other direction, viz. by

generalizing the concept of solvability.
Let L be some (purely) implicative logic aud B .= El""‘ﬁm be a sequence

of theorems of L ({possibly with repetitions and possibly empty). For E fixed

set
gﬁ i= Cpﬂﬂﬁl-..CBmCCpqq.
-
{(One can easily see that for £ empty one has Eﬁ 1= Eo Ll ey |

A& set {ml,...,mn} of thecrems of L is B-solvable (for B fixed) Aif qu 1=

ujBl...Bm proves i for all j, 1< j < &,
Construct now for some sequence ul""’an {of theorems of L)} formulae
h =d {0 ,...,8,1 with 1< j < n.
L S B S
A set [ul,...,u } of theorems of L is sequentially E-sulvaﬁle (for E
mn

fixed) if its elements can be arranged (without repetitions) in a sequence

Qpaesesl  5AY such that

(i} each aj iz g*sulvahle (1= 3j=<m),

(ii) each Ej {constructed as above) is E—sulvahle (1< j<mn) and
finally,

(i) ky 1is B-solvabla.

Clearly, if each B, in E (1< i< m) 1is the formula i, E¥snlvab111ty for this
1L - —_ =
E amounts to m-solvability and sequential E;sulvability coincides with sequential

m-solvabilicy for m > 2.
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One can prove by a straightforward extension of the methods used earlier that

the following generalization of Theorem 19 holds.

Thearem 30.
Theorem 19 holds with "sequential m-solvability" replaced by "sequential
-
ﬁ-sulvability“ for some fixed sequence § := Bl""’ﬂm of theorems of L and with

"Em is a theorem of L" replaced by ”§E is a theorem of L".
Proof. Mutatls mutandis, as for Theorem 19.

Bemark 31.
Note also that Theorem 19 becomes a partieular case of Theorem 30 with
E 1= il""'im (the ij'E are lexical variants of i, as in section 1 above).
Theorems 19, 26 and 30 do not apply as such to the purely implicative fragment
E, of the Anderson-Belnap Entailment system (ef. [1]) due to the fact ﬂ,g and the
gm's (m > 0} are not theorems of E . But the pattern of proof used earlier still
works for some slight modification of the corresponding hypotheses.
Define first, with P := Cp'p"'',§ :=Cq'q'' and ¥ := Cr'r'', the following
formulae:
CBCgCCRCgre,

[[=H]
a8
u

CHCHCTCCpCyCEss,

Brty
*
I

= &, := CBCCiqa,

.
[

1= lF>
L=]

=]

CACCL, ... CL CCBaq, (nz1)

CCpCirCilpr.

s
]

(All these formulae are theorems of E , as one can easily check using the Fitch
style formulation of £, in [1]. But see Corellary 33 below for the corresponding
Hilbert style derivations, with condensed detachment.)

We can now establish the following (stronger) form of Theorem 1y,

Theorem 32.

Theorem 19 holds with k (m > 2}, d,t replaced by Lk .t Tesp,
Zm = =" an'E'e

Proof. 4s earlier, for Theorem 1%.
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Lt o BE}4 be the (purely) implicative logic axiomatized by b,E and i
with (MP) and (5B) as primitive rules of derivation. It is known that ﬂﬁ1+ can

be axiomatized also with (MP), (5B) and, as axioms, E' and E 1= 56, i.e.,

0 := CCCppaq.,

{cf., 2.g., [14] or [1], B.5.1.; the result is due to M, Wajsberg, C. A. Meredith
and ¥. Belnap Jr., independently). OC. A. Meredith has also found that §§;+ is
Tarski axiomatizable in (MF) (cf. [14], section 10 or [1], 8.5.1.).

It can be easily seen that the fellowing (stromnger) form of Corollary 20

obtains.

Corollary 33.
Corollary 20 holds with BECI, replaced by §§£+.

~ B -~ ) = -
Proof. HNote that EEE* prnvesA Q’E{EE)E pr:ves E’Eu i= £, and Ei proves
¢,, while, for all m> 0, E(&mé) PTOVES Em+1' Then apply Theorem 32.

One has also the following (stronger) analogues of Theorem 26 and Remark 27.
Theorem 34.
Theorem 19 holds with E,E,Em replaced by E,E,Em resp. (m > 2} and "sequen-

tially m-solvable' replaced by "sequentially m-quasi-solvabie."”

Froof. Mutatis mutandis, as for Theorem 26.

Corollary 35.
Corollary 20 holds with BCI =~ replaced by §§I+ and "sequentially m-solva-

ble" replaced by "sequentially m—quasi-solvable."

Proof. HNote that E,E, and the Em‘s (m » 0) are theorems of §ﬁ1+, then apply
Theorem 34.

Recall now (from [1], say) that the following sets of formulae axiomatize the

Fure Entailment system E, with (MP) and (SB) as primitive rules of derivation:
§0(§+} = {w,b,2,il, §1(§+) = {g,b",0}

(the latter one is Belnap's preferred basis for E ). Clearly, E, is a (proper)
extension of EEI* (though net of BECI.) and we may readily apply Corollary 353 to
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Belnap's basis §1{§+J say, getting the expected result, wviz.

Corollary 36.
§+ is Tarskl axiomatizable in (MP).

Proof. (Nearly completed above. 8Still, for the sake of effectiveness we can

afford the following considerations.)

Set @, i= E,BI = E'Bz = E' and Y, = E'. Further, with conventions as in the
— e L s=

proof of Theorem 26 {resp. Theorem 34), set ¥yt £1 : QE{E,E Ys El : g2{£1.2}

T gj(E_ET,Ej and EE T g3{£1,9,g'} 1= éka,E"E,E'}, How EE ig 2=-solvable for

hpfs = hyb'L = B'E,00 = O(5,D = 0" =w'i = p'ii = ii by is l-solvable for

Ell = Elg = E{EE‘) - 3212’ ete. and ¥ 1= £1 is 2-solvable {Elii = EE'}, etc.).

Finallw, E' is Z-solvable and E is l1-solvable. Thus, Belnap's basis is sequen-
tially 2-quasi-solvable and the single axiom for E, might be now, with Ez as
above,

g 1= 5(52,22,52} e Cﬂbzﬂﬁzmégpp*

on the usual pattern emploved earlier for B, .

Remark 37.

As expected, a (stronger) variant of Theorem 30 holds with EE 1=
CGp'p"GGBl...Cﬂmﬂﬂﬂp'p“qq instead of EE, for some fixed sequence E i
51,---,Em (m > 2 say) of formulae of L. The corresponding statement is an cbvious

generalization of Theorem 32.

Remark 38.

Unlike the methods of proof available in the presence of k (in section 3
above) the methods of finding single axioms used in this section do not ap-
parently apply to implicative legics containing conjunction and/or disjunction
(these ingredients would obviously bleck the applicatien of the unification algo-—
rithm while evaluating pe's). In particular, the full Relevance logic R (bf.
[11, [22], [25]), the Entailment system E of Anderson-Belnap (ef. [1], [25])
and the Prawitz-Urquhart system § (cf. [2B], say) as well as many other (proposi-
tional) relevant logics reviewed in [1] and [22] are cases in point. Specifieally,
it is an open problem whether the relevant legics Ry Eﬁ EF etc. are Tarski
axiomatizable in (MP) and the Adjunction rule (ADJ).
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Added in proof (September 6, 1982%., David Meredith noticed, in correspondence, that
the formula j := CCpCqaCpCqCpg falsifies our Conmjecture 25. This supgest that

R, may possess axiomatizations satisfying the hypotheses of Theorem 1% and/or

Corollary 20, but does not alter the content of our discussion in 4.

APFENDIX

On a Singleton Basis for the Set of Closed Lambda-terms.

As reported in lﬂ, pape 180], C. A, Meredith maintained once that the fol-

lowing lambda-term
G =: Axyz.y(iu.z)(xz)

iz a basis for the set of closed lambda-(E-) terms. S5till he did never supply a
proof of this claim in print and several attempts to a reconstruction of the mis-
sing derivations (see, e.g., [17 page 283] or [19, pp. 10-11]}, even with the help
of a computer (programmed in 16K LISP by Professor W. L. van der Poel), have been
unsuccessful so far.

Actually, the needed argument is relatively simple,

Recall first some current netation in [19]:

I =: hw.x, K =: hxy.x, K' = : duv.y, B =t Axyz.x(yz),

B' =: Axyz.y(xz), C =: hxyz.xzy, C, =: duxy.yx, W =: Axy.xyy,

W, =¢ Je.xx, 8 = huyz.xz(yz), 8" =; Axyz.yz{xz).

Further, set for any closed lambda-term X, X, =: X, X =3 KEH {n a posi-

1 1

tive integer). = will denote beta-convertibility.
Wote first that ES = hxv.¥{xx). One has immediately that
L, = Ejﬁ, I=gGC,C,, K" = GIC.I and K = E'E*.

Now eone can obtain B',B and C. Indeed, set E =: G(KC )G. (Mote that
E = hxy.x(Ky)} = B'K.).
Then E' =G (KE) = EG,E, B = B'C,(B'B"') and C =B'B'(B'C)).
Finally, one needs any one of E*’E*EI or 5. The fermer two are easy to

get: take, e.g., W, = El{gjlj = GI{C,I}) or W= EE{E{E*EE}}.

For 5' and 5 one may proceed as in [149, viz. by realizing that
8" = B'G(B'"(B'(C,C))) and, [inally, 5 = C5'.

Question: is there any basis shorter than G7



95
Adrian Rezus

REFERENCES

ANDERSON, A. R., BELNWAP JR., N. D. et alii

[1] Eptailment. TIhe Loglc of RBelevance apd Necessity, Volume I, Princeton
University Press; Princeton, 1975,

BARENDREGT, H. P.

(2]  Ihe Lambda Calculus, Its Syntax snd Semantics,

—7 -+ — [ 144

Worth Polland; Amsterdam, Wew York, Oxford (Skudies in Logic and the
Foundations of Mathematics 103), 1981,

CHURCH, A.

(3] The theory of weak implicationm,
in MEWNE, A., WILHEMY, A. and ANGSIL, H., (eds.) Egg&;gé};gg;gg EEEEEE!

Untersuchungen zum Logikkalkiil uod zur Lopik der Eingelwissengcheften,
iommissionsverlag Karl Alber; Munich, 1951, pp. 22-37.

CURRY, H. B., FEYS, R. and CRAIG, W.

[4] Combipatery Loglg, Volume I,
North Helland; Amsterdam, 1958 (reprinted 1974).

VAN DALEN, D.

[3] Intuitiomistic logic,

in GABBAY, D. M. and GUENTHNER, F. (eds.) Philosgphical Logic, Reidel,

Dordrecht and Boston. [fortheoming].
(First draft available as: Preprint nr. 209, University of Utrecht,
Department of Mathematics, September 1981.)

HINDLEY, J. R., LERCHER, B. and SELDIN, J. P.

[6] Introduction to Combinatory Logic,

Cambridge University Press; London (London Math. Soc. Lecture Notes 7},
1972,

HOWARD, W,

[7] The Formulae-as-Types notion of construction,

in BELDIN, J. P. nad HIWDLEY, J. R. (eds.) To H. B. Curry: Essays on

New York, etc., 1980, pp. 479-490 (written in 1969).

FATLMAN, J. A.

[8] An algorithm for Meredith's condensed detachment (abstract), J. Symbolic
Logic EE, 1974, p. 206.




96 ON A THEOREM OF TARSKI

LESNIEWSKI, §.
[9] Grundzuge eines neuen Systems der Grundlagen der Mathematik, Fund. Mathe-

e

maklsge 15, 1929, gp. 1B,
LORENZEN, P,
[10) Eiafihaung o Zis apsrariys Losth wid Tothenatll,

Springer Verlag; Berlin, Gottingen, Heidelberg, 1955.
LUKASIEWICEZ, J.

[11] The shortest axiom of the implicational caleculus, Proc. Royal Irish Acad.,

(Section A) Eg, 1948, pp. 25-33. (Reprinted in: FUEASIEWICZ, J.
EE&EEEEQ Egsgg, edited by L. BORKOWSEI, Morth Holland; Amsterdam and
Polish Scientific Publishers; Warsaw, 1970, pp. 295-305.)
[12] Elements of Mathematiecal Logic,
ST s eEeEEOEEEeEE STEbhew

Pergamon Press, Macmillan & Co.; New York 1964.
EUKASTEWICZ, J. and TARSKI, A.

[13] Untersuchungen uber den Aussagenkallkul,

Varsovie, (Classe III-eme) EE, 1930, pp. 39-50.
(Reprinted in: LUKASIEWICZ, J. Selected Works, edited by L. BORKOWSKI,

Horth Holland; Amsterdam and Folish Scientifie Publishers; Warsaw, 1970,
pp. 131=152 and in TARSKI, A. Logic, Semantics, Metamathematics, Fapers
from 1923 te 1938, Clarendon Press; Oxford, 1956, pp. 38-59.)

MEREDITH, C. A. and PRIOR, A. N.

[14] Motes on the axiomatics of the propositional calculus,

Notre Dame J. Formal Logic 4, 1963, pp. 171-187.
===EE oESE = ESEEEE sSol=Es =

MEREDITH, D.

[15] Combinatory and propesitional logic,

EEEEE Dame J. Formal Logic 13, 1974, pp. 156-160.

[16] Carew Arthur Meredith (1904-1970),
Sgtxe Daps - Ecmmal Lggls 18- 2977, ewv 513-316,

=S

[17] Positive Logics and A-constants,

Studia Logica 37, 1978, pp. 269-285.



Adrian Rezus 97

FRIDOR, A. N.
t181 Egrmal Legic

Clarendon Press; Oxford, 1962 (second edition).
REZUS, A.

[1%] Singleton bases for f\g and a result of Alfred Tarski,

Preprint nr. 150, University of Utrecht, Department of Mathematics,
April 1980,

ROBINSON, J. A.

[20] A machine oriented logic based on the resolution prineiple,
J. Assoc. Comput. Mach. 12, 1965, pp. 23-41.

[2]1] Logic: Form and Function. The Mechanization of Deductive Reasoning,
===== ==== === == EEE ESEEcSSEEESRsSs —= =

e e e —me —aee T Erl
Edinburgh University Press; Edinburgh, 1979.

ROUTLEY, R. and MEYER, R.K.

[22] Relevant Logice and Their Rivals,

The Australian National University, Research School of Social Sciences
Monograph Series (Department of Philosophy); Canberra [fortheoming].
SOBOCINSKL, B.
[23] Z badad nad teoria deduckii,

Przeglad Filozoficzny 33, 1932, pp. 171-193.

[24] On well constructed axiom systems,
in Yearbook of the Polish Society of Arf and Sciemces Abroad, 1955/1956,
pp. S54=65.

URQUHART, A.

(23] The Bemgntics of Entailpent,

Dissertation: University of Pittsburgh, 1973.

[26] Semantics for relevant logics,

[27] Proofs, snakes and ladders,
Dialogue 13, 1974, pp. 723-731.

[28] What is relevant implieation?
Preprint, University of Teronto, Department of Philosophy, 1974 (with
an "Addendum', dated April 1981).



