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Abstract. The aim of this paper is to study the Saint-Venant’s problem for
right cylinders with general cross-section made of anisotropic elastic microstretch
materials. We consider that the cylinders have cross-section inhomogeneity. The
solution of the relaxed Saint-Venant’s problem is written as the sum of two fields
which belong to two classes of semi-inverse solutions. These two classes of semi-
inverse solutions for the Saint-Venant’s problem are described in terms of the
solutions of five generalized plane strain problems.
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1 Introduction

The theory of elastic bodies with microstretch was introduced by Eringen [4,5]. In the mi-
crostretch theory, the particles of the solid can expand and contract independent of trans-
lations and the rotations which they execute. This theory can adequately describe the
behavior of materials that have internal structure, such as: composite materials reinforced
with elastic fibers or porous bodies with pores filled with gas etc. [5], having applications in
many fields of engineering such as petroleum industry, material science, biology, etc. A very
useful study for the Saint-Venant’s problem and Saint-Venant’s principle is made by Ieşan
[9]. Chiriţă [2] finds two classes of semi-inverse solutions for the Saint-Venant’s problem in
linear viscoelasticity and in terms of functions of these classes, he gives the general solu-
tion for the relaxed Saint-Venant’s problem. This method was also used by Chiriţă [1] in
the study of Almansi’s problem for viscoelastic cylinder. For the inhomogeneous anisotropic
elastic materials with voids, Ghiba [7] studied the Saint-Venant’s problem for right cylinders.
Using these results, Ghiba [7,8] obtained the exact solutions for isotropic and transversal
isotropic porous elastic materials.

The deformation of isotropic microstretch elastic cylinders has been studied by Ieşan
and Nappa [12,13], Ieşan [10] and by De Cicco and Nappa [3]. The extension, bending and
torsion problem for anisotropic microstretch elastic cylinders have been studied by Scalia
[14].

In this paper, for the anisotropic and cross-section inhomogeneous elastic materials with
microstretch, we find the solution of the relaxed Saint-Venant’s problem as a sum of two
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fields which belong to two classes of semi-inverse solutions. Following the method used by
Chiriţă [1,2] and Galeş [6], we analyze the Saint-Venant’s problem using some generalized
plane strain problems. With the help of these two classes of semi-inverse solutions, we
construct the solution for the extension-bending-torsion problem and for the flexure problem,
respectively. The results of the present paper can be used to give the exact solutions in the
case of isotropic microstretch elastic materials and also for microstretch elastic materials
with various anisotropy.

2 Saint Venant’s problem

Consider B the interior of a cylinder of length L and we denote by S the lateral boundary
of the cylinder. We choose a rectangular Cartesian system Ox1x2x3 so that the generator
of the cylinder is parallel with the Ox3 axis and one ends lies in the x1Ox2 plane. We
denote by ∂B the boundary of B and by D(x3) ⊂ R

2 the interior of the bounded cross-
section situated at distance x3 from the x1Ox2 plane. In this paper, the Latin subscripts
and superscripts are understood to range over the integers 1, 2, 3, unless we specify else,
whereas Greek subscripts and superscripts are confined to the range 1, 2; summation over
repeated subscripts is implied and comma followed by a subscript to denote partial derivative
with respect to the corresponding Cartesian coordinate; where no confusion may occur, we
suppress the dependence upon the spatial variables.

Let ui be the components of the displacement vector, ϕi the components of the micro-
rotation vector and ψ the microstretch function. We denote by U the seven-dimensional
vector (ui, ϕi, ψ). In the microstretch theory, the linear strain measures are given by

eij(U) = uj,i + εjikϕk, κij(U) = ϕj,i, γi(U) = ψ,i. (2.1)

The equilibrium equations of the linear theory of microstretch elastic solids, in the ab-
sence of body loads, are [4]

tji,j(U) = 0, mji,j(U) + εirstrs(U) = 0, πi,i(U)− σ(U) = 0 (2.2)

and the constitutive equations are

tij(U) =Aijrsers +Bijrsκrs +Dijrγr + aijψ,

mij(U) =Brsijers + Cijrsκrs + Eijrγr + bijψ,

πi(U) =Drsiers + Ersiκrs + cijγj + diψ,

σ(U) = aijeij + bijκij + diγi + ξψ,

(2.3)

where tij is the stress tensor, mij is the couple stress tensor, πi is the microstress vector, σ
is the scalar microstress function, εijk is the alternating symbol and Aijrs, Bijrs, Cijrs, Dijr,

Eijr, aij , bij , cij , di, ξ are constitutive coefficients which satisfy the symmetry relations

Aijrs = Arsij , Cijrs = Crsij , cij = cji. (2.4)

In this paper we assume that the microstretch material which fill the cylinder is cross-
section inhomogeneous. Thus, we have
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Aijrs = Aijrs(x1, x2), Bijrs = Bijrs(x1, x2), Cijrs = Cijrs(x1, x2),

Dijr = Dijr(x1, x2), Eijr = Eijr(x1, x2), aij = aij(x1, x2),

bij = bij(x1, x2), cij = cij(x1, x2), di = di(x1, x2) ξ = ξ(x1, x2).

(2.5)

The surface loadings at a regular point x on ∂B, are given by

ti(U) = tji(U)nj , mi(U) = mji(U)nj , π(U) = πi(U)ni, (2.6)

where ni are the components of the unit outward normal vector to ∂B at x.
Solving the Saint-Venant’s problem for B, means to determine the components of the vec-

tor U, i.e. the displacement vector, the microrotation vector and the microstretch function,
solutions of the equilibrium equations (2.1)–(2.3), when we require

ti(U) = 0, mi(U) = 0, π(U) = 0 on the lateral surface S,

ti(U) = t
(1)
i , mi(U) = m

(1)
i , π(U) = π(1) on the end D(0),

ti(U) = t
(2)
i , mi(U) = m

(2)
i , π(U) = π(2) on the end D(L),

(2.7)

where (t
(1)
i ,m

(1)
i , π(1)) and (t

(2)
i ,m

(2)
i , π(2)) are functions preassigned on D(0) and D(L),

respectively.
Necessary and sufficient conditions for the existence of the solution of this problem are

given by ∫

D(0)

t
(1)
i da+

∫

D(L)

t
(2)
i da = 0,

∫

D(0)

(
εijkxjt

(1)
k +m

(1)
i

)
da+

∫

D(L)

(
εijkxjt

(2)
k +m

(2)
i

)
da = 0.

(2.8)

Introducing (2.1) and (2.3) into (2.2) and (2.7) and assuming zero body loads, we obtain
the boundary value problem for U defined by the equations

Ti(U) ≡ [Ajirs(us,r + εsrkϕk) +Bjirsϕs,r +Djirψ,r + ajiψ],j = 0,

Si(U) ≡ [Brsji(us,r + εsrkϕk) + Cjirsϕs,r + Ejirψ,r + bjiψ],j

+εirs[Arspq(uq,p + εqpkϕk) +Brspqϕq,p +Drspψ,p + arsψ] = 0,

P(U) ≡ [Drsi(us,r + εsrkϕk) + Ersiϕs,r + cijψ,j + diψ],i

−aij(uj,i + εjikϕk)− bijϕj,i − diψ,i − ξψ = 0

(2.9)

in B = D × (0, L), the lateral boundary conditions

Ai(U) ≡ [Aαirs(us,r + εsrkϕk) +Bαirsϕs,r +Dαirψ,r + aαiψ]nα = 0,

Bi(U) ≡ [Brsαi(us,r + εsrkϕk) + Cαirsϕs,r + Eαirψ,r + bαiψ]nα = 0,

C(U) ≡ [Drsα(us,r + εsrkϕk) + Ersαϕs,r + cαjψ,j + dαψ]nα = 0

(2.10)

on ∂D × (0, L) and the end boundary conditions

t3i(U) = t
(1)
i , m3i(U) = m

(1)
i , π3(U) = π(1) on D(0),

t3i(U) = t
(2)
i , m3i(U) = m

(2)
i , π3(U) = π(2) on D(L).

(2.11)
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The internal energy density

2W(U) = Aijrseij(U)ers(U) + Cijrsκij(U)κrs(U) + cijγi(U)γj(U) + ξψ2(U)

+2Bijrseij(U)κrs(U) + 2Dijreij(U)γr(U) + 2Eijrκij(U)γr(U)

+2aijeij(U)ψ(U) + 2bijκij(U)ψ(U) + 2diγi(U)ψ(U)

(2.12)

is assumed to be a positive defined quadratic form in terms of the quantities eij , κij , γi and ψ.

3 The generalized plane strain state

For the interior of the cross section domain D ⊂ R
2 we define the state of generalized plane

strain to be the state in which the components of the displacement vector, of the microro-
tation vector and the microstretch function, W = (wi, νi, ω), depend only on x1 and x2

wi = wi(x1, x2), νi = νi(x1, x2), ω = ω(x1, x2), (x1, x2) ∈ D (3.1)

In view of (3.1), the linear strain measures take the form

eαj(W) = wj,α + εjαkνk , e3α(W) = −ε3αβνβ , e33(W) = 0 ,

καj(W) = νj,α , κ3j(W) = 0 , γα(W) = ω,α , γ3(W) = 0 .
(3.2)

From (3.2) and (2.3) we deduce that the components of the stress tensor Tij , of the
couple stress tensor Mij , of the microstress vector Πi and the scalar microstress function Σ
are independent of x3, i.e

Tij = Tij(x1, x2), Mij =Mij(x1, x2), Πi = Πi(x1, x2), Σ = Σ(x1, x2), (x1, x2) ∈ D.
(3.3)

In this case, the constitutive equations (2.3) become

Tij(W) =Aijαseαs +Aij3αe3α +Bijαsκαs +Dijαγα + aijω,

Mij(W) =Bαsijeαs +B3αije3α + Cijαsκαs + Eijαγα + bijω,

Πi(W) =Dαsieαs +D3αie3α + Eαsiκαs + ciαγα + diω,

Σ(W) = aαjeαj + a3αe3α + bαjκαj + dαγα + ξω.

(3.4)

Given the body loads Fi(x1, x2), Gi(x1, x2) and H(x1, x2) on D, the equations of equi-
librium in the case of generalized plane strain problems, take the form

Tαi,α(W) + Fi = 0, Mαi,α(W) + εirsTrs(W) +Gi = 0, Πα,α(W)− Σ(W) +H = 0 (3.5)

in D and the boundary conditions are

Tαi(W)nα = T̃i, Mαi(W)nα = M̃i, Πα(W)nα = Π̃ (3.6)

on ∂D where T̃i, M̃i and Π̃ are prescribed functions that do not depend on x3.
The generalized plane strain problem for D ∪ ∂D consists in finding a solution W of

the boundary value problem given by the equations (3.5), (3.4) and (3.2) and the boundary
conditions (3.6).
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Substituting the relation (3.4) into (3.5) and (3.6), we can rewrite the above boundary
value problem

Ti(W) ≡ [Aαiβs(ws,β + εsβkνk) +Bαiβsνs,β +Dαiβω,β + aαiω − ε3βρAαi3βνρ],α + Fi = 0,

Si(W) ≡ [Bβsαi(ws,β + εsβkνk) + Cαiβsνs,β + Eαiβω,β + bαiω − ε3βρB3βαiνρ],α

+εirs[Arsβq(wq,β+εsβkνk)+Brsβqνq,β+Drsβω,β+arsω−ε3βρArs3βνρ] +Gi = 0,

P(W) ≡ [Dβsα(ws,β + εsβkνk) + Eβsανs,β + cαβω,β + dαω − ε3βρD3βανρ],α

−[aβj(wj,β + εjβkνk) + bβjνj,β + dβω,β + ξω − ε3βρa3βνρ] +H = 0 in D,
(3.7)

with boundary conditions

Ai(W) ≡ [Aαiβs(ws,β+εsβkνk)+Bαiβsνs,β+Dαiβω,β+aαiω−ε3βρAαi3βνρ]nα= T̃i,

Bi(W) ≡ [Bβsαi(ws,β+εsβkνk)+Cαiβsνs,β+Eαiβω,β+bαiω−ε3βρB3βαiνρ]nα=M̃i,

C(W) ≡ [Dβsα(ws,β+εsβkνk)+Eβsανs,β+cαβω,β+dαω−ε3βρD3βανρ]nα=Π̃ on ∂D.

(3.8)

We assume that Fi, Gi, H ∈ C∞(D) and T̃i, M̃i, Π̃ ∈ C
∞(∂D).

The above generalized plane strain problem has solutions (Scalia [14]) belonging to
C∞(D) if and only if

∫

D

Fida+

∫

∂D

T̃ids = 0,
∫

D

(ε3αβxαFβ +G3)da+

∫

∂D

(ε3αβxαT̃β + M̃3)ds = 0.

(3.9)

4 Analysis of Saint-Venant’s problem by plane strain

solutions

In this section, following the method developed by Chiriţă [1,2], we will reduce the Saint-
Venant’s problem to a plane strain problem, taking x3 as a parameter. We consider the
problem (2.9) and the boundary conditions (2.10) for the cross-section D ∪ ∂D

Ti(U) = 0, Si(U) = 0, P(U) = 0, in D (4.1)

and
Ai(U) = 0, Bi(U) = 0, C(U) = 0, on ∂D, (4.2)

considering x3 ∈ (0, L) as parameter.
The components of the resultant force and the resultant momentum of the traction about

the origin of the system Ox1x2x3, acting on the cross-section D are defined by

Ri(U) =

∫

D

t3i(U)da, Mi(U) =

∫

D

(εijkxjt3k(U) +m3i(U))da. (4.3)

We remark that

Mα(U) =

∫

D

(ε3αβxβt33(U) +m3α(U))da− x3ε3αβRβ(U),

M3(U) =

∫

D

(ε3αβxαt3β(U) +m33(U))da.

(4.4)
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We can rewrite the boundary value problem (4.1) and (4.2) in the form

Ti(U) = [Aαiβs(us,β + εsβkϕk) +Bαiβsϕs,β +Dαiβψ,β + aαiψ − ε3βρAαi3βϕρ],α

+[Aαi3sus,3 +Bαi3sϕs,3 +Dαi3ψ,3],α + t3i,3(U) = 0 ,

Si(U) = [Bβsαi(us,β + εsβkϕk) + Cαiβsϕs,β + Eαiβψ,β + bαiψ − ε3βρB3βαiϕρ],α

+εirs[Arsβq(uq,β + εsβkϕk) +Brsβqϕq,β +Drsβψ,β + arsψ − ε3βρArs3βϕρ]

+[B3sαius,3 + Cαi3sϕs,3 + Eαi3ψ,3],α + εirs[Ars3quq,3 +Brs3qϕq,3 +Drs3ψ,3]

+m3i,3(U) = 0 ,

P(U) = [Dβsα(us,β + εsβkϕk) + Eβsαϕs,β + cαβψ,β + dαψ − ε3βρD3βαϕρ],α

−[aβj(uj,β + εjβkϕk) + bβjϕj,β + dβψ,β + ξψε3βρa3βϕρ]

+[D3sαus,3 + E3sαϕs,3 + cα3ψ,3]

−[a3juj,3 + b3jϕj,3 + d3ψ,3] + π3,3(U) = 0 in D
(4.5)

and

Ai(U) = [Aαiβs(us,β + εsβkϕk) +Bαiβsϕs,β +Dαiβψ,β + aαiψ − ε3βρAαi3βϕρ]nα

=−[Aαi3sus,3 +Bαi3sϕs,3 +Dαi3ψ,3]nα ,

Bi(U) = [Bβsαi(us,β + εsβkϕk) + Cαiβsϕs,β + Eαiβψ,β + bαiψ − ε3βρB3βαiϕρ]nα

=−[B3sαius,3 + Cαi3sϕs,3 + Eαi3ψ,3]nα ,

C(U) = [Dβsα(ws,β + εsβkνk) + Eβsανs,β + cαβω,β + dαω − ε3βρD3βανρ]nα

=−[D3sαus,3 + E3sαϕs,3 + cα3ψ,3]nα on ∂D .

(4.6)

One can observe that the boundary value problem (4.5) and (4.6) can be viewed as a
generalized plane strain boundary value problem with

Fi(U) = [Aαi3sus,3 +Bαi3sϕs,3 +Dαi3ψ,3],α + t3i,3(U) ,

Gi(U) = [B3sαius,3 + Cαi3sϕs,3 + Eαi3ψ,3],α

+εirs[Ars3quq,3 +Brs3qϕq,3 +Drs3ψ,3] +m3i,3(U) ,

H(U) = [D3sαus,3 + E3sαϕs,3 + cα3ψ,3]

−[a3juj,3 + b3jϕj,3 + d3ψ,3] + π3,3(U) ,

T̃i(U) =−[Aαi3sus,3 +Bαi3sϕs,3 +Dαi3ψ,3]nα ,

M̃i(U) =−[B3sαius,3 + Cαi3sϕs,3 + Eαi3ψ,3]nα ,

Π̃(U) =−[D3sαus,3 + E3sαϕs,3 + cα3ψ,3]nα .

(4.7)

The necessary and sufficient conditions (3.9) become

∫

D

t3i,3(U)da = 0,

∫

D

[ε3αβxαt3β,3(U) +m33,3(U)]da = 0. (4.8)

It is easy to observe that, under hypothesis (2.5), the constitutive equations (2.3) give

t3i,3(U) = t3i(U,3) , m3i,3(U) = m3i(U,3) , (4.9)
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so that the relation (4.8) takes the form

∫

D

t3i(U,3)da = 0,

∫

D

[ε3αβxαt3β(U,3) +m33(U,3)]da = 0 (4.10)

which means that a sufficient condition for expressing a solution of Saint-Venant’s problem
in terms of a generalized plane strain is that Ri(U) andM3(U) are independent of x3. The
above relations help us to conclude with the following result.

Proposition 4.1 Let U be a solution to Saint-Venant’s problem. If relation (4.10) holds
true then U can be express in term of a state of generalized plane strain.

Corollary 4.1 Let U be a solution to Saint-Venant’s problem for which (4.10) holds true.
Then

(Mα(U)),3 = 0. (4.11)

Proof. Using the equations (2.2), (2.6), (2.7) and the divergence theorem, we get

(∫

D

xβt33(U)da

)

,3

=

∫

D

(xβti3,i(U)− xβtα3,α(U))da = −

∫

D

xβtα3,α(U)da

= −

∫

D

(xβtα3(U)),αda+

∫

D

tβ3(U)da =

∫

D

tβ3(U)da

(4.12)

and (∫

D

m3α(U)da

)

,3

=

∫

D

miα,i(U)da−

∫

D

mβα,β(U)da

= −

∫

D

εαrstrs(U)da−

∫

∂D

mβα(U)nβds =

∫

D

ε3αβt3β(U)da−

∫

D

ε3αβtβ3(U)da.

(4.13)

From the relation (4.4)1, the hypothesis and the above two relations, we obtain

(Mα(U)),3 = 0 (4.14)

and the proof is complete. �

Remark 4.1 Relations (4.9), (4.12) and (4.13) combined with (4.10) yield

∫

D

(ε3αβxβt33(U,33) +m3α(U,33))da = 0. (4.15)

In what follows, the relations (4.10) and (4.15) allow us to point out two classes of
seven-dimensional vector fields which can be expressed in terms of a state of generalized
plain strain. These classes will be called classes of semi-inverse solutions to Saint-Venant’s
problem.

The Class CI . Inspired by (4.10), we denote by

CI = {U0 = (u0i , ϕ
0
i , ψ

0) |u0i,3 = αi + εijkβjxk , ϕ
0
i,3 = βi , ψ

0
,3 = 0

with αi, βi arbitrary constants}.
(4.16)
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It is easy to see that this class characterize the rigid motion of the microstretch elastic
materials.

Let U0 ∈ CI , from relations (4.3),(4.4) and (4.10) we can deduce that

(
Ri(U

0)
)
,3
= 0 ,

(
Mi(U

0)
)
,3
= 0 (4.17)

and by a direct integration we obtain

u0α = −
1

2
aαx

2
3 − ε3αβa4xβx3 + wα(x1, x2) , u

0
3 = (a1x1 + a2x2 + a3)x3 + w3(x1, x2) ,

ϕ0
α = ε3αβaβx3 + να(x1, x2) , ϕ0

3 = a4x3 + ν3(x1, x2) , ψ0 = ω(x1, x2) .
(4.18)

except for an additive rigid motion, where W = (wi, νi, ω) is an arbitrary vector field
independent of x3 and we have used the notations aα = ε3ραβρ, a3 = α3 and a4 = β3. The
relation (4.18) tells us that a solution which belongs to the class CI can be written in terms
of four constants and seven functions independent of x3.

If we put into the constitutive equations (2.3) the relations (4.18), we deduce that the
components of the stress tensor, couple stress tensor, microstress vector and scalar mi-
crostress function are

tij(U
0) =Aij33(a1x1 + a2x2 + a3) + (Bij33 − ε3αβAij3αxβ)a4 + ε3αβBij3αaβ + Tij(W),

mij(U
0) =B33ij(a1x1 + a2x2 + a3) + (Cij33 − ε3αβB3αijxβ)a4 + ε3αβCij3αaβ +Mij(W),

πi(U
0) =D33i(a1x1 + a2x2 + a3) + (E33i − ε3αβD3αixβ)a4 + ε3αβE3αiaβ +Πi(W),

σ(U0) = a33(a1x1 + a2x2 + a3) + (b33 − ε3αβa3αxβ)a4 + ε3αβb3αaβ +Σ(W).
(4.19)

where Tij(W), Mij(W), Πi(W) and Σ(W) are given by the relations (3.4). Therefore, the
boundary value problem defined by (4.1) and (4.2) becomes

Ti(U
0) = Ti(W) + [Aαi33aβxβ+Aαi33a3 + (Bαi33−ε3ρβAαi3ρxβ)a4+ε3ρβBαi3ρaβ ],α = 0,

Si(U
0) = Si(W) + [B33αiaβxβ +B33αia3 + (Cαi33 − ε3ρβB3ραixβ)a4 + ε3ρβCαi3ρaβ ],α

+εirsArs33(a1x1+a2x2+a3) + εirs(Brs33−ε3αβArs3αxβ)a4 + εirsε3αβBrs3αaβ = 0,

P(U0) = P(W) + [D33αaβxβ +D33αa3 + (E33α − ε3ρβD3ραxβ)a4 + ε3ρβE3ραaβ ],α

−[a33aβxβ + a33a3) + (b33 − ε3αβa3αxβ)a4 + ε3αβb3αaβ ] = 0.
(4.20)

in D and the boundary conditions are

Ai(U
0) =Ai(W)+[Aαi33aβxβ+Aαi33a3+(Bαi33−ε3ρβAαi3ρxβ)a4+ε3ρβBαi3ρaβ ]nα=0,

Bi(U
0) =Bi(W)+[B33αiaβxβ+B33αia3+(Cαi33−ε3ρβB3ραixβ)a4+ε3ρβCαi3ρaβ ]nα=0,

C(U0) =C(W) + [D33αaβxβ +D33αa3 + (E33α − ε3ρβD3ραxβ)a4 + ε3ρβE3ραaβ ]nα = 0.
(4.21)

on ∂D, where Ti(W), Si(W), P(W), Ai(W), Bi(W) and C(W) are given by (3.7) and
(3.8).

Considering the Proposition 4.1 and (4.17), we remark that the necessary and sufficient
conditions to solve the above problem are satisfied for any constants as, s = 1, 2, 3, 4. Thus,
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the functions defined by (4.18) are solutions of the Saint-Venant’s problem if W = (wi, νi, ω)
is the solution of the plane boundary value problem defined by (4.20) and (4.21).

We denote by W(j) = (w
(j)
i , ν

(j)
i , ω(j)) a solution of the above boundary value problem

when ai = δij , a4 = 0 and by W(4) = (w
(4)
i , ν

(4)
i , ω(4)) a solution of the above boundary

value problem when ai = 0, a4 = 1. Therefore, W(j), s = 1, 2, 3, 4 are characterized by the
equations

Ti(W
(s)) + f

(s)
i = 0 , Si(W

(s)) + g
(s)
i = 0 , P(W(s)) + h(s) = 0 , (4.22)

in D and the boundary conditions

Ai(W
(s)) = T̃

(s)
i Mi(W

(s)) = M̃
(s)
i , P(W(s)) = Π̃(s) , (4.23)

on ∂D, where

f
(γ)
i =(Aαi33xγ + ε3ργBαi3ρ),α , f

(3)
i = (Aαi33),α , f

(4)
i = (ε3βρAαi3ρxβ +Bαi33),α

g
(γ)
i =(B33αixγ+ε3ργCαi3ρ),α+εirs(Ars33xγ+ε3αγBrs3α) , g

(3)
i = (B33αi),α+εirsArs33 ,

g
(4)
i =(ε3βρB3ραixβ + Cαi33),α + εirs(ε3βαArs3αxβ +Brs33)

h(γ) =(D33αxγ + ε3ργE3ρα),α − (a33xγ + ε3αγb3α) , h(3) = (D33α),α − a33 ,

h(4) =(ε3βρD3ραxβ + E33α),α − (ε3βαa3αxβ + b33)

(4.24)

T̃
(γ)
i =−(Aαi33xγ + ε3ργBαi3ρ)nα , T̃

(3)
i = −Aαi33nα ,

T̃
(4)
i =−(ε3βρAαi3ρxβ +Bαi33)nα M̃

(γ)
i = −(B33αixγ + ε3ργCαi3ρ)nα ,

M̃
(3)
i =−B33αinα , M̃

(4)
i = −(ε3βρB3ραixβ + Cαi33)nα

Π̃(γ) =−(D33αxγ + ε3ργE3ρα)nα , Π̃(3) = −D33αnα ,

Π̃(4) =−(ε3βρD3ραxβ + E33α)nα

(4.25)

In view of the linearity of the previous four problems, we have

W =

4∑

s=1

asW
(s). (4.26)

In what follows, we assume that the solutions W(s) of the above problems are known.
Then the solution U0 ∈ CI can be written in the form

U0 =

4∑

s=1

asU
(s) (4.27)

where

u
(γ)
α = − 1

2x
2
3δαγ + w

(γ)
α , u

(3)
α = w

(3)
α , u

(4)
α = −ε3αβxβx3 + w

(4)
α ,

u
(γ)
3 = xγx3 + w

(γ)
3 , u

(3)
3 = x3 + w

(3)
3 , u

(4)
3 = w

(4)
3 ,

ϕ
(γ)
α = ε3αγx3 + ν

(γ)
α , ϕ

(3)
α = ν

(3)
α , ϕ

(4)
α = ν

(4)
α

ϕ
(γ)
3 = ν

(γ)
3 , ϕ

(3)
3 = ν

(3)
3 , ϕ

(4)
3 = x3 + ν

(4)
3 .

(4.28)
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From (4.19) and (4.27), it follows that

tij(U
0) =

4∑

s=1

astij(U
(s)), mij(U

0) =

4∑

s=1

asmij(U
(s)),

πi(U
0) =

4∑

s=1

asπi(U
(s)), σ(U0) =

4∑

s=1

asσ(U
(s)),

(4.29)

where

tij(U
(γ)) =Tij(W

(γ)) +Aij33xγ + ε3αγBij3α, tij(U
(3)) = Tij(W

(3)) +Aij33,

tij(U
(4)) =Tij(W

(4)) + ε3βαAij3αxβ +Bij33,

mij(U
(γ)) =Mij(W

(γ)) +B33ijxγ + ε3αγCij3α, mij(U
(3)) =Mij(W

(3)) +B33ij ,

mij(U
(4)) =Mij(W

(4)) + ε3βαB3αijxβ + Cij33,

πi(U
(α)) =Πi(W

(γ)) +D33ixγ + ε3αγE3αi, πi(U
(3)) = Πi(W

(3)) +D33i,

πi(U
(4)) =Πi(W

(4)) + ε3βαD3αixβ + E33i,

σ(U(γ)) =Σ(W(γ)) + a33xγ + ε3αγb3α, σ(U(3)) = Σ(W(3)) + a33,

σ(U(4)) =Σ(W(4)) + ε3βαa3αxβ + b33.

(4.30)
From the relations (4.22), (4.23) and (4.30), it is evident that U(s), s = 1, 2, 3, 4 are the

solutions of the generalized plane boundary problem

tαi,α(U
(s)) = 0, mαi,α(U

(s)) + εirstrs(U
(s)) = 0, πα,α(U

(s))− σ(U(s)) = 0, inD
(4.31)

and
tαi(U

(s))nα = 0, mαi(U
(s))nα = 0, πα,α(U

(s))nα = 0, on ∂D (4.32)

Using the divergence theorem, these relations imply

Rα(U
0) =

∫

D

t3α(U
0)da =

4∑

s=1

as

∫

D

t3α(U
(s))da

=

4∑

s=1

as

∫

D

(
t3α(U

(s)) + xαtρ3,ρ(U
(s))

)
da

=
4∑

s=1

as

∫

D

(
t3α(U

(s))− tα3(U
(s)) +

(
xαtρ3(U

(s))
)
,ρ

)
da

=
4∑

s=1

as

∫

D

ε3ραmβρ,β(U
(s)) +

4∑

s=1

as

∫

∂D

xαtρ3(U
(s))nρds = 0

(4.33)

For a solution (u0i , ϕ
0
i , ψ) ∈ CI , we also have

R3(U
0) =

4∑

s=1

asD3s, Mα(U
0) =

4∑

s=1

ε3αβasDβs, M3(U
0) =

4∑

s=1

asD4s, (4.34)
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where

D3s =

∫

D

t33(U
(s))da, Dβs =

∫

D

(
xβt33(U

(s)) + ε3ρβm3ρ(U
(s))

)
da,

D4s =

∫

D

(
ε3αβxαt3β(U

(s)) +m33(U
(s))

)
da, s = 1, 2, 3, 4.

(4.35)

We write u0i {â}, ϕ
0
i {â} and ψ

0{â} to indicate the dependence of the components u0i , ϕ
0
i ,

ψ0 of â = (a1, a2, a3, a4).

In view of Remark 4.1, we will introduce the following class of semi-inverse solutions of
Saint-Venant’s problem.

The Class CII . We denote by CII the class of seven-dimensional vectors U∗ =
(u∗i , ϕ

∗

i , ψ
∗) for which the conditions (4.10) hold true and moreover the expression of u∗,33 is

the same of that of a rigid motion.

For (u∗i , ϕ
∗

i , ψ
∗) ∈ CII it follows that (u∗i,3, ϕ

∗

i,3, ψ
∗

,3) ∈ CI and using the notations intro-
duced above, we have

u∗

,3 = u0{b̂}, ϕ
∗

,3 = ϕ
0{b̂}, ψ∗

,3 = ψ0{b̂} (4.36)

and after integration we deduce

u∗ =

∫ x3

0

u0{b̂}dx3 + u0{ĉ}+w∗(x1, x2),

ϕ
∗ =

∫ x3

0

ϕ
0{b̂}dx3 +ϕ

0{ĉ}+ ν
∗(x1, x2),

ψ∗ =

∫ x3

0

ψ0{b̂}dx3 + ψ0{ĉ}+ ω∗(x1, x2),

(4.37)

where b̂ and ĉ are arbitrary four-dimensional vectors, w∗, ν
∗ and ω∗ are independent

functions of x3.

The components of the stress tensor, couple stress tensor, microstress vector and scalar
microstress function corresponding to U∗ = (u∗i , ϕ

∗

i , ψ
∗) defined by (4.37) have the form

tij(U
∗)=

4∑

s=1

(cs + x3bs)tij(U
(s)) + kij + Tij(W

∗),

mij(U
∗)=

4∑

s=1

(cs + x3bs)mij(U
(s)) + hij +Mij(W

∗),

πi(U
∗)=

4∑

s=1

(cs + x3bs)πi(U
(s)) + pi +Πi(W

∗),

σ(U∗)=

4∑

s=1

(cs + x3bs)σ(U
(s)) + si +Σ(W∗),

(4.38)
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where

kij =

4∑

s=1

(Aij3lw
(s)
l bs +Bij3lν

(s)
l bs +Dij3ω

(s)bs),

hij =

4∑

s=1

(B3lijw
(s)
l bs + Cij3lν

(s)
l bs + Eij3ω

(s)bs),

pi =

4∑

s=1

(D3liw
(s)
l bs + E3liν

(s)
l bs + ci3ω

(s)bs),

s=

4∑

s=1

(a3lw
(s)
l bs + b3lν

(s)
l bs + d3ω

(s)bs)

(4.39)

and we denote W∗ = (w∗

i , ν
∗

i , ω
∗).

Because (u∗i,3, ϕ
∗

i,3, ψ
∗

,3) ∈ CI , in view of relations (4.33)–(4.35) and Corollary 4.1, we
must have

4∑

s=1

bsD3s = 0 ,

4∑

s=1

bsD4s = 0 (4.40)

Using the relations (4.31) and (4.32) in the problem (4.1)–(4.2) for U∗, we can deduce
that W∗ is a solution of the following boundary value problem

Ti(W
∗) + F̃i = 0, Si(W

∗) + G̃i = 0, P(W∗) + H̃ = 0 inD (4.41)

and

Ai(W
∗) + T̃i = 0, Bi(W

∗) + M̃i = 0, C(W∗) + Π̃i = 0 on ∂D. (4.42)

where

F̃i = kαi,α +

4∑

s=1

bst3i(U
(s)), G̃i = hαi,α + εirskrs +

4∑

s=1

bsm3i(U
(s)),

H̃ = pα,α − s+

4∑

s=1

bsπ3(U
(s)), T̃i = −kαinα, M̃i = −hαinα, Π̃ = −pαnα.

(4.43)

The necessary and sufficient conditions for the existence of a solution of the above problem
are satisfied on the basis of relations (4.10), (4.31), (4.36) and (4.40).

Proposition 4.2 If U∗ ∈ CII , then has the form (4.37), where b̂ satisfied the conditions
(4.40) and W∗ is the solution of the generalized plane strain problem given by (4.41)–(4.42).

Remark 4.2 Let U∗ ∈ CII . Then, from relations (4.3), (4.4), (4.12), (4.13) and (4.38),
we have
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Rα(U
∗) =

4∑

s=1

bsDαs, R3(U
∗) =

4∑

s=1

csD3s +

∫

D

(k33 + T33(W
∗)) da,

Mα(U
∗) =

4∑

s=1

ε3αβcsDβs +

∫

D

(ε3αβxβ (k33 + T33(W
∗)) + h3α +M3α(W

∗)) da,

M3(U
∗) =

4∑

s=1

csD4s +

∫

D

(ε3αβxα (k3β + T3β(W
∗)) + h33 +M33(W

∗)) da,

(4.44)

with the components of the vector fields b̂ satisfying the conditions (4.40).

A solution of the Saint-Venant’s problem residing within CI corresponds to the end loads

ti(L) =−ti(0) =

4∑

s=1

ast3i(U
(s)),

mi(L) =−mi(0) =

4∑

s=1

asm3i(U
(s)),

π(L) =−π(0) =

4∑

s=1

asπ3(U
(s))

(4.45)

and a solution of the Saint-Venant’s problem residing within CII corresponds to the end
loads

ti(0) =−

4∑

s=1

cst3i(U
(s))− k3i − T3i(W

∗),

ti(L) =

4∑

s=1

(cs + Lbs)t3i(U
(s)) + k3i + T3i(W

∗),

mi(0) =−
4∑

s=1

csm3i(U
(s))− h3i −M3i(W

∗),

mi(L) =

4∑

s=1

(cs + Lbs)m3i(U
(s)) + h3i +M3i(W

∗),

π(0) =−

4∑

s=1

csπ3(U
(s))− p3 −Π3(W

∗),

π(L) =
4∑

s=1

(cs + Lbs)π3(U
(s)) + p3 +Π3(W

∗),

(4.46)

where we have used relations (2.7)2,3, (4.29) and (4.38).
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5 The relaxed Saint-Venant’s problem

The relaxed Saint Venant’s problem consist in the determination of a equilibrium displace-
ment field U = (ui, ϕi, ψ) that satisfies the boundary lateral conditions

ti(U) = 0, mi(U) = 0, π(U) = 0 on ∂D × (0, L) (5.1)

and
Ri(U) = −Ri, Mi(U) = −Mi on x3 = 0, (5.2)

where Ri and Mi are preassigned functions. Similar conditions are assumed on the end
located at x3 = L.

In this section we find a solution of the relaxed Saint Venant’s problem following the
method developed by Ieşan [9] and Chiriţă [1,2]. The method consists in the decomposition
of the relaxed Saint-Venant’s problem into the problems (P1) and (P2) characterized by

(P1) (extension− bending − torsion) : Rα = 0,
(5.3)

(P2) (flexure) : R3 = 0,Mi = 0.
(5.4)

The solution of problem (P1). Considering the results of the previous Section, a
solution of the problem (P1) has the form

UI = U0 =

4∑

s=1

asU
(s). (5.5)

This solution corresponds to the pointwise values of the couple stress tensor and of the
microstress vector on the ends of the cylinder which have the form (4.45)2,3.

In view of relations (4.34) and (5.1)–(5.3), we have the following system

4∑

s=1

asD3s = −R3,

4∑

s=1

asDαs = ε3αβMβ ,

4∑

s=1

asD4s = −M3 (5.6)

which gives us the unknown constants as, s = 1, 2, 3, 4.
Following the method used by Ieşan [9] and by Ieşan and Ciarletta [11], Scalia [14] proved

that
Dsr = Drs, s, r = 1, 2, 3, 4 (5.7)

and, that the system (5.6) uniquely determines the constants as, s = 1, 2, 3, 4.
Conclusion: the solution of the problem (P1) has the form (5.5), where U(s), s = 1, 2, 3, 4

are the solutions of the problems defined by (4.31)–(4.32) and as, s = 1, 2, 3, 4 are the
solutions of the algebraic system (5.6).

The solution of problem (P2). Inspired by the results of the previous Section, we will
seek for a solution of the problem (P2) in the class CII

UII = U∗ = (u∗i , ϕ
∗, ψ∗) (5.8)



ON THE SAINT-VENANT’S PROBLEM IN MICROSTRETCH ELASTICITY 161

where, using (4.37), we have that

u∗α = −
1

6
bαx

3
3 −

1

2
cαx

2
3 −

1

2
ε3αβb4xβx

2
3 − ε3αβc4xβx3 +

4∑

s=1

(cs + bsx3)w
(s)
α + w∗

α,

u∗3 =
1

2
(b1x1 + b2x2 + b3)x

2
3 + (c1x1 + c2x2 + c3)x3 +

4∑

s=1

(cs + bsx3)w
(s)
3 + w∗

3 ,

ϕ∗

α =
1

2
ε3αβbβx

2
3 + ε3αβcβx3 +

4∑

s=1

(cs + bsx3)ν
(s)
α + ν∗α,

ϕ∗

3 =
1

2
b4x

2
3 + c4x3 +

4∑

s=1

(cs + bsx3)ν
(s)
3 + ν∗3 ,

ψ∗ =

4∑

s=1

(cs + bsx3)ω
(s) + ω∗.

(5.9)

The solution UII corresponds to the pointwise values of the couple stress tensor and of
the microstress vector on the ends of the cylinder given by (4.46)3,4,5,6.

The unknown constants bs, s = 1, 2, 3, 4 satisfy the conditions (4.40) and from (4.44) and
(5.2), we get

4∑

s=1

bsDαs = −Rα. (5.10)

The system formed by the relations (4.40) and (5.10) give us the possibility to uniquely
determinate the constants bs, s = 1, 2, 3, 4. Knowing bs, we can determinate w∗

i , ν
∗

i and ω∗

from the generalized plane strain problem defined by (4.41)–(4.43). From (4.44) and (5.2),
we have that the unknown constants cs, s = 1, 2, 3, 4, can be uniquely determinated by the
following system

4∑

s=1

csDβs = −

∫

D

[k33 + T33(W
∗) + ε3αβ (h3α +M3α(W

∗))] da,

4∑

s=1

csD3s = −

∫

D

[k33 + T33(W
∗)] da,

4∑

s=1

csD4s = −

∫

D

[ε3αβxα (k3β + T3β(W
∗)) + h33 +M33(W

∗)] da.

(5.11)

Conclusion: a solution of the problem (P2) has the form (5.9) where the constants bs
and cs, s = 1, 2, 3, 4 are solutions of the system (4.40), (5.10)–(5.11) and with w∗

i , ν
∗

i and ω∗

determined from the generalized plane strain problem defined by (4.41)–(4.43).

Remark 5.1 The relaxed Saint-Venant’s problem has a solution of the form

U = UI +UII (5.12)

where UI and UII are defined by the relations (5.5), (5.8) and (5.9).
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