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A Note on Strong Differential Subordinations

Using Sălăgean and Ruscheweyh Operators

Alina ALB LUPAŞ

Abstract. In the present paper we establish several strong differential subordi-
nations regardind the new operator SRm defined by the Hadamard product of
the Sălăgean operator Sm and the Ruscheweyh operator Rm, given by SRm :
A∗nζ → A∗nζ , SRmf (z, ζ) = (Sm ∗Rm) f (z, ζ), where A∗nζ = {f ∈ H(U × U),

f(z, ζ) = z+an+1 (ζ) z
n+1+. . . , z ∈ U, ζ ∈ U} is the class of normalized analytic

functions.
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1 Introduction

Denote by U the unit disc of the complex plane U = {z ∈ C : |z| < 1}, U = {z ∈ C : |z| ≤ 1}
the closed unit disc of the complex plane and H(U × U) the class of analytic functions in
U × U .

Let

A∗nζ = {f ∈ H(U × U), f(z, ζ) = z + an+1 (ζ) z
n+1 + . . . , z ∈ U, ζ ∈ U},

where ak (ζ) are holomorphic functions in U for k ≥ n+ 1, and

H∗[a, n, ζ] = {f ∈ H(U × U), f(z) = a+ an (ζ) z
n + an+1 (ζ) z

n+1 + . . . , z ∈ U, ζ ∈ U},

for a ∈ C and n ∈ N, ak (ζ) are holomorphic functions in U for k ≥ n.

Denote by

Hu (U) =
{

f ∈ H∗[a, n, ζ], f (z, ζ) univalent in U, for all ζ ∈ U
}

,

K∗ =

{

f ∈ H∗[a, n, ζ], Re
zf ′′(z, ζ)

f ′(z, ζ)
+ 1 > 0, z ∈ U, for all ζ ∈ U

}

,

the class of convex functions and

S∗ =

{

f ∈ H∗[a, n, ζ], Re
zf ′(z, ζ)

f(z, ζ)
> 0, z ∈ U, for all ζ ∈ U

}

the class of starlike functions.
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Definition 1.1. [2] Let f (z, ζ), H (x, ζ) analytic in U × U. The function f (z, ζ) is said to
be strongly subordinate to H (z, ζ) if there exists a function w analytic in U , with w (0) = 0
and |w (z)| < 1 such that f (z, ζ) = H (w (z) , ζ) for all ζ ∈ U . In such a case we write
f (z, ζ) ≺≺ H (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.1. [2] (i) Since f (z, ζ) is analytic in U × U , for all ζ ∈ U, and univalent in
U, for all ζ ∈ U , Definition 1.1 is equivalent to f (0, ζ) = H (0, ζ) , for all ζ ∈ U, and
f
(

U × U
)

⊂ H
(

U × U
)

.

(ii) If H (z, ζ) ≡ H (z) and f (z, ζ) ≡ f (z) , the strong subordination becomes the usual
notion of subordination.

Lemma 1.1. [4, p. 71] Let h (z, ζ) be a convex function with h (0, ζ) = a for every ζ ∈ U

and let γ ∈ C
∗ be a complex number with Re γ ≥ 0. If p ∈ H∗[a, n, ζ] and

p (z, ζ) +
1

γ
zp′ (z, ζ) ≺≺ h (z, ζ) ,

then

p (z, ζ) ≺≺ g (z, ζ) ≺≺ h (z, ζ) ,

where g (z, ζ) =
γ

nz
γ

n

z
∫

0

h (t, ζ) t
γ

n
−1dt is convex and it is the best dominant.

Lemma 1.2. [3] Let g (z, ζ) be a convex function in U , for all ζ ∈ U, and let

h(z, ζ) = g(z, ζ) + nαzg′(z, ζ), z ∈ U, ζ ∈ U,

where α > 0 and n is a positive integer. If

p(z, ζ) = g(0, ζ) + pn (ζ) z
n + pn+1 (ζ) z

n+1 + . . . , z ∈ U, ζ ∈ U,

is holomorphic in U, for all ζ ∈ U, and

p(z, ζ) + αzp′(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U,

then

p(z, ζ) ≺≺ g(z, ζ)

and this result is sharp.

Definition 1.2. (Sălăgean [6]) For f ∈ A∗nζ , n ∈ N, m ∈ N ∪ {0} , the operator Sm is
defined by Sm : A∗nζ → A∗nζ ,

S0f (z, ζ) = f (z, ζ)

S1f (z, ζ) = zf ′(z, ζ)

. . .

Sm+1f(z, ζ) = z (Smf (z, ζ))
′

, z ∈ U, ζ ∈ U.
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Remark 1.2. If f ∈ A∗nζ , f(z, ζ) = z +
∞
∑

j=n+1

aj (ζ) z
j , then

Smf (z, ζ) = z +

∞
∑

j=n+1

jmaj (ζ) z
j , z ∈ U, ζ ∈ U.

Definition 1.3. (Ruscheweyh [5]) For f ∈ A∗nζ , n ∈ N, m ∈ N ∪ {0} , the operator Rm is
defined by Rm : A∗nζ → A∗nζ ,

R0f (z, ζ) = f (z, ζ)

R1f (z, ζ) = zf ′ (z, ζ)

. . .

(m+ 1)Rm+1f (z, ζ) = z (Rmf (z, ζ))
′

+mRmf (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.3. If f ∈ A∗nζ , f(z, ζ) = z +
∞
∑

j=n+1

aj (ζ) z
j , then

Rmf (z, ζ) = z +

∞
∑

j=n+1

Cm
m+j−1aj (ζ) z

j , z ∈ U, ζ ∈ U.

2 Main Results

Definition 2.1. [1] Let m ∈ N∪{0}. Denote by SRm the operator given by the Hadamard
product (the convolution product) of the Sălăgean operator Sm and the Ruscheweyh oper-
ator Rm, SRm : A∗nζ → A∗nζ ,

SRmf (z, ζ) = (Sm ∗Rm) f (z, ζ) .

Remark 2.1. If f ∈ A∗nζ , f(z, ζ) = z +
∞
∑

j=n+1

aj (ζ) z
j , then

SRmf (z, ζ) = z +
∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j , z ∈ U, ζ ∈ U.

Theorem 2.1. Let g (z, ζ) be a convex function such that g (0, ζ) = 1 and let h be the

function h (z, ζ) = g (z, ζ)+ zg′ (z, ζ), z ∈ U, ζ ∈ U . If m ∈ N∪{0}, f ∈ A∗nζ and the strong

differential subordination

1

z
SRm+1f (z, ζ) +

m

m+ 1
z (SRmf (z, ζ))

′′

≺≺ h (z, ζ) , z ∈ U, ζ ∈ U (2.1)

holds, then

(SRmf (z, ζ))
′

≺≺ g (z, ζ) , z ∈ U, ζ ∈ U

and this result is sharp.
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Proof. With notation

p (z, ζ) = (SRmf (z, ζ))
′

= 1 +

∞
∑

j=n+1

Cm
m+j−1j

m+1a2j (ζ) z
j−1

and p (0, ζ) = 1, we obtain for

f(z, ζ) = z +

∞
∑

j=n+1

aj (ζ) z
j ,

p (z, ζ) + zp′ (z, ζ) =
1

z
SRm+1f (z, ζ) + z

m

m+ 1
(SRmf (z, ζ))

′′

.

We have p (z, ζ) + zp′ (z, ζ) ≺≺ h (z, ζ) = g (z, ζ) + zg′ (z, ζ), z ∈ U, ζ ∈ U . By using
Lemma 1.2 we obtain p (z, ζ) ≺≺ g (z, ζ), z ∈ U , ζ ∈ U , i.e. (SRmf (z, ζ))

′

≺≺ g (z, ζ),
z ∈ U, ζ ∈ U and this result is sharp.

Theorem 2.2. Let h (z, ζ) be a convex function such that h (0, ζ) = 1. If m ∈ N ∪ {0},
f ∈ A∗nζ and the strong differential subordination

1

z
SRm+1f (z, ζ) +

m

m+ 1
z (SRmf (z, ζ))

′′

≺≺ h (z, ζ) , z ∈ U, ζ ∈ U (2.2)

holds, then

(SRmf (z, ζ))
′

≺≺ g (z, ζ) ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U,

where g (z, ζ) =
1

nz
1

n

z
∫

0

h (t, ζ) t
1

n
−1dt is convex and it is the best dominant.

Proof. With notation

p (z, ζ) = (SRmf (z, ζ))
′

= 1 +

∞
∑

j=n+1

Cm
m+j−1j

m+1a2j (ζ) z
j−1

and p (0, ζ) = 1, we obtain for

f(z, ζ) = z +
∞
∑

j=n+1

aj (ζ) z
j ,

p (z, ζ) + zp′ (z, ζ) =
1

z
SRm+1f (z, ζ) + z

m

m+ 1
(SRmf (z, ζ))

′′

.

We have p (z, ζ) + zp′ (z, ζ) ≺≺ h (z, ζ), z ∈ U, ζ ∈ U . Since p (z, ζ) ∈ H∗ [1, n, ζ] , using
Lemma 1.1, for γ = 1, we obtain p (z, ζ) ≺≺ g (z, ζ) ≺≺ h (z, ζ), z ∈ U , ζ ∈ U , i.e.

(SRmf (z, ζ))
′

≺≺ g (z, ζ) =
1

nz
1

n

∫ z

0

h (t, ζ) t
1

n
−1dt ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U,

and g (z, ζ) is convex and it is the best dominant.
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Theorem 2.3. Let g (z, ζ) be a convex function, g (0, ζ) = 1 and let h be the function

h (z, ζ) = g (z, ζ) + zg′ (z, ζ), z ∈ U, ζ ∈ U . If m ∈ N ∪ {0}, f ∈ A∗nζ and verifies the strong

differential subordination

(SRmf (z, ζ))
′

≺≺ h (z, ζ) , z ∈ U, ζ ∈ U, (2.3)

then
SRmf (z, ζ)

z
≺≺ g (z, ζ) , z ∈ U, ζ ∈ U,

and this result is sharp.

Proof. For f ∈ A∗nζ , f(z, ζ) = z +
∞
∑

j=n+1

aj (ζ) z
j we have

SRmf (z, ζ) = z +

∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j , z ∈ U, ζ ∈ U.

Consider

p (z, ζ) =
SRmf (z, ζ)

z
=

z +
∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j

z
= 1 +

∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j−1.

We have
p (z, ζ) + zp′ (z, ζ) = (SRmf (z, ζ))

′

, z ∈ U, ζ ∈ U.

Then (SRmf (z, ζ))
′

≺≺ h (z, ζ), z ∈ U , ζ ∈ U becomes

p (z, ζ) + zp′ (z, ζ) ≺≺ h (z, ζ) = g (z, ζ) + zg′ (z, ζ) , z ∈ U, ζ ∈ U.

By using Lemma 1.2 we obtain p (z, ζ) ≺≺ g (z, ζ), z ∈ U , ζ ∈ U, i.e. SRmf(z,ζ)
z

≺≺ g (z, ζ),

z ∈ U , ζ ∈ U .

Theorem 2.4. Let h (z, ζ) be a convex function, h (0, ζ) = 1. If m ∈ N∪ {0}, f ∈ A∗nζ and

verifies the strong differential subordination

(SRmf (z, ζ))
′

≺≺ h (z, ζ) , z ∈ U, ζ ∈ U, (2.4)

then
SRmf (z, ζ)

z
≺≺ g (z, ζ) ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U,

where g (z, ζ) =
1

nz
1

n

z
∫

0

h (t, ζ) t
1

n
−1dt is convex and it is the best dominant.

Proof. For f ∈ A∗nζ , f(z, ζ) = z +
∞
∑

j=n+1

aj (ζ) z
j we have

SRmf (z, ζ) = z +

∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j , z ∈ U, ζ ∈ U.
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Consider

p (z, ζ) =
SRmf (z, ζ)

z
=

z +
∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j

z

= 1 +

∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j−1 ∈ H∗ [1, n, ζ] .

We have p (z, ζ) + zp′ (z, ζ) = (SRmf (z, ζ))
′

, z ∈ U , ζ ∈ U.

Then (SRmf (z, ζ))
′

≺≺ h (z, ζ), z ∈ U, ζ ∈ U becomes p (z, ζ) + zp′ (z, ζ) ≺≺ h (z, ζ),
z ∈ U , ζ ∈ U. By using Lemma 1.1, for γ = 1, we obtain p (z, ζ) ≺≺ g (z, ζ) ≺≺ h (z, ζ),
z ∈ U , ζ ∈ U, i.e.

SRmf (z, ζ)

z
≺≺ g (z, ζ) =

1

nz
1

n

∫ z

0

h (t, ζ) t
1

n
−1dt ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U,

and g (z, ζ) is convex and it is the best dominant.

Theorem 2.5. Let g (z, ζ) be a convex function such that g (0, ζ) = 1 and let h be the

function h (z, ζ) = g (z, ζ) + zg′ (z, ζ), z ∈ U, ζ ∈ U . If m ∈ N ∪ {0}, f ∈ A∗nζ and verifies

the strong differential subordination

(

zSRm+1f (z, ζ)

SRmf (z, ζ)

)′

≺≺ h (z, ζ) , z ∈ U, ζ ∈ U, (2.5)

then
SRm+1f (z, ζ)

SRmf (z, ζ)
≺≺ g (z, ζ) , z ∈ U, ζ ∈ U

and this result is sharp.

Proof. For f ∈ A∗nζ , f(z, ζ) = z +
∞
∑

j=n+1

aj (ζ) z
j we have

SRmf (z, ζ) = z +
∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j , z ∈ U, ζ ∈ U.

Consider

p (z, ζ) =
SRm+1f (z, ζ)

SRmf (z, ζ)
=

z +
∞
∑

j=n+1

Cm+1
m+j j

m+1a2j (ζ) z
j

z +
∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j

=

1 +
∞
∑

j=n+1

Cm+1
m+j j

m+1a2j (ζ) z
j−1

1 +
∞
∑

j=n+1

Cm
m+j−1j

ma2j (ζ) z
j−1

.
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We have

p′ (z, ζ) =

(

SRm+1f (z, ζ)
)

′

SRmf (z, ζ)
− p (z, ζ) ·

(SRmf (z, ζ))
′

SRmf (z, ζ)
.

Then

p (z, ζ) + zp′ (z, ζ) =

(

zSRm+1f (z, ζ)

SRmf (z, ζ)

)′

.

Relation (2.5) becomes

p (z, ζ) + zp′ (z, ζ) ≺≺ h (z, ζ) = g (z, ζ) + zg′ (z, ζ) , z ∈ U, ζ ∈ U

and by using Lemma 1.2 we obtain p (z, ζ) ≺≺ g (z, ζ), z ∈ U, ζ ∈ U , i.e.

SRm+1f (z, ζ)

SRmf (z, ζ)
≺≺ g (z, ζ) , z ∈ U, ζ ∈ U.
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