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Abstract. In this paper we consider the Darboux Problem for a third order
hyperbolic inclusion of the form wugy. € F(x,y, z,u), where F': D x R" — oR™
D = [0,a] x [0,b] x [0,c] C R? is a lower semicontinuous multifunction, whose
values are non-empty closed and not necessarily convex subsets of R™. We prove
an existence theorem of a local solution for the specified Darboux Problem using
the Fryszkowski’s Selection Theorem and Schauder’s Fixed Point Theorem.
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1 Introduction

In this paper we consider the Darboux Problem for a third order hyperbolic inclusion of the

form

PPu(x,y,z)

910y 02 € F(x,y,2,u), (z,y,2) € D =10,a]x[0,b] x[0,c] C R®, uc R",

with the initial values

(1.1)

(1.2)

where ¢, 1), x are absolutely continuous in Carathéodory’s sense functions [5, §565 - §570],

p € C* (D1;R™), ¢ € C* (Dg;R™), x € C* (D3; R™) and they satisty the conditions

u(z,0,0) = ¢ (x,0) = x (z,0) =o' (z), z€][0,q],
u(0,9,0) = ¢ (0,y) =¥ (y,0) =v*(y), ye[0,8],
1 (0,0,2) = (0,2) = x(0,2) =v3(2), z€][0,c],
1 (0,0,0) = v (0) =02 (0) = v (0) = v°
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F:DxR" =28 D =[0,a] x[0,b] x [0,c] C R3 is a lower semi-continuous multifunction,
whose values are non-empty closed and not necessarily convex subsets of R™. We prove an
existence theorem of a local solution for the specified Darboux Problem (1.1) 4 (1.2) using
Fryszkowski’s Selection Theorem and Schauder’s Fixed Point Theorem.

In [35] we considered the Darboux Problem (1.1) + (1.2) where F : D x Q — 28" were
a multifunction with compact and non-empty values and €2 C R™ were an open subset.
Under suitable assumptions, we proved an existence theorem for a local selection of the
Darboux Problem (1.1) + (1.2), using the Kakutani-Ky Fan Fixed Point Theorem, and we
also proved that the set of its solutions is compact in Banach space C (Dg;R™), Dy =
[0, z0] % [0, yo] X [0, z0] C D; moreover, as a function of the initial values, this set defines an
upper semi-continuous multifunction.

In [36] we proved a theorem of prolongation for the solutions of the considered problem
and also an existence theorem for a saturated solution.

In [37] we proved a characterization theorem for the solutions of Darboux Problem (1.1)+
(1.2) using the Aumann integral [2] defined for multifunctions.

In [38], using the notion of uniform convergence on compact sets defined by Arrigo
Cellina [9], [10] for a sequence of single-valued functions, fr : A — R™ such that fr — F,
where F' is a multifunction, we considered a sequence of approximating univalued equations
of the form uyy. = fi (2,y,2,u) and we proved that they have a unique solution, using
Schauder’s Fixed Point Theorem. Using a characterization theorem for the solutions of the
Darboux Problem for the specified inclusion [37], we proved that the sequence of solutions to
the approximating univalued equations uniformly converges, on compact sets, to a solution
of the Darboux Problem (1.1) 4+ (1.2) for the considered inclusion, hence we obtained a
global solution of this problem as the uniform limit of the sequence of the solutions for the
approximating equations.

In [39] we considered the Darboux Problem (1.1) + (1.2), where F : D x B — comp A
satisfies the Carathéodory type conditions, and whose values are non-empty compact and
not necessarily convex subsets of R™. We proved an existence theorem of a continuous

selection, and also an existence theorem of an absolutely continuous solution for Darboux
Problem (1.1) + (1.2).

In [40] we considered the Darboux Problem (1.1) + (1.2), where F' : D x B — comp A
is a continuous multifunction whose values are non-empty compact and not necessarily
convex subsets of R™. We proved a theorem which establishes the existence of a continuous
selection for each of the functions (z,y,z) — F(x,y,z,u(z,y, 2)) with respect to a given
family of continuous functions (z,y, z) — w (x,y, z). Using this result and Schauder’s Fixed
Point Theorem it is obtained an existence theorem of an absolutely continuous solution for
Darboux Problem (1.1) + (1.2).

In [41] we considered the same Darboux Problem (1.1) + (1.2), where F' is a continuous
multifunction, the refined case, and we obtained a similar result, stronger than the one in
[38].

This paper has been suggested by [34], and it provides an extension of the result in that
article. In a manner used in [1], [24], [39]-[41], we obtain the existence of a local solution for
Darboux Problem (1.1) + (1.2).
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2 Preliminaries

The definitions and Theorems 2.1-2.10 in this section are recalled from [1]-[33].

Definition 2.1. Let X and Y be two non-empty sets. A multifunction ® : X — 2Y is a
function from X into the family of all non-empty subsets of Y.

To each z € X, a subset @ (z) of Y is associated by the multifunction ®. The set

U @ (x) is the range of &, & (X) = { U @(z) | xGX}.
reX rzeX
Definition 2.2. Let us consider ® : X — 2V,
a) If A C X, the image of Aby ®is ®(A)= U ®(x);
T€EA
b) If B C Y, the counterimage of B by ® is

& (B)={re X |®(x)NB#0};
¢) The graph of ®, denoted graph ®, is the set

graph® = {(z,y) e X xY |y € ® (x)}.

Definition 2.3. Let us now take ® : X — 2. An element € X with the property that
x € ®(x) is called a fized point of the multifunction ®.

Definition 2.4. A univalued function ¢ : X — Y is said to be a selection of ® : X — 2Y if
p(x) € ®(x) for all z € X.

Definition 2.5. Let X and Y be two topological spaces. The multifunction ® : X — 2Y is
upper semi-continuous if, for any closed B CY, ®~ (B) is closed in X.

Definition 2.6. If X and Y are two topological spaces, the multifunction ® : X — 2V is
lower semi-continuous if, for every open subset Q C Y, the set &~ (Q) is open in X.

Definition 2.7. The multifunction ® : X — 2V is continuous if it is upper semi-continuous
and lower semi-continuous.

Definition 2.8. If (X, F) is a measurable space and Y is a topological space, the multi-
function ® : X — 2Y is measurable (weakly measurable), if ®~ (B) € F for every closed
(open) subset B C Y, F being the o-algebra of the measurable sets of X, i.e. &~ (B) is
measurable.

Theorem 2.1 [30]. Let X and Y be two metric spaces, Y being compact and ® : X — 2Y
a multifunction with the property that ® (x) is a closed subset of Y for any v € X. The
following assertions are equivalent:

1) the multifunction ® is upper semi-continuous;

i) the graph of ® is a closed subset of X xY;

i11) any would be the sequences (xy),cy and (Yn),cn, from x, — x, yp € ®(2,) and
Yn — y it follows that y € @ (z).

Theorem 2.2 [21]. When X is first countable and Y is a metric space, ® : X — 2Y is
lower semi-continuous if and only if, for every & € X, every sequence {x,} in X converging
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to & and every § € ® (&), there exists a sequence {y,} in Y converging to §, such that
Yn € @ (x,,) for all n € N.

Definition 2.9 [5], [11], [14]. The function u : A — R", A C R?, is absolutely continuous
in Carathéodory’s sense [5, §565 - §570] if and only if it is continuous on A, absolutely
continuous in = (for any y), absolutely continuous in y (for any z), u. (x,y) is (possibly
after a suitable definition on a two-dimensional set of zero measure) absolutely continuous
in y (for any x) and ug,, is Lebesgue-integrable on A.

Theorem 2.3. [5], [11], [33] The function u : A — R", A = [0,a] x [0,b] C R?, is
absolutely continuous in Carathéodory’s sense on A if and only if there exist f € L' (A\;R"),
g € L' ([0,a] ;R™), h € L ([0,b] ; R™) such that

T Yy T Yy
u(z,y) :/ / f(s,t)dsdt+/ g(s)ds+/ h(t)dt +u(0,0).
o Jo 0 0
We denote the class of absolutely continuous functions in Carathéodory’s sense by
C* (A;R™), [14]. In [11], this space is denoted by AC (A;R™).
Theorem 2.4. [11] The space C* (A;R™) endowed with the norm

a b a b
lu(, )= / / iy (5. )] ds dt + / s (s,0)]] ds + / g (0,2)]| dt + [[u(0, 0)]|

where A\ = [0,a] x [0,b] C R?, and ||-|| is the Euclidean norm, is a Banach space.

Definition 2.10 [15]. The function v : D — R™, D C R3, is absolutely continuous in
Carathéodory’s sense [5, §565 - §570] if and only if u(x,y, z) is continuous on D, abso-
lutely continuous in each variable (for any pair of the other two variables) and similarly
for us (z,y,2), uy (2,9, 2), u: (2,y,2), Uzy (T,Y,2), Uy (2,9, 2), Ug: (2,Y,2), and ugy. is
Lebesgue-integrable on D.

Theorem 2.5. [11] The function u: D — R™, D = [0,a] x [0,b] x [0,¢] C R3, is absolutely
continuous in Carathéodory’s sense on D if and only if there exist f € L' (D;R"™), g1 €
L' (Dy;R"), go € L' (Dy;R"), g3 € L' (D3;R™), hy € L*([0,a]; R"), hy € L' ([0,b];R™),
hs € L' ([0, ] ;R™), such that

T py pz Ty
u(m,y,z):/ / / f(r,s,t)drdsdt—l—/ / g1 (r, ) dr ds+
o Jo Jo o Jo
y oz T oz
+/ / g2 (s, 1) dsdt—i—/ / g3 (r,t) dr dt+
0o Jo o Jo
x y

—i—/olhl(r)dr—i—/ hz(s)ds+/zhs(t)dt+U(070,0)-

0 0

We denote the class of absolutely continuous functions in Carathéodory’s sense on D by
C* (D;R™) [15].



AN APPLICATION OF FRYSZKOWSKI'S SELECTION THEOREM 115

Theorem 2.6 [11] The space C* (D;R™) endowed with the norm

a b c a b
o)l = / / / ltays (. 5,8)|| dr ds dt + / / ltay (r, 5, 0)|| dr s+
0 0 0 0 0

b c a c
+ / / |y (0,s,¢)|| ds dt + / / lugs (r,0,8)|| dr dt+
o Jo o Jo

a b
+ / s (r,0,0)] dr + / iy (0, 5, 0)]| ds+
0 0
T / s (0,0, )] dt + [ 0,0, 0)]|
0

where D = [0,a] x [0,b] x [0,¢] C R3, and ||-|| is the Euclidean norm, is a Banach space.

The next result is an instance of a general selection theorem due to Kuratowski and
Ryll-Nardzewski.

Theorem 2.7 [20], [24]. Let X be a separable real Banach space and let H : [0,7] — 2% be
a non-empty and closed valued mapping. If H is weakly measurable then it has at least one

measurable selection, i.e. there exists at least one measurable function h : [0,T] — X such
that h (t) € H (t) a.e. fort e (0,T), [24], [6, Theorem III 6, p.65].

Corollary 2.1 [24]. Let X be a separable real Banach space, let C be a non-empty and closed
subset in X and let F : [0,7] x C — 2% be a non-empty and closed-value mapping which
is lower semi-continuous on [0,7] x C. Then, for each continuous function w : [0,7] — C,
the mapping Fow : [0,T] — 2%, (Fou)(t) = F (t,u(t)) for each t € [0,7] has at least one
measurable selection.

Proof. Obviously Fou is lower semi-continuous on [0, 7] and hence it is weakly measurable.
Thus Theorem 2.7 applies and this completes the proof, [24].

Definition 2.11 [3], [24]. Let K be a non-empty subset in C ([0,T];X) and let F : K —
2L (0.T1:X) e o non-empty and closed valued mapping. We say that F is decomposable if

for each u € K, each f,g € F (u) and each measurable subset E in [0,7] we have
f-xe+9-xom-£ €F(u),

where y g is the characteristic function of E.

In the proof of our existence result it is used the following specific form of a selection
theorem due to Fryszkowski [17].

Theorem 2.8 [17], [24]. Let X be a separable real Banach space, let K be a compact subset
in C([0,T);X) and let F : K — 2L (0.T]X) pe g non-empty and closed valued mapping
which is lower semi-continuous and decomposable. Then there exists at least one continuous

function f: K — L' ([0,T]; X) such that f (u) € F (u) for each u € K.

Theorem 2.9 (Mazur’s Lemma, [18], [19], [30], [42]. The convex envelope of compact set in
a Banach space is compact set.
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Theorem 2.10 (Schauder, [18], [30]). Let X be a Banach space, f : X — X a continuous
mapping and A C X a convex compact subset with the property that f (A) C A. Then f
has at least a fixed point, i.e. there exists at least an element x € A with the property that

f (@)= .
The following version of Schauder’s Theorem is useful for applications.

The Schauder’s Theorem. Let X be a Banach space and Y C X a non-empty bounded
conver and closed subset. If f :Y — Y is a completely continuous mapping, i.e. it is
compact and continuous, then f has at least a fized point, i.e. there exists at least an
element x € Y with the property that f (x) = x.

3 The Darboux Problem for third order hyperbolic in-
clusions

Definition 3.1. The Darbouz Problem for the hyperbolic inclusion (1.1) means to determine
a solution of this inclusion which satisfies the initial conditions (1.2).

Definition 3.2. A function v : D — R"” is called a solution of the Darboux Problem
(1.1) 4+ (1.2) if it is absolutely continuous in Carathéodory’s sense on D, u € C* (D;R"™) [5,
§565 - §570], and it satisfies (1.1) for a.e. (z,y,2) € D, and also the initial conditions (1.2)
for all (x,y) € Dy, all (y,z) € Dy, all (z,z) € Ds.

Let the following hypotheses be satisfied:

(H)) F:DxR*— 28" is a non-empty and closed valued multifunction which is lower
semi-continuous on D x R™.

(Hz) There exists M > 0 such that
sup{[[C]| | ¢ € F'(z,y,2,u)} <M
for every (z,y,z,u) € D xR", (z,y,2) € D, |lul| < C, C > 0.
(H3) The functions ¢ € C* (Dy;R"™), ¢ € C* (Dg;R™), x € C* (D3, R™) given by (1.2) are

absolutely continuous in Carathéodory’s sense functions and satisfy conditions (1.3).

Remark 3.1. The function o : D — R™ defined by
Oé(.’L’,y,Z) :<p(a:,y)—|—1p(y,z)+x(:c,z) _(10('7;70) _W(Ovy) _¢(0az)+¢(0a0) =
= ¢ (@) + ¥ (y,2) + x(2,2) = v (2) =v* (y) —0* (2) +2°, (3.1)

is an absolutely continuous in Carathéodory’s sense function on D, ov € C*(D;R™) [5, §565-
§570].

Suppose that the following hypothesis holds:
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(Hy4) The function « : D — R™ defined by (3.1) is bounded, that is
la(z,y,2)|| < My, My >0, (z,y,2) € D. (3.2)

Define K to be the set of absolutely continuous in Carathéodory’s sense functions
u:D — R" ue C*(D;R") satisfying

llu(x,y,2) —a(x,y,2)|]| <r, wherer >0, (3.3)
and o3
‘ W ‘ <M, forae. (z,y,2)€ D, (3.4)

and also the conditions (1.2).

Proposition 3.1. The set K is a non-empty compact subset of C (D;R™).

. . . Bu(z,y,2) .

Proof. The relation u € K implies u € C (D;R™). We see that ————— exists for a.e.
Ox dy 0z
(x,y,2) € D, as u € C* (D;R") [5]. Integrating % on D and using the conditions
(1.2) we obtain
u(z,y,z) =u(z,y,0) +u(z,0,2) —u(0,0) +U(0,y7 2) —u(0,y,2) —u(0,0,2) +
(r,s,t)
+u(0,0,0) + /// 5 95D ddsdt—
= ¢ (@,y) + 9 (y,2) (x 0) — (0 y) =¥ (0,2) +

Tst
t:
+ 4 (0,0,0) + /// 87‘838tdd8d

= (@,y) +¢ (Y, 2) + x(x,2) —v (x) v? (y) —v® (2) + "+

(r,s,t)
/ / 87‘688 ——————=drdsdt, (z,y,z)€ D. (3.5)

The compactness of the set Kresults using the Arzela-Ascoli theorem. The set K is
equibounded. From (3.2), (3.3) and (3.4) we have

u(z,y,2)|| < lla(z,y,2)| + drdsdt <

rst
8r8 ot

§M1—|—///Mdrdsdt:Ml—i—Mabc:C, C>0, (z,y,2) € D.

The set K is equicontinuous. Using the absolute continuity of the integral, it follows that
lu(z+hy+kz+1)—u(z,y2)| <e for hk,leR with |h|,k|,|l] <d(e).

Theorem 3.1. Let the hypotheses (Hy) — (Hy) be satisfied. Then, the Darbouz Problem
(1.1) 4+ (1.2) has a local solution on Do = [0, xq] x [0,yo] % [0, z0] C D.
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Proof. Let us define F : K — 2L" (DiR") by
Fu)={f e L' (D;R") | f (,y,2) € F(2,y,2,u(x,y,2)) for ae.(z,y,2) € D}  (3.6)

for each u € K.

In view of the hypotheses (Hy), (Hz), of (3.3) and of Corollary 2.1, F has non-empty and
closed values. Since F' is lower semi-continuous the multifunction F is lower semi-continuous,
too. In addition, F is decomposable. Then, by Fryszkowski’s Theorem 2.8, it follows that
there exists a continuous function f: K — L' (D;R") such that

f ) (z,y,2) € F(x,y,2,u(x,y,z)) for each u € K and for a.e. (z,y,2) € D. (3.7)
Let h(u) : D — R™, u € K, be the continuous function defined by

h(u) (z,y,2) = a(x,y,2) / / / f(u) (r,s,t)drdsdt. (3.8)
Using (3.1) we have, by (3.8),
h(u) (2,9, 2) = ¢ (2,9) + 9 (y,2) + x (2, 2) = ¢ (2,0) = 9 (0,5) = (0,2) +¢(0,0) +

///f (rys,t)drdsdt, (x,y,z) € D, (3.9)

which can be rewritten as

v 920
h(u) (z,y, 2z ///f Tstdrdsdt+// (97‘(98 dd+
0% (s,t) o (1,0)
/ / 9501 d dt—l—/ / 3r8t d dt+/0 e — dr+

/y&P( %) g +/ WO gy 40 (0,0,0), for (m,y,2) €D, (3.10)
0 0

0s ot

Indeed, we have

[ [ et [ P [ 22l
/0 [ o) 26004y~ o) | - o) [ =
=l (z,9) — ¢ (0,9)] = [¢(2,0) — ¢ (0,0)] =

=@ y) (0,y) — ¢ (2,0) +¢(0,0), (3.11)

[ L 5o [ ([ “aba] [ 0]

:/Oy {awgz,z) _azuéz,m}ds:qp(s,z) v =

= [V (y,2) =¥ (0,2)] = [¢ (y,0) =¥ (0,0)] =
Zw(%Z) _7/)(072) —¢(y70)+¢(0a0)7 (3'12)
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zax (r, )| B
/ / (‘37“('% g it = /0 [0 arat ] 0 or tzodr’
:/0 [8Xé: z) (é )}d —\(r,2) :z:—x(ho) :::
= [x(@,2) = X (0,2)] = [ (,0) = x (0,0)] =
X( ) X(O7'Z) —X(.’I},O) +X(070), (313)
/ 200 = o) = (@.0) 0 (0,0), (3.14)
2 (0.9)| = ¢ (0.5) = ¢(0,0), (3.15)
—4 00| =002 -0 0.0, (3.16)
It follows from (1.3) that
1 (0,0,0) = ¢ (0,0) = v (0,0) = x (0,0). (3.17)

Replacing (3.11) — (3.17) in (3.10), it follows that (3.9) holds.

By Theorem 2.5 and (3.9) we conclude that h (u) € C* (D;R™) for each u € K, i.e. h(u)
is absolutely continuous in Carathéodory’s sense on D. One obtains h(u) € K for each
u € K hence h (K) C K. Indeed, from (3.9) we have

(r,s,t) drdsdtH

s/O/O/O||f<u><r,s,t>||drdsdts

< Mxyz < Mxoyozo <,
for (I7yvz) €Dy = [OaIO] X [anO] X [OaZO] cD. (318)

||h(u) (fE,y7 )—OZ T, Y,z

Choose (x, Yo, 2z0) € D such that the condition
Mzoygzg < T (3.19)

holds. By (3.18) and (3.19) we conclude that h (u) satisfies the inequality (3.3).
Moreover, it follows from definition (3.8) that

0*h (u) (x,y, 2)

0z 0y 0z =f(u)(z,y,2), (z,y,2) €D,

but, from (3.7), we have

CZ f(u) (x,y,z) € F(x’y7zau(x’yvz))

for each u € K and for a.e. (z,y,z2) € D.
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From the hypothesis (Hs), it follows that ||| = ||f (v) (z,y, 2)|| < M for every (x,y, 2, u)
€ D xR", (x,y,2) € D, |Ju|| <C, C > 0. Consequently

9*h (u) (2,y, 2)
Oz 0y 0z

‘ <M, (z,y,z,u) €D xR", (3.20)

i.e. h(u) satisfies (3.4). It follows from (3.8) that h (u) satisfies the conditions (1.2). Using
(3.18), (3.19), (3.20), it results from definition of the set K that h(u) € K. Since u € K
implies h (u) € K, we conclude that h(K) C K. Since h is continuous and K is compact,
from Mazur’s Theorem 2.9 it follows that the set Ko = conv h (K) is compact and convex.
Using Schauder’s Fixed Point Theorem 2.10, it follows that there exists @ € Ky such that
@ = h(a),ie. h(a)(x,y,2) =1u(z,y,z2), (x,y,2) € Dy. This implies, in view of (3.7) and
(3.8), that

& (z,y,2)

Oz 0y 0z

for a.e. (x,y,2) € Dy C D, i.e. usatisfies (1.1). Moreover, @ also satisfies (1.2), consequently
@ is a local solution of the Darboux Problem (1.1) 4 (1.2). The proof is complete.

= f(ﬁ) (:my,z) € F(m,y,z,ﬁ(m,y,z))
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