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COMPACT SELF ADJOINT OPERATORS AND

EXISTENCE OF SOLUTIONS TO SINGULAR

NONLINEAR BOUNDARY VALUE PROBLEMS
IN A REAL HILBERT SPACE

Donal O'Regan

Abstract

Properties of Sturm Liouville problems will be used to establish existence of solu-
tions to various singular two point boundary value problems in a real Hilbert space.

1 Introduction and Preliminaries.

This paper presents existence results for the second order differential equation

Rt—)(p(t)y’(t))’ = q(t) f(t,y(1),p(t)y' (1)), 0 <t <1

with y(¢) satisfying either the boundary condition

(i). y(0) = ry’(1) — ky(1) = 0; r*+ k2 >0, r > 0 and 7 # kp(1) [ pc(l—j)

or

(i1). ay’(0) + By(0) = ry’(1) — ky(1) =0; 2+ k* > 0,0+ 3% >0, a >0 and r > 0.

Here our solution will lie in a real Banach space B. In addition f :[0,1] x B2 — B will be
continuous, ¢ € C(0,1) with ¢ > 0 on (0,1) and p € C[0,1] N C*(0, 1] will satisfy p > 0 on
(0,1] if (1) is satisfied whereas we assume p > 0 on [0, 1] if (ii) is satisfied.

Differential equations in Banach spaces have been widely studied over the last twenty
years, see [1,8,9,10] and their references. Much of the interest in second order boundary
value problems has been focused on B = R and p = 1, see [6,13,14]. However recently
many authors [2,3,5,11,15,16] have considered B = R and a more general p, namely p €
C[0,1] n C*(0,1) together with p > 0 on (0,1), usually with Dirichlet or mixed boundary
data i.e. y(0) = y(l) = 0 or y(0) = y’(1) = 0. In this paper existence results will be
obtained for more general boundary conditions and in a more abstract setting. In addition
new existence results will be obtained even for the case B = R and p = 1.

We remark that the technique used in this paper together with the ideas in [13] could be
used to examine higher order singular boundary value problems; however we choose to omit
the details. It should also be noted that many other boundary conditions, for example,
(iii). y(1) = ry'(0) + ky(0) = 0; r* + k%> 0, r > 0 and r # kp(0) [y %

(iv)- y(0) = lime—y- p(t)y'(t) = 0
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or
(v). y(1) = lim, o+ p(t)y'(t) = 0

could be considered; however since the analysis is verbatim no discussion is necessary. More-
over the results reported here are for homogeneous boundary data, however the nonhomo-
geneous case could be considered by a change of variables [14].

The following notation will be used throughout this paper. For appropriate functions u
define [uly = supoy lu(t)], [uly = max{ulo, [¢/lo}, [ul, = max{ulo, supq.y [P (1)),

. .
lulls = fy pluldt and |jul| = {fol plul? dt}z. Let L1[0,1] be the space of measurable functions
u @ [0,1] — R such that [[ul]; < o0 and L2[0,1] be the space of measurable functions
u:[0,1] — R such that ||u| < oc.

For any real Banach space B with norm [.|, C([0, 1], B) is the Banach space of continuous
functions v with norm |uly and C*([0,1], B) the Banach space of functions u, such that u’
Is continuous, with norm |u;. Also let K = {u € C[0,1]N C(0,1] : |u|, < oo} which is a
Banach space and Ky = {u € K'' : u satisfies the stated boundary condition }. Denote by
L'([0,1], B) the Banach space of measurable functions u : [0,1] — B which are Bochner in-
tegrable (with respect to Lebesque measure on [0, 1]); see [4,19] for properties of the Bochner
integral. In particular we state without proof [19]:

Theorem 1.1 Let w : [0,1] — B be absolutely continuous and assume u'(t) exists almost
everywhere and is Bochner integrable. Then
¢

u(t) — u(0) 2/ u'(s) ds.

0

Theorem 1.2 Let H be a real Hilbert space with inner product (.,.). Assume u, v:[0,1] —
B are absolutely continuous and that u', v’ exist almost everywhere and are integrable. Then

1 1
/ (u, vy dt = (e, )|} — / (!, ) dt.
0 0
We also state the following version of the Arzela-4scoli theorem [10].

Theorem 1.3 A subset S of C([0,1], B) is relatively compact iff S is equicontinuous and
the set {u(t): u € S} is relatively compact in B for each t € [0, 1].

2 Existence Principles and Sturm Liouville Problems.

This section establishes existence principles for second order equations of the form

1 ! ! g Y /
I—)m(p(t)y (1)) = q(8)f(t.y(2),p(2)y'(2)), 0 <t < 1
subject to various boundary data; here solutions will lie in a real Banach space (B,].|). We
begin with the problem

{ Sy = qf(ty,py), 0<t <1
y

2
(2L) (0) =ry'(1) —ky(1) =0; P2+ £ >0, r>0and r # kp(1) fy %
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with the following conditions satisfied:

f:[0,1] x B* — B is continuous,q € C'(0,1) with ¢ > 0 on (0.1).
(2.2) Also for each r > 0 there exists 7, € C'[0,1] such that ||, [w| <7
imply [f(t, z.w)| < n.(t) for t € [0, 1]
and
1 ds
(2.3) p € C[0,1]N C*(0,1] together with p > 0 on (0,1] and /0 o0s) < 0.

By a solution to (2.1) we mean a function y € C'([0.1], B)NC*((0.1], B)NnC?*((0,1), B) with
py' € C([0,1], B) which satisfies the differential equation on (0,1) and the stated boundary
condition in (2.1). Associated with (2.1) we have a family of problems

{%(y) Af(ty,py'), 0<t<1
(0)=ry'(1) —ky(1) =0

where 0 < A < 1. A nonlinear alternative of Leray-Schauder type [6] will now be used to
establish the following existence principle.

(2.4),

Theorem 2.1 Suppose (2.2) and (2.3) are satisfied. In addition assume

(2.5) /01 p(t)g(t) dt < oo

and

(2.6) {I} p(s)q(s)f(s,y(s),p(s)y'(s)) ds : y € Q}

ts relatively compact.

{ for each bounded set Q@ C K} and for each t € [0,1], the set

Also suppose there is a constant M, independent of A, such that |y |, < M for each solution
y to (2.4), for each A € (0,1). Then (2.1) has at least one solution in K.

PROOF: Solving (2.4) is equivalent to finding a y € C([0,1],B) n C*((0,1], B) with
sup(o ) [P(t)y'(t)| < co which satisfies
(2.7) p(t)y () - = =2 [ pls)als) 7 (s, (5), pls)y' () ds.
Define mappings T : K3 — C;([0,1], B) and F : K} — Cy([0, 1], B) by setting
(Ty)(t) = p()y'(t) — p(1)y'(1)
and ,
(Fy)(0) = = [ p()a(s)f(s, (), p(s)y/(5)) ds.

Here C1([0,1],B) = {u € C([0,1],B) : u(l) = 0}. Now F is continuous and completely
continuous by the Arzela-Ascoli theorem. To see this let ) C K} be bounded. The bound-
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edness of F'Q) is trivial and the equicontinuity on [0, 1] follows from assumption (2.5) and the
following inequality (here y €  and 0 <s <t < 1),

(PO~ (F)(6) < [ a2 u(e), b ()] dz.

The above together with (2.6) and the Arzela-Ascoli theorem (Theorem 1.3) implies that F'
is completely continuous. In addition 77! is continuous. To see this let g € C;([0, 1], B) so
the equation (T'y)(t) = g(t) has the general solution

[T [t ds “hg(s) t ds tg(s)
o=tk ) L5l kg
so we conclude that T is both one-to-one and onto and hence invertible. The continuity of
T-! is immediate.

Thus (2.4), (i.e.(2.7)) is equivalent to the fixed point problem y = ANy where N = T~ F.
Notice N : K3 — K} is continuous and completely continuous. Set U = {u € Kg: |ul, <
M + 1}, K = K} and apply the Nonlinear Alternative of Leray-Schauder [6, Theorem 2.3]
to deduce that NV has a fixed point i.e. (2.1) has a solution y in K'. In addition we have
y € C*((0,1), B), py' € C([0,1], B) and (py')’ € L}([0,1], B) from (2.7) with A = 1.0

Remarks.(1). If B is finite dimensional then (2.6) is automatically satisfied.

(ii). Note that (2.6) holds if pgf : [0,1] x B> — B is completely continuous. To see this let
2 C B be bounded. Then there exists a compact set @ C B such that
p(s)q(s)f(s,y(s),p(s)y’(s)) C @ for all s € [0,1] and y € . Fix ¢t € [0,1) and notice

ﬁ /tl p(s)a(s) f(s,y(s),p(s)y'(5)) ds € To(Q)

which is compact [10]; here co(Q) is the convex hull of Q.
(iii). For Dirichlet boundary conditions (i.e. r = 0 in (2.1)) we need only assume p > 0 on
(0,1) in (2.3) for Theorem 2.1 to be valid.

An extra theorem can be proven when f(¢,y,py") = f(t,y). Let Cs([0,1],B) = {u €
C([0,1], B) : u(0) =0}

Theorem 2.2 Let f(t,y,py’) = f(t,y) and suppose (2.2) with f:[0,1] x B — B and (2.3)
are satisfied. In addition assume

1] gt
2.8 — d
(28) L 5y [ Pats) dsdu < o0
and
for each bounded set @ C Cp([0,1], B) and for each t € [0,1], the set
(2.9) {Jo 505 Ju p(s)a(s) f(s,y(s)) dsdu = y € Q}
is relatively compact.
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Also suppose there is a constant M, independent of X, such that |y |o < M for each solution y
to (2.4)y, with f(t,y,py") = f(t,y), for each A € (0,1). Then (2.1), with f(t,y,py’) = f(t,y),
has at least one solution in C([0,1], B).

PROOF: Solving (2.4)\ is equivalent to finding a y € C([0, 1], B) which satisfies

W) = =3[ p—(l—) [ pls)ats) (s, y(s)) ds d

kA (p(r—l) - L/O‘ p?i) /01p(l—u)—/ulp(s)q(s)f(s’y(s))deU/Ot%_

Define the operator V, : Cp([0, 1], B) — C5([0, 1], B) by setting
t 1

Wa)t) = = [ o [ rs)a(e)(s,u(e) dsdu

- (L ) L [ et v [ 2

Then (2.4)y, with f(¢,y,py’) = f(t,y) is equivalent to the fixed point problem y = AN,y.
Now XV, is continuous and completely continuous by the Arzela-Ascoli theorem. To see this

let & C C([0,1], B) be bounded. The boundedness of N, is trivial and the equicontinuity
on [0,1] follows from (here y € Q and 0 < s <t < 1),

IN.y(t) — Noy(s)| < J sp(u L p(2)a(= I y( )| dz du
— ko 251 I 5 i p(2)a(2)|f (2, 4(2)) | dz du [} 2.

This together with (2.9) imply that N, is completely continuous. Set U = {u € Cp([0,1], B) :
lullo < M + 1}, K = C([0, 1], B) and proceed as before. M

We next obtain an existence principle in the spirit of Theorem 2.1 for problems of the
form

sy = af(t,y,py), 0 <t <1
(2.10) ay'(0) + By(0) =0; o2+ 82 >0, a>0
ry'(1) —ky(1) =0; 124+ k>0, r> 0
with
(2.11) p € CY0,1] and p > 0 on [0,1]
and
2.12 U 0.
2-02) 0w
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Theorem 2.3 Suppose (2.2), (2.3), (2.6), (2.11) and (2.12) are satisfied. In addition sup-
pose there is a constant M, independent of A, such that |y |, < M for each solution y
to

(2.13), { Ypy') = qf(ty,py), 0 <t <1

ay'(0) + 8y(0) = ry'(1) — ky(1) =0

for each A € (0,1). Then (2.10) has at least one solution in C*([0,1], B).

PROOF: Solving (2.13), is equivalent to finding a y € C*([0, 1], B) which satisfies
(2.14) Ty = AFy

where T and F are defined in Theorem 2.1. The same reasoning as in Theorem 2.1 shows that
F is continuous and completely continuous. To see that 7~! is continuous let g € C1([0, 1], B)
so the equation (T'y)(t) = ¢(t) has the general solution

y(t):A/t ds iB+ 9()d3

0 p(S) o p(s)
where ) -
ag g(s
A:k<p(o +ﬂf0p(sd)
1 ds
0+ ae — kB o
and

1
B:é(;_k/ d_5> tals)
k \p(1) o p(s) o p(s)
Clearly T' is continuous and essentially the same reasoning as in theorem 2.1 yields the
result. O

Remark. We have an analogue of theorem 2.2 for problems (2.10) when f(¢,y,py’) = f(t,y).

The remainder of this section is devoted to the study of the Sturm Liouville boundary
value problem

Ly=Xy,0<t<l
(2.15) {y #

y(0) = ry'(1) — ky(1) = 0; r* + k* > 0,7 2 0 and 7 > kp(1) fy 5
where Ly = —%(py’)' and y : [0,1] — R. Assume (2.3) holds for the remainder of this section.

Remark. (i). We note that t = 1 is a regular point but ¢ = 0 is a singular point. In fact ¢t =0
is a singular point in the limit circle case [18]. This follows immediately from Weyl’s theorem
[18, Ch.7] since all solutions of Ly = 0, 0 < ¢t < 1 are of the form y( ) = Afl ds 5+ B, where

A and B are constants, so they are elements of L2[0,1] since fj 2 2 < o Thus we have the
limit circle case at t = 0.

(i1). Because of (2.3) the modern literature refers to (2.15) as a regular Sturm Liouville
problem.
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Properties of the spectrum of a self adjoint compact operator [7,17,18] will now be used
so as to obtain a Rayleigh-Ritz minimization theorem. The details are as follows:
Let L2[0,1] be the :pace of functions u such that f) p(t)|u(t)|>dt < oo; also for u,v €

L£2[0,1] define (u,v) = [y p( v(t) dt. Now let

Dp = {w e C[0,1] : w and pw' are absolutely continuous on [0, 1],
%(Pw’)’ € L2[0.1] with w(0) = rw'(1) — kw(1) = 0}.

Clearly
L: Dy CCl0,1] € L20,1] — L}[0.1].
Now for each h € L}[0. 1] the boundary value problem
{ [y=h0<t<]l
y(0) =ry'(1) = ky(1) =0

has a unique solution

L7Mh(t) = y(2) fo,,(uﬂ( h(z) dz du
+A( ko 2507 I 5k L p()h(e) dzdu ([ 25) -

(2.16)

It is easy to check since fo 2 <00 that

L=': L}]0,1] — Dg € C[0,1] € L2[0,1].

We now claim that L' is compact. Let 2 C L}[0, 1] be bounded. The result will follow from
the Arzela Ascoli Theorem once we show L~'Q2 is bounded and equicontinuous on [0, 1]. Let
h € Q with ||h||; = J; p|k| dt < M say. The boundedness of L~!Q follows immediately from
(2.16) and the fact that [} pd’ < 00. In addition for 0 < s < ¢ <1, we have

fL"lh(t)— lh( |<M/ +M| |<p(1) k/oli(l_z)-)—l/:% st%.

Consequently L' is compact. Now define the imbedding j : L2[0,1] — L1[0,1] by ju = u.
Note j is continuous since Holder’s inequality implies

il = [ ol = [ ol < ([ pe)”

L7 : L3[0,1] — Dp C L2[0,1]
is compact. In addition for u,v € L2[0,1] we have (L™'ju,v) = (u, L™"jv). To see this notice
with A=k (5 — b Ji 22 )“ that

Consequently

(L75u0) = [ o)L uleylde



Existence of Solutions

Ul
~

Il

) b 1 _ 1] 1 SE— t ds
/(; p(t)u(t) </(; m/ p(z)v(z)dzdw + A ——-—/w p(2)v(z) dz dw ; p(S)) dt

= (u,L7'v)
after interchanging the order of integration three times. Consequently the Spectral theorem
for compact self adjoint operators [17, Theorem 4.15] or [18, Chapter 6, Section 3] implies that

L has an infinite number of real eigenvalues \; with corresponding eigenfunctions y; € Dp.
We next note that A; > 0 for all i: to see this notice

1 1
/\i/ plyil* dt = —/ yi(py:) dt
0 0

Jo plyll?dt — 2Ly 1))
Jo plyil? dt

Remark. If r = 0 then the term —pil—|y( 1)|? does not appear in (2.17). This remark will
apply throughout this paper. '

If £ <0 then A; > 0 for all 7 from (2.17); it is now easy to check that A; > 0 for all i. On
the other hand if £ > 0, then Hélder’s inequality implies

(2.17) A =

lyi(1 /Fy SAI?%(/;PWH?&)
and so
o <—k>p(1r>|y,~<1>f2 , (el [ p% ([ sl at).

Putting (2.18) into (2.17) yields

(1— 220 3 2= 3 plyif dt

r p(s

b plytlz dt

)\¢>

since r > kp(1 )fl d“’

Theorem 2.4 (Raylezgh—Ritz Minimization Theorem)
Suppose (2.3) is satisfied. Let p be the first (positive) eigenvalue of (2.15). Then

(+) o ([ poorde) < [ aloF - Sl

for all functionsy € Dp.

Remark. Note when r = 0 the term & ly(l does not appear in ().

PROOF: This follows immediately from [18, Ch.5, theorem 5] or [12, section 31, theorem 1].
We first show that L defined on Dy is bounded below. It is of interest to do this directly.
To see this notce for u € Dy, we have

(2.19) (Lu,u) = M + /Olplu’|2dt.
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In addition Hélder’s inequality yields for z € [0, 1] that

o)t = /M()w%d <[ ([ o).

(2.20)

Consequently

(2.21) /01 plul®dt < /01 p((l; /Olp(s)ds (/01 p|u'|2dt)

and putting this into (2.19) vields

(=&)p(1) (1)) Jo plul®
r 0 737 Jo p(s) ds

(2.22) (Lu,u) >
If £ <0 then (2.22) implies
{u, u)
() ds
so L is bounded below and the result follows. On the other hand if £ > 0, then (2.20) and

(2.19) yield
W) frds\
(Lu,u) > (l — ‘T—/O p(_s))/(; p|u|? dt.

This together with {2.21) yoelds

(Lu,u) >

f1) (b ) (u, u)

(x
W) 2 =g s

so L is bounded below.
Finally we need to show that inf,ep, %ﬁ)l is attained. Let ¢, @2, ... be corresponding

eigenvectors to A1, Ay, ... . From [18, theorem 5, Ch.6] any u € D can be written in the
form u = S (u, 6;)¢:. Consequently

L= 35 A 8012 2 1 37 L, 612 = .

Thus %l > p for u # 0 with equality if u = ¢, the eigenfunction corresponding to y. O
We conclude this section with the corresponding result of theorem 2.4 in a real Hilbert

space H with inner product (.,.) and norm [.| = \/{(,,.).

Theorem 2.5 Let (2.3) hold and let w : [0,1] — H and pu’ : [0,1] — H be absolutely

continuous with u(0) = ru’(1) — ku(l) = 0. In addition assume p 1s the first (positive)

eigenvalue of (2.15). Then

() L (/Olp(t)lu(t)]2dt> /p ) (¢)* dt — k(1 [u( l
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PROOF: The compact set S = u([0,1]) U pu/([0,1]) is seperable in H as is the smallest
closed subspace H' of H which contains S. Let {e,}°2, be an orthonormal basis for H'. By
Parseval’s relation, theorem 2.4 and two applications of the monotone convergence theorem,

H <'/: p(t)[u(t)li dt) H/lp(t)z [<“(t)»6n)12 dt = Z/: p(t)Ku(t)’en)lz &
(/ p(E)](w/(2), en)|? dt — M)

_ /Zp (0 e dt = 2O 5 jfu(), e

r n

/Olp(t)[u/(tﬂzdt - __1)\:‘(_1)12 &

I

IN

3 Existence Theorems.

In this section existence results are established for the second order problem

(3.1) Ypy') = af(ty.py), 0 <t <1
| y(0) =7ry'(1) —ky(1) =0; 2 + k*> 0,7 > 0 and r > kp(1) 01%

where f:[0.1] x H* — H is continuous, H is a real Hilbert space. We first examine the case

(3.2) q is continuous on [0, 1].

Theorem 3.1 Suppose (2.2) with B = H, (2.3), (2.6) and (3.2) are satisfied and in addition
assume f has the decomposition f(t,u,v) = g(t,u,v) + h(t,u,v) with g,h: (0,1} x H* - H
continuous. Also suppose

(3.3)

|B(t, u,v)| < K{|ul*+ |[v]® + 1} for constants K, «, 8
with 0 < a, f <1

and

lg(t,u,v)] < A(t,u)|v|? + B(t,u) where A(t,u) and B(t,u)
are bounded on bounded sets.

{ fora, be R, (u,g(t,u,v)) > alul? + b|(u,v)| for (t,u,v) € [0,1] x H? and
(3.4)

Then (3.1) has a solution in each of the following cases (here u is as in Theorem 2.5):
(1).a>0,b>0

(i1). a <0,b>0 and |a|Ny < p where Ny = sup[m] q(t)

(iii). a > 0,b< 0 and [b|N; (1 - 28 g x;g;) < JE if k <0 whereas

16| Ny < /1 (1 — k” fol p‘%) if k > 0; here Ny = supg 1 p(¢)q(?)

(tv). a <0,b<0 and |a|Ny + [bINl\/_( — 5o} gt ds )% < p if k <0 whereas

0 3(s)
|l No (1 — 228 i o) 41BNy /8 < e ( ’“’“) s 25) ifk <.
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Remark. Note when r = 0 the term k”“

Remark. For a,b € H we will write (a b) as a. b for the remainder of this paper.

fl dj does not appear in (iii) or (iv) above.

PROOF: To prove existence of a solution we apply Theorem 2.1. Let y be a solution to (2.4),
with r > kp(1) [ 2. Now [y (py') .y dt = k—”r@]y )2 — Jop(t)|y'(t)|? dt and this together

0 p(s)
with (py’) = Apqf(t,y, py’) yields
; , kn(1 ) 1 1 ,
63) 1< PP - [ pavatty.n)de+ [ palyllbie,v.py)ldt.

Remark. When r = 0 the term kLT(l—)ly(lﬂ2 does not appear in (3.5).
In addition (3.3) yields

1 1 1 1
(3.6) /Opqullh(t.ymy’)ldtélf/o pq!yl"“dHK/o pqullpy’l"dt+1</0 pqly| dt.

Also for ¢ € [0, 1], Holder’s inequality yields

(5.7 ol =|[ \/p(s>y'<s>¢-—:(‘?) ds‘ <([5) W
Thus
(3:3) [ palyle and [ palyldt < Koll/|

atl
where K, = [3 p(t)q(t) ( L g ) *" dt. In addition Hélder’s inequality and (3.7) implies

p(s)

Jo palyllpy'|? dt = 3 pE1y'|°p*F qly| dt
(3.9) o (1 st2 2 2 \F _—
<1 (8 @) () i dt) < Lol

where Ly = ( (p(t)) 55 (q(t))_ﬁ( 1 )_5 dt) = . Putting (3.8) and (3.9) into (3.6)
yields

? kp 1 1 /| !
3.10) W17 < B2 -x [ pay.gtt,v.py) dt+ KKy |74 K Lol |4 K Koll I

(I). k <0.

CASE(i): a >0, b> 0.
Then y.g(t,y,py’) > 0 and so (3.10), with ka(l)|y(1)[2 term deleted, yields

1117 < KK+ + K Lolly' [P+ + K Kolly'||-
Thus there exists a constant M, independent of A such that

(3.11) 'l < Mo
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for each solution y to (2.4),.
CASE(i): a <0,5>0.
Then y.¢(t,y, py’) > aly|* and so
kp(1)

1 1 1
. 1 2 _ 2 a2 - NS 2
(3.12) —A/O pqy-g(t-y,py)dtS(—a)No/O plyl*dt <( a)No<#||y|| ” ly(1)|>

from Theorem 2.5. Putting (3.12) into (3.10) yields

N kp(1 N i y g
(142 e < (14 20 )+ K1Y 10 + KLl P + KKy

IA

r

AN

K Ka|ly'|I*** + K Lolly'I**" + K Kolly/'l

since k <0 and |a|Ng < p. Once again we have (3.11).
CASE(i1i): a > 0, b < 0.
Then y.g(¢,y,py’) > bly.py’| and so Holder’s inequality and Theorem 2.5 yields
~A o pay-g(t,y,py") dt < (=b)M1 Jg /Blyly/Bly'| dt < (=B)Nily Iy’
< (=0)N; (Ll — L [y(1)2) 1yl

This together with (3.7) and the fact that & < 0 yields

(3.14) —A/OI pay.g(t,y,py’) dt < (_\%Vl (1 - kpfl) /01 %)2 lly'|I.

(3.13)

Putting this into (3.10), with k”rﬁ|y(l)|2 term deleted, yields

1
b, kp(1) ft ds \*\ .,
1+ —1(1- i 1? < KK, Mo+t L K Lol 1P 4 K Kally
(+ﬁ< =) | WS K1+ KLl 1P + K Kol |

and we again have (3.11).
CASE(iv): a <0, b<0.
Combining case(ii) and case(iii) will again yield (3.11).

(IT). k > 0.

CASE(i): a >0, 5> 0.
Now since k > 0, (3.10) together with (3.7) yields

kp(l) 1 ds 5 1 ’
N - [ == I¥I* £ =A .g(t ! [l
(1 r /0 p(s)) ly'lI* < /0 pay-9(t,y,py") dt + KKa|ly'|

+ KL|ly'”' + KKolly'||-

Also y.g(¢,y,py’) > 0 so we have

kp(1) v ds N
(1= ) W < Ky 1%+ K Lol P + Rl
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and once again (3.11) holds since r > kp(1) f; p‘ﬁ).
CASE(ii): a <0, 6> 0.
Then (3.12) together with (3.10) yields
(14 220 i < B2 (14 250y KA1+ K Lol 1P + K ol

Now (3.7) together with k£ > 0 and |a|Ny < p yields

<1 N ﬁﬁYE) (1 _ ke(V) /1 ) 1817 < K Kally' |5 + K Lolly' [P + K Kolly'|
p o p(s

r

and once again (3.11) holds.
CASE(ii): a > 0, b < 0.
Then (3.13) together with (3.10) yields

kp(1)

1 < 2+ o (e - 2Ry i+ gy

+ KLo|ly'|I"*! + K Kolly'|l
Now since k& > 0, we have

N

L

ly/II* + K Kally/[I** + K Lolly'[** + K Kolly'|l

Then (3.7) implies

kp(1) % ds bV, , it .
(1= 2 [ 2 2 P < K + KLaly 1P + Kol

and we again have (3.11) holding.
CASE(iv): a <0, b < 0.

Combining case(i1) and case(iii) will again yield (3.11).

Thus in all cases there exists a constant M, independent of A with (3.11) holding i.e.
¥l < Mo. In addition (3.7) yields

1 ds : _
(3.15) ﬁ)ly(t)l < (/ﬂ Hg) Mo = M,.

This bound together with (3.2) and (3.3) implies that there exist constants A and B, inde-
pendent of A, with |(py’)'| < Apq|py’|* + Bpq. Consequently

(3.16) Jo l(py')| ds < Ally'|1* supyo,,y p%a + B [y pg dt
' < AM§ suppy p*q + B [y pgdt = M,.

Fix z in H with norm 1 and set k(t) = (y(t),2), 0 < t < 1. Now supp,;|k(t)] < M; and
there exists o € (0,1) such that [£'(to)| = |k(1) — £(0)| < 2M;. Consequently for ¢ € [0, 1],
we have -
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=
=
o~
o
o=
Z
<
i’
A

)t ()] + | | 1oy’ ds

2M sup p(t) + My = M.
[0.1]

1
< M, sup p(t) + |2] / |(py')'| ds
[0,1] 0

IN

Thus |(p(t)y'(t),2)| < Ms. If p(t)y'(t) # 0 set z = \ggwil to get |p(t)y'(t)| < Ma, which
also holds if p(#)y’(t) = 0. Consequently

(3.17) sup [p(t)y'(t)| < M.

(0,1]

Thus (3.15), (3.17) together with Theorem 2.1 yields the result. O

We next discuss the situation where ¢ may be singular at ¢ = 0 and/or ¢ = 1.

Theorem 3.2 Suppose (2.2) with B = H, (2.3) and (2.6) are satisfied. Also suppose f =
g+ h with (3.3) satisfied and in addition assume

there exists v, 0 < v < 2 with |g(t,u,v)| < A(t,u)[v]” + B(t,u)

fora, b e R, {u,g(t,u,v)) > alu|* + b|{u,v)| for (t,u,v) € [0,1] x H? and
(3.18)
where A(t,u) and B(t,u) are bounded on bounded sets

and

(3.19) /01 (p(t));_ir% (q(t))'zz_f dt < co where 7 = max{g, 7}.

Then (3.1) has a solution in each of the following cases:

(1).a>0,6>0

(ii). a < 0,b> 0 with |a|Qo < 1 if k < 0 whereas |a]Qy < (1 - ﬂﬂfl ds ) if k > 0; here
Qo= o1 ;:) Jo pgds

(iii). a> 0, b < 0 with |1Q1 < 1 if k < 0 whereas [b|Qy < (1 — 22U [} 45} if ks > 0; here

Q1 = (; P°¢ ds) (fa p‘fi))_

(iv). @ <0, b<0 with |a|Qo + 5@ < 1 if k < 0 whereas |a|Qo + [b|@; < (12X )
if k> 0.

Remark. Note when r = 0 the term —pﬂl o4 a(y does not appear in (ii), (iii) or (iv) above.

PROOF: Let y be a solution to (2.4)y with r > kp(1) fy d’). Reasoning exactly as in
Theorem 3.1 yields (with K, and L, as in Theorem 3.1),

(3.20) W17 < BBy [ pay ot v, ) det K Iy Im+ + K Lolly 1P+ K Kolly|

with

B21) wplyo) < ([ 22 ) I



Donal O'Regan o1

Remark. When r = 0 the term @éﬂly(l)lz does not appear in (3.20).

(I). £ <0.

Then (3.20) yields
1
(3:22) 1P <A [ bavatt.ypy)de+ KK + KLl |P* + K Kol
CASE(i): a >0, b> 0.
Exactly the reasoning as in Theorem 3.1 yields the existence of a constant My independent

of A with
(3.23) Iyl < Mo
for each solution y to (2.4),.

CASE(i1): a <0,56>0.
Then y.g(t,y,py’) > aly|* and this together with (3.21) yields

1 1
(3.24) —/\/ pay-g(t,y,py’) dt < (—a)suplyf2/ pqdt < (—a)Qolly'|I*-
0 [0,1] 0

Putting this into (3.22) yields
(1+aQo)lly'lI” < KKally'lI**! + K Lolly'||*** + K Kolly'l

and we again have (3.23).
CASE(ii): a > 0,50 < 0.
Then y.¢(t,y,py’) > bly.py’| and so Holder’s inequality and (3.21) yields

1 ) 1 " ,
(3.25) —A/O pgy-g(t,y,py’) dt < (=b) sup lyl/o Voly'lpZqdt < (=5)Qully'|.
Putting this into (3.22) yields
(L+6Qu)llY'II* < KEo[ly'[**" + K Lo|ly'||**" + K Ko|ly'|
and we again have (3.23).
CASE(iv): a <0, b<0.
Combining case(ii) and case(iii) will again yield (3.23).

(II). k> 0.
Putting (3.21) into (3.20) yields

<1 = kpfl) Al %) ly'|I? < —A/Olpqy-g(t,y,py’)dt + KK, |ly'||**

+ KLo|ly'|I**! + KKl

and it is easy to check, using (3.24) and (3.25) where appropriate, that (3.23) holds in each
case.
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Thus in all cases there exists a constant M, independent of A with (3.23) holding. In
addition (3.21) yields

s\
3. su — | My = M,.
(3.26) sup y(1)] < (/ p(5)> My

Now (3.2), (3.18) and (3.26) implies that there exist constants A and B, independent of ),
with [(py")'| < Apq|py’|” + Bpgq where 7 = {v, 3}. Consequently Hélder’s inequality yields

1 1, . 1
/Ol(py’)/lds < A/O pfly’l’p%‘thJrB/D pqdt
L 7 S e 1
< 4(/ ply'l dt) (/ pATgEE dt) +B/ pgdt
0 0 0
s 1 24T 2 2;’- 1
< AMS (/ pz—i—rqz-—rdt> C 4B [ pgdi=M,
0 0

and exactly the same analysis as in Theorem 3.1 completes the proof. O

Remark. If f(t,y,py") = f(t,y) then it is possible (using Theorem 2.2 in place of Theorem
2.1) to replace (2.6) and (3.19) with (2.9) and (2.8) and we have an analogue of Theorem
3.2. A similar remark applies to all the other theorem’s established in this paper.

Finally in this section we improve Theorem 3.2 when p = 1 and r = 0 (Dirichlet boundary
conditions).

Theorem 3.3 Let p =1 and suppose (2.
(3.19) with p = 1, are satisfied. Then (3.
the following cases:

(i).a>0,b>0

(). a <0,b>0 and |a|Q, < 7 where Q; = [ qds

(iii). a >0, b< 0 and |b|Qs < \/7 where Q3 = (J3 ¢*ds)*
(iv). a <0,b<0 and |a|Q; + |b|Q3y/7 < 7.

PROOF: Let y be a solution to (2.4)y with p = 1 and r = 0. Reasoning exactly as in
Theorem 3.1 we obtain the existence of constants K, and Lo such that

2) with B = H, (2.6) with p =1, (3.3), (3.18) and
1

), withp=1 and r = 0 has a solution in each of

1
(3.27) ly'lI* < —A/O qy.g(t,y,y") dt + KK, |[y/'|* + K Lo||y'||°** + K Kolly'||-

In addition since y(0) = y(1) = 0 and p = 1, we have
1
(3.28) suply(t)* < [ ly.y'ldt < [yl Iyl
(01] 0

CASE(i): a >0, 56> 0.
Exactly the reasoning as in Theorem 3.1 yields the existence of a constant M independent
of A with

(3.29) vl < Mo
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for each solution y to (2.4), with p=1and r =0.
CASE(ii): a < 0, b > 0.
Then y.g(t,y,y') > aly|? and this together with (3.28) yields

[ttt < (~aysuplyl [ gdt < (~a)@alyllly]

(0.1]

Apply Theorem 2.5 (here p = 7% and r = 0) to obtain

1 ’ —a Q ’
—A/O qu.g(t,y,y')dt < (—7r)——2||y [I?

and putting this into (3.28) yields
a / T o - -
(1+ —TE)HZJ I < KRa[ly'*** + K Lolly'|*** + K Kolly'|l.
U
Consequently (3.29) is again true.

CASE(iii): a > 0, b < 0.
Then y.g(t.y,y’) > bly.y’| and applying Holder’s inequality, (3.28) and Theorem 2.5 yields

! ’ ! ’ ’ ! 2 %
A [ gty yde < (<Bsuplyl [[aly'ld < (B)ly ||sup|y|(/0 ¢ ds)

IA

(=6)Qa (Il ¥ ') < H 1%

Putting this into (3.27) yields (3.29) again.
CASE(iv): a <0, b < 0.
Combining case(ii) and case(iii) will again yield (3.29).

Exactly the same reasoning as in Theorem 3.2 completes the proof. O

4 Pure Sturm Liouville Boundary Data.

Existence of solutions to the boundary value problem (2.10) will be established in this section.

Theorem 4.1 Suppose (2.2) with B = H, (2.6), (2.11) and (2.12) are satisfied. In addition
assume f has the decomposition f = g+ h and suppose (3.3), (3.18) and (3.19) are satisfied.
Then (2.10) has a solution in each of the following cases:

(I). k<0,8>0

(i). a >0, b > 0 and there exists a § > 0 with & > Bp(0) (1 +6) fy d—: and
(=helt) 5, 2200 (1 4 1)
(zz) a <0, b> 0 and there exists a § > 0 with a + aa (1 + 6) Qo > Bp(0) (1 + 6) f5 =

0 p(s)

andﬁ—r’i@—ka(l—}—ﬁ)[/ >%91(1+5>,hereL‘1—f0pth anon_Ll(fl da)

0 p(s)

(iii). a > 0, b < 0 and there exists a § > 0 with a + ba <( e %)E + %) L,
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S

1
> 3p(0) (1 + 6) 1_d_3_a d ! k)p1)+bL2> ()( +§),’h6T€L2=(folp3q2dt>2
(iv). a < 0, b <0 and there exists a § > 0 witha+aa(1+5)Qo+ba<(3;?’:_))5+%> Ly
> Bp(0) (14 6) 5 385 and SR 4o (14+4) L+ 4 > 2O (141,

0 p(s)
(I1). k>0,8<0

Then the results of (i), (ii), (iii) and (iv) of (I) hold with T replacing @, k replacing 8, o
replacing r, 8 replacing k and p(1) replacing p(0).
(III. k<0,8<0
(i).a>0,6>0
(11). a <0, 6> 0 and there exists a § > 0 with @(1 +8)Qo < 1,
O 42 (243 4+6) Ly >0 and B2 2 (1424 1)), >0

1
(111). @ > 0, b < 0 and there exists a § > 0 with J9J2£3 (( 3 f(%)2 T %) %

A0 4 2 (143) L >0 and G224 2 (14 1) [, >0
(iv). a <0, b <0 and there exists a § > 0 with @(1+5)Q0+%<(011%)5+§)
<1, U2 (2414 6) L+ 5 (14 1) L[> 0 and C220 1o (14 24 1Y ],

b+ &)Ly >0.

PROOF: Let y be a solution of (2.13),. The differential equation immediately yields

[ly/|[2 + Sy (1)]2 + S22y (0)2 < X [ pay.g(t, y, py’) dt
+Jo palyllk(t,y, py')| dt.
(I). k<0, 8>0.
Hélder’s inequality implies for ¢ € [0,1] that

(4.1)

(1) ol [ Wl vl < (25 i+ o)
and since |ab| < $|a|? + £[b]? for any § > 0, we have

5 , 1 ds 1 5
(43) sup (O < (1 +O) I [ 5+ (145) WP

Putting this into (4.1) gives

(L= 22 (1 +6) f3 505) Myl + (20 - 2200 (14 3)) (1)

(4.4) ,
< =X Jo pay-g(t,y,py') dt + Jy palyllk(t, y, py’)| dt.
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Following the ideas of Theorem 3.1 (where we use (4.2) in place of (3.7)) we obtain the
existence of a constant C;, independent of A, with

(1= 222 (14 6) 3 ) 11+ (S22 = 28 (14 3)) (1)

< =X [ payg(ty.py’)dt + Co (I + [(DPF + [911P4 + [y(D)P+ +1).

(4.5)

CASE(1): a > 0,b2>0.
Then y.g(t,y,py’) > 0 and putting this into (4.5) yields the existence of a constant M
independent of A with

(4.6) Iy'll < Mo and [y(1)] < Mo
for each solution y to (2.13),.

CASE(ii): a <0, b> 0.
Then y.¢(t,y,py’) > aly|* and this together with (4.3) yields

1 1
-A/ pqy.g(t,y,py’)dt < (—a)suplyIZ/ pqdt
Q [0,1) 4]

ot (R [ 25+ (14 ) WOP).

AN

Putting this into (4.5) will again yield (4.6).

CASE(iii): a >0, b < 0.
Then y.¢(t,y,py’) > bly.py’| so Holder’s inequality together with (4.2) yields

—Aflpqy-g(t,y,py’)dt < (—b)suplylflpi’qu’ldtS(—b)LzHy'llsup lyl
0 [0,1] 0 [0,1]
(~B)Lally'| (( [ ) i+ !y(l)i)

(D) Lally | (( [+ g) + e,

Putting this into (4.5) will again yield (4.6).
CASE(iv): a <0, b < 0.
Combining case(ii) and case(iii) will again yield (4.6).

IA

IA

Consequently (4.2) yields

1 dS % _
v ([) sz

Exactly the same analysis as in Theorem 3.2 will complete the proof in this case.

A similar analysis proves (I7).

(IIT). k<0, B<0.
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For t € [0,1] we have

Wl < 5 [ 1)l ds + 5 (4(0) + ly())

and this together with Holder’s inequality yields

(/%) 191+ 5 ()] + (1))

Now |ab| < £|al* + 2§|b|2 for any 6 > 0, so we have

B —

(4.7) sup [y(t)| £

[0.1]

, 1 d 1 1 2
(18) suply(F < 11+ 8 WP [ 542 (24 5 48) WP+ (1+5+ 5) WO
[0.1] o p(s) 4 ) 5
Following the ideas of Theorem 3.1 (where we use (4.7) in place of (3.7)) we obtain the
existence of a constant C, independent of A\, with

[y 12 + S22y (1)]2 + S22 102 < =X 3 pay.g(t,y, py') dt

4.9
(4.9) 1c, (||y =+ + 1y< W T IR+ 1+ (0)FH + )P+ +1).
CASE(i): a >0, b> 0.

Then y.g(t,y,py’) > 0 and this together with (4.9)and the fact that k£ <0, ﬂ < 0 yields
the existence of a constant My independent of A with

(4.10) 'l < Mo, |y(0)] < Mo and [y(1)] < Mo

for each solution y to (2.13),.
CASE(i1): a <0, b>0.
Then y.g(t,y,py’) > aly|* and this together with (4.8) yields

3 [Cowatnmna < ER e [ B9 (24 46 wop
+ = 4)L1 <1+§+5—2) Iy(l)lz-

Putting this into (4.9) will again yield (4.10).
CASE(ii): a >0, b < 0.
Then y.9(t,y,py’) > bly.py’| so Holder’s inequality together with (4.7) implies

A [)1 pay-g(t,y,py’)dt < (=b)La||y|| (l (/01 %)5 ly'll + %(Iy(o)l + Iy(l)!))

(=0) L2 1 ds 2, )
: ((/ 2 1y (Iy(0)|+ly(1)l)llyll)

e ((56) )+ 3 vor

IA

IA
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Putting this into (4.9) will again yield (4.10).
CASE(iv): a <0, b< 0.
Combining case(ii) and case(iii) will again yield (4.10).

Exactly the same analysis as in Theorem 3.2 completes the proof.
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