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Asymptotic equivalence of difference
systems

Rigoberto Medina*and Manuel Pinto!

Abstract

Using comparison theorems and Schauder’s fixed point theorem we
obtain the asymptotic equivalence of solutions of quasilinear difference
systems.

1 Introduction.

Consider the difference systems

Az = A(n)z + f(n.z), (1)

and

Ay = A(n)y, (2)
where n € N(ng) = {no,no + 1,---}(n, is a fixed nonnegative integer),
z and f are m dimensional vectors, A(n) is a m x m matrix for
n e ;\’(no).

The function f = f(n,z) is defined on the product space N(ng) x
R™, and R™ denote the m-dimensional real euclidean m space. A is the
forward difference operator, i.e.

Au(n) =u(n+1) —u(n)

for any function u: N(ng) — R™.
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We are concerned with the asvmptotic relationships between the solutions
of Eq. (1) and those of the unperturbed linear equation (2).

The problem of asymptotic equivalence for systems of ordinary differential
equations has been studied by many authors [L. 2. 3. 4]. However, the only
result that we know concerning the asymptotic equivalence between equation
(1) and (2) is due to Benzaid-Lutz [3]. They assume that the linear difference
svstems y(n + 1) = A(n)y has ordinary dichotomies.

In this paper. we attempt to investigate some asymptotic relationships
between the solutions of these two equations for cases when the function
f(n.r) is not necessarily small for all x. but for sufficiently small initial
values becomes small compared to solutions of Eq. (2).

The basic technique used for our investigation is based on the well-known
Schauder’s fixed point theorem. See Drozdowicz-Popenda [6]. Medina-Pinto
[7]. and Szmanda [L1].

For this we will use the following compactness criterium in £ = loo( NV (n0), R™).
the Banach space of all bounded functions ¢ : .V(ng) — R™ with the supre-
nmun norm:

Compactness criterium.
A set E C (. is relatively compact if E is bounded and equiconvergent
“to some n € R™.
We recall that E C (. is said equiconvergent to n € R™ if for every
= >0 there exists M > ng such that

le(n) — r]|‘< g

for any @+ € E and n > M.

2 Main results

Theorem 1 Let ®(n) be the fundamental solution matriz of Eq. (2) sat-
isfying ®(ng) = I for some ng, where [ denote the identity matriz. Let
D(n) be a nonsingular matriz satisfying

[D(n)®(n)| < a(n), (3)
where a(n) is a positive function for n > ng. Suppose also that f(n,x)
satisfies
l
[0~ n+ 1) f(n.2)] < F(n. |D(n)z|), (4)
a(n)
where  F(n.u) Is monotone nondecreasing in w for each n on n 2>
no. 0 < u < . and the scalar equation
Au= F(n.,u) (3)
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has a positive solution which is bounded on n > no.
Then corresponding to each solution x(n) of Eq. (1). with |r(ng)]
suffictently small. there exists a constant vector & such that

on) =®n)E+ D7 n)-ola(n)). n— x. (6)

Proof: Using the discrete variation of constants formula. we can represent
any solution @ = x(n.ng) such that x(ng) =y by

n—1
r(n)=®(n)re+ d(n) Z O+ 1) fy.x())). (7)
Then.
n—1
D(n)r(n) = D(n)®(n)zo+ D(n)®(n) > @71 + 1) f(j,2())),
J=no

which implies

[Din)a(n)] < a(n)]zol + a(n) 72, @71 + 1) f(j. 2(j))]

< an)lrol + aln) T2, FUL 5551P0)x())

or

L page(n)] < feol + 5 FUj. =D (3)

a(n) B =g a(y)

Hence
1
v(n) = ——|D(n)a(n)|
a(n)

satisfies

. n—1
v(n) < Jeol + Y F(j.v())).

J=no

Then by [12, Th. 1.9.1., pp. 31-52],

v(n) < u(n), (9)

for any n > ng if

|zo] < ulng). (10)
where u = u(n) is a positive and bounded solution of equation

n—1

u(n) = u(no) + Z F(y.u(y)).

J=no
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Next. consider the expresion

n—1
alng) + Y @7+ Lif().x()).

10

Using (4) and (9) and the monotonicity of F. we obtain

Loz, 0T U+ DFGaen £ 05, FUL 51 PG)O)
< T, FULu) (L1)

= u(n)—u(ng):

which is bounded as n — >c. As a consequence of the Lebesgue dominated
convergence Theorem for the counting measure, we have

limp—se @7 Hn)a(n) = limu_w 5720 @715 + 1) f(J,2())) + 2(no)

J=no

= & exists.

(12)
Using (12). we may rewrite (7) as:
D(n)x(n) = D(n)®(n)re + D(n)®(n) 32, @71+ 1)f(j,2(5))
= D(n)@(n) T5%, @71 + 1)f(J, 2())) (13)

= D(n)®(n)€ ~ D(n)®(n) 32, @71 + 1) f(j, 2()))

So, it follows from (11) that
|D(n)(x(n) — ®(n)é)] < af |Z® (J+ 1) fG,z())] = ola(n)).

Theorem 2 U['nder the hypothesis of Theorem [ corresponding to eacn solu-
tion v of Eq. (1). satisfying |x(ng)| = u(ng) there exists ng big enough
such that (6) holds with & # 0.

Proof: Proceed as in the proof of Theorem 1. except that r(ng) is choosen
such that |¢(ng)| = u(ng). we obtain the limiting vector ¢ given by (12).
Choose ng so large that 2u(ng) > u(>c). then

lt(no) + ZjIa 7N+ LU ()]
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> Ja(no)l ~ T)5a, 1971 + L F(J. ()]

> |alno)l = ), FU5IDG)()])

J—no

> o) =2 Fjouli))

Zij=ny
= lrlng)l —uln) 4 ulng)

> 2ul(ng) —ulx) > 0.

Since

)+ 3 00 FU-2(DI
J=nag
is bounded away from zero for all n. the limiting vector ¢ is not the zero
vector.
Conversely. we obtain:

Theorem 3 Let the hypotheses of Theorem [ be satisfied, if in addition we
assume that f(n.x) is continuous in & for any n fived. Then correspond-
ing to each € € R™ with |€] sufficiently small, there is a solution z(n) of
Eq. (1) such that (6) holds.

Proof: We consider the eq. (7) rewritten in the form

= o(n)[€ - Z O+ ) f(J.a()DH(H)E())], (14)
where
H(n) = D(n)x(n)
a(n)
and
. D(n)®(n)
() = a(n)

For a given vector ¢ with sufficiently small |£]. we will show that there
exists a solution a(n) of Eq. (14). It then follows that z(n) satisfies
Eq.(1) and (6). for the argument used in the proof of Theorem 1 proves the
convergence of the series in Eq. (14). We use the notations

[flle = sup,sq, [f(0)]. no >0

lzllo = Il

and

Co(no) = {2 : N(ng) — R™[||z]|o < 20}.
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We will understand Cy(ng) as a Banach vectorial space with |||l =
[|#]l. We define a bounded. convex and closed subset By(0.p) of Ciylng)

as:i

Bo = BQ(O/)) = {Z/l € C’U(”()) and Hlllo S ﬂ}

and the operator S defined by

Si(n) = dn)(€ =S &7 + 1, ali) DN (/)E)). (1)

We will prove that the mapping S satisfies the assumptions of the
Schauder fixed point Theorem.

Previously. we note that if « is the given bounded solution of Eq.(5).
then v = u(n) is an increasing function. and therefore lim,_.. u(n) exists.

Hence

F(n,+) € ((N(ng)). (16)

for anv 5 fixed.
Consider the operator 5 on By defined by the relation

W

S¥n) =€~ S @7 i + 1) Fli.ali)D7Mi)E().

It satisfies the following:

a) There exist € and to such that S maps By into By. In fact, taking
|€] < p/2 and no so large that

o

Y Fli,p) < p/2,

no

then & € By implies:

1SE(n)] < [+ ZX 197+ 1) (7, a(i) DTH(E)E(D))]
< €+ T Fliop)
< p

Note that ||®]| <1 from condition (3).

b) S is continuous. Let {.itj}]”‘:’l be a sequence of elements of By such
that
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lim [jo; — zllo = 0.
J—

Since By is closed. & & By Let = > 0 and choose ny € N(ngy) so

large that

iﬂi-p} <<
by (16). Then. using (13) we get
[SE,(n) — Sk
< TP+ DL () DTHE () = fea(i)DTHEE(E)))]
+ TN+ L(f(iald) DH)E (D) — flicali)D7HE) ()]
< TR+ D(f(Eal§)D7HE)E;(8) = fi a(i) DTHE)2(2)))]
+ 25X Flip).
From which. by the continuity of f, follows that

lim sup |S&;(n) — Si(n)] = 0.
17X n>n,

¢) SBy is relatively compact. It suffices to prove that SB, is bounded
and equiconvergent to &. For any & € By. we have

SEn)] < €1+ T 197 + D f(iali) D71 ()2 ()|
< lél+ T FLI]])
< J€l+ 2 Fli,p) < o,

by (16). Therefore, the set SBy is a uniformly bounded subset of the
space Cy(ng). Moreover, it is equiconvergent to ¢, since for every
z >0 there exists M = M(£) such that

[SE(n) =€ < Z Fli.p) <e.

for every n > M and all & € By. Then the compactness criterium
of section 1 proves that SB, is relatively compact, hence $SB, is
relatively compact. Therefore the function S = @S is compact.

By Schauder’s fixed point theorem we conclude that there exists i € By
such that” & = S&., that is a solution of Eq. (14). Hence the proof of

Theorem is complete.
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Theorem 4 Let the hypotheses of Theorem 3 be satisfied . and the additional
hypothesis that all the solution of scalar equation (3) are bounded. Then
corvesponding to each solution x(n) of Eq. (1) there exists a solution y(n)
of Eq. (2] such that () holds.

Proof: We note that the restriction of the smallness of {¢(ng)| and |y(ny)]
depends only on the given bounded solution u(n) of Eq. (3).

[t all solution of Eq.13) are bounded. then the arguments presented in the
proofs of Theorem | and 3 remains valid for arbitrary solutions of equation
(1) or equation (2).

Theorem | above implies the tollowing corollary.

Corollary 1 If all solutions of Eq.(2) and of the scalar equation (3) are
bounded. of f satisfies (4) and if in addition |det®(n)] > ¢ > 0 for
n > ng. Then equation (1) and (2) are asymptotically equivalent.

Proof: It <uffices to take D(n) = [ in this case.

Example We consider the non-autonomous equation

Ex(n)= An)e(n) + f(n.x(n)), (17)
where E =A<+ v={rian)

Fln.e(n)) = <—&~""(”’ "'-’(”))

(n41)2" n!

.4(11)2(5 l+0—l>:

as a perturbation of the linear equation

and

Ez(n) = A(n)z(n),

whose fundamental matrix is given by

l 0
D(n:ing) = : B2Rg =1
0 n
If we take
I/n .0
D(n) =
0 1/n

then (3) will be satisfied with a(n) =2 for n > ng > 1. Also note that
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IR—1/ - lry(n I
[ @1 (n+ 1) f(n.x(n))| = I(nli-l))l + —11:2;!
< An)lel.
where {An)}),, is a positive real sequence such that for all n € .V(ng)
n—1
H IAN2) < M. M >0 constant. (13)
i=ng
(The norm || of a vector or matrix is the sum of the absolute values of

its elements).
Taking F(n.u)=2nXn)u. we get

F (n. M) = F(n. [l—l) = A(n)|z].

a(n) 2n

Hence (1) is satisfied. and thus Eq.(3) becomes
Euln)=2nA(n)u(n). u(l)=u, >0.

By (13) it is easily seen that this solution is bounded. The conclusion (6)
of Theorem | follows with sufficiently small initial values.
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