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Abstract. The aim of this paper is to study the Saint-Venant’s problem for
right cylinders with general cross-section made of anisotropic elastic microstretch
materials. We consider that the cylinders have cross-section inhomogeneity. The
solution of the relaxed Saint-Venant’s problem is written as the sum of two fields
which belong to two classes of semi-inverse solutions. These two classes of semi-
inverse solutions for the Saint-Venant’s problem are described in terms of the
solutions of five generalized plane strain problems.
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1 Introduction

The theory of elastic bodies with microstretch was introduced by Eringen [4,5]. In the mi-
crostretch theory, the particles of the solid can expand and contract independent of trans-
lations and the rotations which they execute. This theory can adequately describe the
behavior of materials that have internal structure, such as: composite materials reinforced
with elastic fibers or porous bodies with pores filled with gas etc. [5], having applications in
many fields of engineering such as petroleum industry, material science, biology, etc. A very
useful study for the Saint-Venant’s problem and Saint-Venant’s principle is made by Iesan
[9]. Chirita [2] finds two classes of semi-inverse solutions for the Saint-Venant’s problem in
linear viscoelasticity and in terms of functions of these classes, he gives the general solu-
tion for the relaxed Saint-Venant’s problem. This method was also used by Chirita [1] in
the study of Almansi’s problem for viscoelastic cylinder. For the inhomogeneous anisotropic
elastic materials with voids, Ghiba [7] studied the Saint-Venant’s problem for right cylinders.
Using these results, Ghiba [7,8] obtained the exact solutions for isotropic and transversal
isotropic porous elastic materials.

The deformation of isotropic microstretch elastic cylinders has been studied by Iesan
and Nappa [12,13], Iesan [10] and by De Cicco and Nappa [3]. The extension, bending and
torsion problem for anisotropic microstretch elastic cylinders have been studied by Scalia
[14].

In this paper, for the anisotropic and cross-section inhomogeneous elastic materials with
microstretch, we find the solution of the relaxed Saint-Venant’s problem as a sum of two
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fields which belong to two classes of semi-inverse solutions. Following the method used by
Chirita [1,2] and Gales [6], we analyze the Saint-Venant’s problem using some generalized
plane strain problems. With the help of these two classes of semi-inverse solutions, we
construct the solution for the extension-bending-torsion problem and for the flexure problem,
respectively. The results of the present paper can be used to give the exact solutions in the
case of isotropic microstretch elastic materials and also for microstretch elastic materials
with various anisotropy.

2 Saint Venant’s problem

Consider B the interior of a cylinder of length L and we denote by S the lateral boundary
of the cylinder. We choose a rectangular Cartesian system Ozjzoxs so that the generator
of the cylinder is parallel with the Oz axis and one ends lies in the z10xy plane. We
denote by OB the boundary of B and by D(x3) C R? the interior of the bounded cross-
section situated at distance z3 from the x1Ox5 plane. In this paper, the Latin subscripts
and superscripts are understood to range over the integers 1,2,3, unless we specify else,
whereas Greek subscripts and superscripts are confined to the range 1,2; summation over
repeated subscripts is implied and comma followed by a subscript to denote partial derivative
with respect to the corresponding Cartesian coordinate; where no confusion may occur, we
suppress the dependence upon the spatial variables.

Let u; be the components of the displacement vector, ¢; the components of the micro-
rotation vector and 1 the microstretch function. We denote by U the seven-dimensional
vector (u;, @;,1). In the microstretch theory, the linear strain measures are given by

ei;(U) = u;; + €jinpr, ki; (U) = @54, % (U) =;. (2.1)

The equilibrium equations of the linear theory of microstretch elastic solids, in the ab-
sence of body loads, are [4]

tji,j (U) = O7 mji j (U) + Eirstrs(U) = 0, '/Ti,i(U) - O’(U) =0 (22)

and the constitutive equations are

ti;(U) = Ajjrsers + Bijrstirs + Dijeyr + aiji),
mij(U) = Bysijers + Cijrstirs + Eijryr + bijth, (2.3)
7i(U) = Dysiers + Ersikirs + cijy; + dith,
o(U) =agjeij + bijkij + divi + §,

where t;; is the stress tensor, m;; is the couple stress tensor, 7; is the microstress vector, o
is the scalar microstress function, €;; is the alternating symbol and A;jrs, Bijrs, Cijrs, Dijr,
Eijr, aij,bij, cij,d;, & are constitutive coefficients which satisfy the symmetry relations

Aijrs = Arsij, Cijrs = Crsijs Cij = Cji- (2.4)
J J J J J J

In this paper we assume that the microstretch material which fill the cylinder is cross-
section inhomogeneous. Thus, we have
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Aijrs = Aijrs(xlvgj2)7 Bijrs = Bijrs(xlax2)a Cijrs = Cijrs (1‘1,1'2),
Dijr = Dijr(21,22), Eijr = Eijr(21,22), a5 = a;5(21,22), (2.5)
bij = bij(x1,22), cij = cij(x1,22), di = di(x1,22) &= (w1, 22).
The surface loadings at a regular point x on 0B, are given by

where n; are the components of the unit outward normal vector to B at x.

Solving the Saint-Venant’s problem for B, means to determine the components of the vec-
tor U, i.e. the displacement vector, the microrotation vector and the microstretch function,
solutions of the equilibrium equations (2.1)—(2.3), when we require

(U)=0, m;(U)=0, w(U)=0 on the lateral surface S,

= mV 7(U) =7 on the end D(0), (2.7)
= m(.Q)7 7(U) = 7 on the end D(L),

where (tgl),m(l),w(l)) and (tEQ),mgz),w(2)) are functions preassigned on D(0) and D(L),

i
respectively.
Necessary and sufficient conditions for the existence of the solution of this problem are

given by
/ tWMda + / tPda =0,
D(0) D(L)

/ <€ijkxjt,(€1) + mz(-l)) da + / (z—:ijkxjt,(f) + m?)) da = 0.
D(0) D(L)

Introducing (2.1) and (2.3) into (2.2) and (2.7) and assuming zero body loads, we obtain
the boundary value problem for U defined by the equations

(2.8)

Ti(U) =[Ajirs(usr + €srkpr) + Bjirs@sr + Djirth r + ajit)] j =0,
Si(U) =[Brsji(us, + csrir) + Cirs@sr + Ejirth o + bjith] 5

+Eirs[Arspg(Uq,p + EqpkPk) + BropgPa,p + Drspthp + arsth] = 0, (2.9)
P(U) =[Drsi(us,r + €srkpr) + Ersis,r + cijtb j + ditd] ;

—aij(uji + €jinor) — bijpsi — dip — &P =0

in B=D x (0, L), the lateral boundary conditions

A; (U) = [Aairs (Us,r + Esrk@k) + Bairs@sr + D(m’rw,r + aai¢]na =0,
BZ(U) = [BTSOéi(uS,T + 55rk<ﬂk) + Cozirssos,r + Eairw,r + baiw]na = 0, (210)
C(U) = [Drsa(us,r + €srk§0k) + Ersaws,r + caj'(/),j + daw]na =0
on 0D x (0, L) and the end boundary conditions

ts:(U) =tV mg(U) =m'Y, m(U) =71 on D(0),

(2.11)
t:(U) =12, mg(U) =m'?, m(U) =73  on D(L).
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The internal energy density

2W(U) = Ayjrseij(U)ers(U) + Cijrskii(U)krs (U) + ¢i57i(U)7;(U) + £4%(U)
+2Bijrs€ij(U)kirs(U) + 2Dyjreij(U)y,(U) + 2Eij,ki;(U) 7y, (U) (2.12)
+2ai;ei;(U)Y(U) + 2055 (U)p(U) + 2d;v:(U)y(U)

is assumed to be a positive defined quadratic form in terms of the quantities e;;, x;5,y; and 1.

3 The generalized plane strain state

For the interior of the cross section domain D C R? we define the state of generalized plane
strain to be the state in which the components of the displacement vector, of the microro-
tation vector and the microstretch function, W = (w;, v;,w), depend only on 1 and xs

w; = wi(x1,x2), v =vi(x1,22), w=w(x1,T2), (z1,22) € D (3.1)
In view of (3.1), the linear strain measures take the form

eaj(W) =wj o+ €jar, €3a(W)=—cesqapv3, e33(W)=0, (3.2)
=0. '

kaj(W) =Vja, r3;(W)=0, 7%(W)=wa, 73(W)
From (3.2) and (2.3) we deduce that the components of the stress tensor T;;, of the

couple stress tensor M;;, of the microstress vector II; and the scalar microstress function ¥
are independent of x3, i.e

Tij = Tij(x1,x2), M;j = Mij(x1,x2), I =1(z1,22), X =2X(z1,22), (z1,22)€ D.

(3.3)
In this case, the constitutive equations (2.3) become
ﬂj (W) - Aijaseas + AijSae?)oz + Bijozsfias + Dijo/}/oz + AW,
M;;(W) = Bysijeas + Bsaijesa + Cijastas + EijaYa + bijw, (3.4)
HI(W) = D(xsieas + DSai€3a + Easiﬂas + CiaVa + diw7 .
E(W) = Q0qj€aj + a3zq€30 + bajffaj + da’Ya + €W~

Given the body loads F;(z1,x2), Gi(x1,22) and H(x1,22) on D, the equations of equi-
librium in the case of generalized plane strain problems, take the form

Tai,a(w) + Fz = 0, Mai,a(w) + 5irsTrs(W) + Gz = Oa Ha,a(w) - Z(W) +H=0 (35)

in D and the boundary conditions are

Toi(W)ng =Ts,  Mai(W)ng = M;, To(W)ng =11 (3.6)

on 0D where ﬁ-, J\Z and II are prescribed functions that do not depend on z3.

The generalized plane strain problem for D U @D consists in finding a solution W of
the boundary value problem given by the equations (3.5), (3.4) and (3.2) and the boundary
conditions (3.6).
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Substituting the relation (3.4) into (3.5) and (3.6), we can rewrite the above boundary
value problem

Ti(W) =[Avips (s 3 + €5p1Vk) + BaigsVs,3 + Daipw g + Gaiw — €38pA0izpVp),a + Fi = 0,
6i(W) = [Bgsai(ws,p + sprvk) + CaipsVs,g + Eaipw g + baiw — €38 Bspaitp o
+eirs[Arspq(Wq,3+€skVi) + BrspgVq,p+Drspw g +arsw—esgpArsaprp) + G = 0,
PB(W) =[Dgsa(ws g + esprti) + Egsalis g + Capw,g + daw — €38pD3palVp) o
—lagj(wjp + €jprvi) + bgjvip + dsw,p + Ew — e3gpazprp] + H=0 in D,
(3.7)
with boundary conditions
Wi (W) = [Anips(ws p+€sprvi) + Baipss,s+ Daigw s+ aid —38p AizpVp|na =Tj,
Bi(W) = [Bgsai(ws,g+esakVk) +CaipsVs, 3+ Eaipw g+baiw—e38,B3gaiVp|Na = M, (3.8)
C(W) = [Dgsa(ws,g+esprVi) + Egsals, g+ Capw g+daw—e3z,D3paVp| N0 =11 ondD.

We assume that F;,G;, H € C*°(D) and T, M;, 11 € C>(0D).
The above generalized plane strain problem has solutions (Scalia [14]) belonging to

C>=(D) if and only if

/ Fida—&—/ Tids = 0,
D oD

o (3.9)
/ (e300 Fp + Gs)da + / (e3aprals + Ms)ds = 0.
D oD
4 Analysis of Saint-Venant’s problem by plane strain
solutions
In this section, following the method developed by Chirita [1,2], we will reduce the Saint-

Venant’s problem to a plane strain problem, taking x3 as a parameter. We consider the
problem (2.9) and the boundary conditions (2.10) for the cross-section D U dD

T(U)=0, 8(U)=0, P(U)=0, inD (4.1)

and
A;(U)=0, B;(U)=0, C(U)=0, ondD, (4.2)

considering x3 € (0, L) as parameter.
The components of the resultant force and the resultant momentum of the traction about
the origin of the system Oxjxox3, acting on the cross-section D are defined by

Ry(U) = /D tyi(U)da, My(U) = /D (exy05t3(U) + mai (U))da. (4.3)
We remark that

MQ(U) = /D(€3043:C5t33(U) + mga(U))da — IgEgaﬁRﬂ(U),

Ms(U) = /D (esnpatss(U) + mas(U))da.
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We can rewrite the boundary value problem (4.1) and (4.2) in the form

Ti(U) = [Anips(us,p + €sprpr) + Baipsps,s + Daiph,p + aaith — €38pAaizpPpl.a
+[Aaizstis,3 + Baizss,3 + Daizt 3].a +t3:,3(U) =0,

Si(U) = [Bgsai(us,s + €sprpr) + Caipsps,p + Eaip,p + baith — €38pB3saiPpl,a
+eirs[Arspe(Uq,p + €sprPr) + BrsggPe,p + Drsp¥,p + arst) — €35, Ars350))
+[B3saitis,3 + Caizs@s,3 + Eaish3].a + €irs[Arszqiq,s + Brs3qpqe,s + Drsat) 3]
+ma3;3(U) =0,

P(U) = [Dgsa (s, + €sprr) + Egsas,p + Cap¥,p + dath — €358,D350p) o
—lag;(ujs + €jprpr) + b s + ds,s + Eessoazp e
+[D3salis,3 + E3sas,3 + Cazt) 3]

—lazjujz + bsjpj3 +dsp 3] +m33(U) =0 in D

(4.5)
and
Az(U) = [Aai,@s(usﬁ + Esﬁk‘ﬁk) + Baiﬁs@s,ﬁ + Daiﬁw,ﬂ + aaiw - EB,BpAaiSﬁ(pp]na
= —[Anizstis,3 + Baizss,3 + Daizth 3]na s
B’L(U) = [B,Bsai(us,ﬁ + Esﬁk@k) + Caiﬁs(ps,ﬁ + Eaiﬁw,ﬁ + baiw - ESBpBSBai(pP]na (4 6)

= —[B3saitts,3 + Caizs@s,3 + Faisth 3]na
C(U) = [Dgsa(ws,s + €sprvi) + EgsaVs,s + Capw,p + daw — €38 D3palp]na
= _[DSSaus,3 + E3so¢<ps,3 + Ca3¢,3]na on dD.

One can observe that the boundary value problem (4.5) and (4.6) can be viewed as a
generalized plane strain boundary value problem with

Fi(U) =[Aqizstis,3 + Baizs®s,3 + Daist 3] o + t3:,3(U),
Gi(U) =[Bssaits,s + Caizs®s3 + Eais? 3]

+eirs[Arsaqliq,s + Brezgpq,3 + Drsath 3] +mai 3(U),
H(U) =[D3saus3 + E35a¥s,3 + Cazt) 3]

4.
—[asju;z + bsjpj s + ds 3] + w3 3(U), (4.7)
T; (U) = _[AaiSSus,B + BaiSs(ps,S + Dai3¢,3]na 5
M;(U) = —[Bssaits,3 + Caizss,s + Eaiz® 3na
H(U) = _[D?)socus,?; + ESS(x(ps,fi + ca3w,3}na .
The necessary and sufficient conditions (3.9) become
/ t3¢,3(U)da =0, / [Egaﬁl‘atz;,@)?,(U) + m3373(U)]da =0. (48)
D D

It is easy to observe that, under hypothesis (2.5), the constitutive equations (2.3) give

t3i,3(U) = t3;(Uz), ma3;3(U) =ms;(U3), (4.9)
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so that the relation (4.8) takes the form

/ t3:(U 3)da = 0, / [e3apTat3s(U 3) + ma3(U 3)lda = 0 (4.10)
D D

which means that a sufficient condition for expressing a solution of Saint-Venant’s problem
in terms of a generalized plane strain is that R;(U) and M3(U) are independent of z3. The
above relations help us to conclude with the following result.

Proposition 4.1 Let U be a solution to Saint-Venant’s problem. If relation (4.10) holds
true then U can be express in term of a state of generalized plane strain.

Corollary 4.1 Let U be a solution to Saint-Venant’s problem for which (4.10) holds true.
Then
(M(U)) 3 =0. (4.11)

Proof. Using the equations (2.2), (2.6), (2.7) and the divergence theorem, we get

(/D xﬁt33(U)da> \ = /D(xﬁtig’i(U) — Zptaz.0(U))da = */D»Tﬁtag,a(U)da

: (4.12)
. / (2pta3(U)) ada + / t33(U)da = / t33(U)da
D D D
and
</ mga(U)da> = / Mia,i(U)da —/ mga,3(U)da
b 3 JD b (4.13)
= —/ Earstrs(U)da —/ maa(U)ngds = / e3aptsp(U)da —/ esaptps(U)da.
D oD D D
From the relation (4.4)1, the hypothesis and the above two relations, we obtain
(Ma(U)),3=0 (4.14)
and the proof is complete. [
Remark 4.1 Relations (4.9), (4.12) and (4.13) combined with (4.10) yield
/ (e3ap2at33(U 33) + m3a (U 33))da = 0. (4.15)
D

In what follows, the relations (4.10) and (4.15) allow us to point out two classes of
seven-dimensional vector fields which can be expressed in terms of a state of generalized
plain strain. These classes will be called classes of semi-inverse solutions to Saint-Venant’s
problem.

The Class C;. Inspired by (4.10), we denote by

Cr={U0% = (u, 02, ¢°) |uf 3 = a; + eijiBjxn , Y5 = Bi, ¥4 =0

with «y, 8; arbitrary constants}. (4.16)
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It is easy to see that this class characterize the rigid motion of the microstretch elastic
materials.
Let U° € C7, from relations (4.3),(4.4) and (4.10) we can deduce that

(Ri(UO))’?) =0, (Mi(UO))’?) =0 (4.17)

and by a direct integration we obtain

0 1 2 0
Uo = ~50al3 ~ £30404T5T3 + Wa(T1,22), uz = (@121 + aslz + a3)z3 + w3 (21, 72), (4.18)
Qo = €30808T3 + Vo (T1,22), @3 = agrs+v3(x1,x2), ¢ =w(wy,z2).
except for an additive rigid motion, where W = (w;,v;,w) is an arbitrary vector field

independent of z3 and we have used the notations a, = 3,03y, a3 = ag and a4 = B3. The
relation (4.18) tells us that a solution which belongs to the class C; can be written in terms
of four constants and seven functions independent of x3.

If we put into the constitutive equations (2.3) the relations (4.18), we deduce that the
components of the stress tensor, couple stress tensor, microstress vector and scalar mi-
crostress function are

t;(U°) = Ajjss(arz1 + aswe + as) + (Bijss — €3054ij3025)aa + €308 Bijzaas + Tij (W),
m;j(U°) = Bssij(a121 + asze + a3) + (Cijss — €305B3aijTs)as + €305Cij30a8 + Mi;(W),
7;(U%) = D33 (a1z1 + asze + a3) + (E33; — €308 D30i%p)as + €308 E3aias + ;i (W),
o(U% =agz(a1z1 + aswa + az) + (b33 — €30503075)as + E305b30a5 + L(W).

(4.19)
where T;;(W), M;;(W), II;(W) and (W) are given by the relations (3.4). Therefore, the
boundary value problem defined by (4.1) and (4.2) becomes

T:(U% = T,(W) + [Aqissapzp+Aaizzas + (Baizs —€3p3Aaizp®)aa+€3p38Baispas] o = 0,

Si(UY%) = &;(W) + [Bssaiagzs + Bssaias + (Caiss — €358 Bspaits)aa + £355C0i3p05) 0
+eirsArsaz(a1r1+aox2+az) + €irs(Brssz —€3a5Ars3a28) 04 + Eirs€3a3Brssaas = 0,

P(U°%) = P(W) + [Dssaasrs + Dszaas + (Essa — €3p8D3pa®s)as + €3p8F3p005) .0

—laszagxp + aszaz) + (b33 — €30803073)a4 + €308b30a5] = 0.
(4.20)

in D and the boundary conditions are

A;(U%) =20;(W)+[Aniszaszs+ Aaizsas + (Baiss —€3ps Aaisp®s)aa+€3,8 Baispas)na =0,
B;(U%) =B,(W)+[Bs3aiasrs+ B33aias+ (Caizs —€3p8 B3paits)aa+€3pCaizpasna =0,
C(UO) :Q(W) + [Dggaagmg + D33qa3 + (E33a - Egpngpaxg)a4 + E3ng3paa5}na =0.
(4.21)
on 9D, where T;(W), 6;(W), B(W), 2;(W), B,(W) and €(W) are given by (3.7) and
(3.8).
Considering the Proposition 4.1 and (4.17), we remark that the necessary and sufficient
conditions to solve the above problem are satisfied for any constants as,s = 1,2, 3,4. Thus,
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the functions defined by (4.18) are solutions of the Saint-Venant’s problem if W = (w;, v;,w)
is the solution of the plane boundary value problem defined by (4.20) and (4.21).

We denote by W) = (wl(j ), VZ-(j ),w(j )) a solution of the above boundary value problem
when a; = 0;5, a4 = 0 and by W®W = (w£4),ul-(4),c_u(4)) a solution of the above boundary
value problem when a; = 0, ay = 1. Therefore, W) s = 1,2, 3,4 are characterized by the
equations

T(WE) + 1 =0, &W)+gY =0, BWE)+r® =0, (4.22)
in D and the boundary conditions
WWE) =T (W) = b, W) =110, (4.23)
on 0D, where

f(’Y) —
(’Y)

@i33T~ + EBpWBain),oc ) fz(g) = (AaiSS),a ) fz(4) = (E3ﬁpAai3pr + BaiSS),a
BdSaz-TA/ +53p'yCa13p) +Eirs(Ar533x'y +53aA/Br53a) ) 91(3) = (BBSai),a +E7LrsAr533 )
(4.24)

h(w)

(A

=(

= (e38pB3pai®3 + Caizz) o + €irs(€38aArs3a®s + Bress)

(D330 + €397 E3p0) .0 — (@332 + €307030) s h3) = (D334) 0 — az3,
=(

€38pD3pap + E330).a — (3820303 + b33)
T(’Y) (Aaz33x'y + €3py azSp)na 5 E@) = 7Aai33no¢ 5
T( ) (€3BpAaz3px,8 + Ba133)na MZ(’Y) = _(B33ai-r'y + 53p'ycozi3p)noc )
Mi(g) — —Bsgaina, M} —(e38pB3paitp + Caizs)na (4.25)

ﬁ(,y) _ _(D33ax’y + €3va3P04)na s ﬁ(3) — —D33o¢na )
H(4) = _(EBﬁpDE‘pO&xﬁ + E33a)n0¢

In view of the linearity of the previous four problems, we have

4
W=> a,We. (4.26)

s=1

In what follows, we assume that the solutions W) of the above problems are known.
Then the solution U° € C} can be written in the form

4
_ Z asU(S) (4.27)
s=1
where
ugY) = —1230,, + w(’Y) ug?) = w&g), (4) = —€303%3%3 + w((l ),
ué’v) = 213 eré )7 u§3) — 23 +w§3), Us) w§4),
() () (3) (3) (4) (4) (4.28)
Soa’y: €3a m3+ya7’ =Va’, = Va

v _ 0 3 _ 03 (4)

Y3 =V3, Y3 =V3g ¥3 *x3+1/().
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From (4.19) and (4.27), it follows that

U UO Zas i U( ), m” U0 Zasmw U( )
(4.29)

0 = Zasm(U(S)), o(U% = Zasa(U(s)),

where
ti;(UD)) =T (WD) + Aijszy + €300 Bijsa,  1ig(UP) = Tij(WE) + Ay,
ti;(UW) =T;(WW) + e350.Aij30ws + Bijss,
mi; (UO) = M (W) 4 Bagijs, + €30, Cijaa,  mij(UG)) = My (W) 4 Bssyj,
m;j (UMW) = M;(W®W) + 33, Bsaijzs + Cijss,
mi(U®) =IL(WD) + Dsgizy + €30y Esai,  m(UB) = IL(W®) + Dgg;,
mi(UW) =TL(WW) + £330 Dsaizg + Essi,
o(UM) =Z(WD) + a3z + e307030,  0(UR)) = (W) + a5,
c(UM) =X(WW) + e35,a3025 + b3s.

(4.30)
From the relations (4.22), (4.23) and (4.30), it is evident that U(®) s = 1,2,3,4 are the
solutions of the generalized plane boundary problem

taia(UE) =0, Maia(U®) + st (US) =0, 74,0 (UD) —o(US) =0, inD

(4.31)
and
tai(U(s))na =0, mai(U(S))na =0, ﬂa,a(U(s))na =0, ondD (4.32)
Using the divergence theorem, these relations imply
Ro(U%) = / t3a(U)da = Z / t3a(U®)d
_Zas/ t3a +xa p3p U( )
(4.33)
=3 (0~ 0+ a0 )da
4
_Zas/ €3pampp,p(U s) +Za8/ Lo ”pds—o
= oD
For a solution (u?,¢?,1) € Cr, we also have
4
O) = Z asD337 a Z ESa,BasDBSa M3 UO Z asD457 (434)

s=1
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where

D3y :/ t33(U(S))da, Dgs :/ ($ﬁt33(U(s)) Jr5?>me3P(U(S))) da,
D D (4.35)

Dic = [ (ssapzatss(U) + msa(U®)) da, s =1,2.3,4.
D

We write uf{a}, ¢?{a} and '°{a} to indicate the dependence of the components uY, ©?,
d)o ofa = (0,1, az, as, CL4).

In view of Remark 4.1, we will introduce the following class of semi-inverse solutions of
Saint-Venant’s problem.

The Class C;;. We denote by Cj; the class of seven-dimensional vectors U* =
(uy, @y, 1) for which the conditions (4.10) hold true and moreover the expression of u%; is
the same of that of a rigid motion.

For (uf,¢},v*) € Cry it follows that (u 3, ¢} 3,9%) € Cr and using the notations intro-
duced above, we have

why=u’{b}, % =¢"{b}, ¥%=1"{b} (4.36)

and after integration we deduce
xrs3 /\
u* = / u’{b}drs + u’{c} + w*(z1,r2),
0
x3 .
P = / @’ {b}drs + @°{C} + v* (21, 12), (4.37)
0

vt = /I3 YO {b}dxs + O {€} + w* (z1,z2),
0

where b and ¢ are arbitrary four-dimensional vectors, w*, v* and w* are independent
functions of x3.

The components of the stress tensor, couple stress tensor, microstress vector and scalar
microstress function corresponding to U* = (u}, ¢f,¢*) defined by (4.37) have the form

4
£ (U") = > (cs + by )iy (UD) + kyj + Ty (W),

s=1
4
mi;(U*) = (cs + w3bs)mig (US)) + hij + M (W),
s (4.38)
mi(U") = (es +a3by)mi(UY) + pi + I,(W™),
s=1
4

o(U") =3 (es + 23b,)o (UW) + 5 + (W),

s=1
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where
4
kij =Y (Agjaw}*bs + Bijai” bs + Dyjsw ®b,),
s=1
4
hij = Z(Bijl(é)bs + Cij3lVl(s)bs + Eijzw®by),
s=1 (4.39)
4
Di= Z(DBZiwl(S)bs + ESliVl(S)bs + cisw¥by),
Sjl
s = Z(GSI'LUl(S)bs + bglVl(S)bs + d3w(s)bs)
s=1

and we denote W* = (w}, v}, w*).

Because (u; 3,9} 3,9%) € Cr, in view of relations (4.33)-(4.35) and Corollary 4.1, we
must have

4 4
D bD3; =0, > bDyy=0 (4.40)
s=1 s=1

Using the relations (4.31) and (4.32) in the problem (4.1)—(4.2) for U*, we can deduce
that W* is a solution of the following boundary value problem

LW+ F, =0, S;(W)+G; =0, PW*)+H=0 inD (4.41)
and
(W +T; =0, B;(W)+M=0, ¢W)+IL=0 ondD. (4.42)
where
- 4 ~ 4
Fi = kai,a + Z bst?)i(U(s))y Gi = hai,a + Eirskrs + Z bsmSi(U(s))7
s=1 s=1
\ (4.43)
ﬁ = Pa,aa — S + st’ﬁg(U(s)), ﬁ = _kainau M = _hainaa ﬁ = —PaNa-
s=1

The necessary and sufficient conditions for the existence of a solution of the above problem
are satisfied on the basis of relations (4.10), (4.31), (4.36) and (4.40).

Proposition 4.2 If U* € Cyy, then has the form (4.87), where b satisfied the conditions
(4.40) and W* is the solution of the generalized plane strain problem given by (4.41)—(4.42).

Remark 4.2 Let U* € Cy;. Then, from relations (4.3), (4.4), (4.-12), (4.13) and (4.38),
we have
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4
U) = Z bsDas,  Rs( ZCsts / (kss + T33(W™)) da,
s=1

4

U") = Z €3a8¢sDgs + / (e3apxp (k3g + Ts3(W™)) + haq + M3o(W7))da, (4.44)
D
4
= Z csDys + / (€308%a (k3p + T35(W™)) + h3z + M33(W™)) da,
—1 D

with the components of the vector fields b satisfying the conditions (4.40).

A solution of the Saint-Venant’s problem residing within C'; corresponds to the end loads

t:(L) = —t;(0) = Z asty;(U),
ml(L —m7 Z a, m3Z 7 (445)

m(L) = —m(0) = Z a,m3(UW)
s=1

and a solution of the Saint-Venant’s problem residing within Cj; corresponds to the end
loads

4
Z Cstzi(UE)) — gy — T (W),

|
NN
»
I
I

ti(L) = (cs+ Lbg)tz;(U®)) 4 ky; + T3;(W¥),
s=1
Z Csmdz h?n Mdz (W*)u
. (4.46)
m;(L) = Z(cs + Lbg)ms;(U®)) 4 ha; + Ms; (W),

»
Il
_

Z Cs7r3 U(S — D3 — HS(W*)a

4
Z (cs + Lbs)ms(U™) + pg + T3(W™),

s=1

where we have used relations (2.7)2 3, (4.29) and (4.38).



160 EMILIAN BULGARIU

5 The relaxed Saint-Venant’s problem

The relaxed Saint Venant’s problem consist in the determination of a equilibrium displace-
ment field U = (u;, ¢;, 1) that satisfies the boundary lateral conditions

t:(U)=0, my(U)=0, =(U)=0 ondD x (0,L) (5.1)

and
RZ(U) = *Ri, Ml(U) = 7Mi on rz = 0, (52)

where R; and M; are preassigned functions. Similar conditions are assumed on the end
located at 3 = L.

In this section we find a solution of the relaxed Saint Venant’s problem following the
method developed by Iesan [9] and Chirita [1,2]. The method consists in the decomposition
of the relaxed Saint-Venant’s problem into the problems (P;) and (P;) characterized by

(P1) (extension — bending — torsion) : R, =0,
(5.3)
(P2) (flexure) : Rz =0,M; =0.
(5.4)
The solution of problem (P;). Considering the results of the previous Section, a
solution of the problem (P;) has the form

4
U =0%=) a,UY. (5.5)
s=1

This solution corresponds to the pointwise values of the couple stress tensor and of the
microstress vector on the ends of the cylinder which have the form (4.45)2 3.
In view of relations (4.34) and (5.1)—(5.3), we have the following system

4 4 4
ZasD&e = —Rj3, ZasDas = 5304,3Mﬂ3 ZasD4s = —Ms3 (56)
s=1

s=1 s=1

which gives us the unknown constants as, s = 1,2, 3, 4.
Following the method used by Iegan [9] and by Iesan and Ciarletta [11], Scalia [14] proved
that
Dy =D,s, s,r=1,2,3,4 (5.7)

and, that the system (5.6) uniquely determines the constants as, s = 1,2, 3, 4.

Conclusion: the solution of the problem (P;) has the form (5.5), where U®), s = 1,2,3,4
are the solutions of the problems defined by (4.31)—(4.32) and as,s = 1,2,3,4 are the
solutions of the algebraic system (5.6).

The solution of problem (P,). Inspired by the results of the previous Section, we will
seek for a solution of the problem (Pz) in the class Cry

U =U" = (uj, ", 0") (5.8)
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where, using (4.37), we have that

4
1 1 1
ul = —gbaxg - icaxg - 553a5b4xf3$§ — €308C4T3T3 + 2:(0S + bzs)w'® +w),
s=1
1 4
uj = §(b1:z:1 + baxo + b3)z3 + (c171 + c2m + c3)73 + Z(CS + bos)w? + w3,
s=1
4

* 1 s *
= iggaﬂbﬂﬁg + e3apCaT3 + Z(cs + by + v, (5.9)

s=1

4
1 s *
@3 = —by3 + caz3 + Z(cs + bsﬂig)ljg ) + v,
2 s=1
4
¥ = Z(Cs + bsxg,)w(s) + w*.
s=1
The solution Uj; corresponds to the pointwise values of the couple stress tensor and of
the microstress vector on the ends of the cylinder given by (4.46)3 45.6-
The unknown constants bs, s = 1,2, 3, 4 satisfy the conditions (4.40) and from (4.44) and
(5.2), we get

4
> b:Dys = —Ra. (5.10)
s=1

The system formed by the relations (4.40) and (5.10) give us the possibility to uniquely
determinate the constants bs,s = 1,2,3,4. Knowing b, we can determinate w},v; and w*
from the generalized plane strain problem defined by (4.41)—(4.43). From (4.44) and (5.2),
we have that the unknown constants ¢, s = 1,2, 3,4, can be uniquely determinated by the
following system

4

Z csDgs = —/ (kas + T33(W™) + €308 (hza + M3, (W™))] da,
s=1 D
4
Z csD3s = —/ [k‘33 =+ T33(W*)] dCL, (5.11)
s=1 D
4
Z csDys = —/ [€305Ta (k3p + T35(W™)) + haz + M33(W™)] da.
s=1 D

Conclusion: a solution of the problem (P2) has the form (5.9) where the constants b
and ¢, s = 1,2, 3,4 are solutions of the system (4.40), (5.10)—(5.11) and with w}, v} and w*

177

determined from the generalized plane strain problem defined by (4.41)—(4.43).

Remark 5.1 The relaxed Saint-Venant’s problem has a solution of the form
U=U;+Uy (5.12)

where Ur and Ury are defined by the relations (5.5), (5.8) and (5.9).
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