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Continuous Selections for Continuous
Multifunctions and the Darboux Problem for
Third Order Hyperbolic Inclusions.

The Refined Case

Georgeta TEODORU

Abstract. In this paper we consider the Darboux Problem for a third order
hyperbolic inclusion of the form wu,,. € F (z,y,2,u), where F is a continuous
multifunction defined on a compact subset of R*™3 and whose values are non-
empty compact and not necessarily convex subsets in R”. We prove a theorem
which establishes the existence of a continuous selection for each of the functions
(x,y,2) = F(x,y,z,u(z,y,z)) with respect to a given family of continuous
functions (z,y, z) = u (x,y, z). In two preceding paper [36], [37], we considered F’
to be a continuous multifunction and respectively F' satisfying the Carathéodory
type conditions. Now we consider the continuous case refined. Using this result,
i.e. the selection theorem, which is stronger than Theorem 4.1 [36] and Schauder’s
Fixed Point Theorem, it is obtained an existence theorem for an absolutely
continuous solution of the Darboux Problem for the specified inclusion.
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1 Introduction

In this paper we consider the Darboux Problem for a third order hyperbolic inclusion of the
form
u (z,y,2)

81’8]/82 EF(x’y’Z’u)’ (x,y,Z)ED:[O,CL]X[O,b]X[O7C]7uEBc[R s (11)

with the initial values

u(m,y,O):go(x,y), (a:,y)eDl—[O,a]x[O,b],
U(anvz) :¢(y,z), (y,z) €D, = [Ovb} X [070}7 (1'2)
'LL(.’E,O,Z):X((L',Z), ($7Z)ED3_[07(L]X[076]7



120 GEORGETA TEODORU

where ¢, 1, x are absolutely continuous in Carathéodory’s sense functions [4,§565-§570],
p € C* (D;R™), ¢ € C* (Dy; R™), x € C* (D3; R™) and they satisty the conditions

u(z,0,0) = ¢ (2,0) = x (2,0) = vl (z), =z €]0,q],

(O Y, ) (O y) 1/} (y7 0) = U2 (y) ’ Y € [07 b] ’ (1 3)
(O 0, Z) (Oa Z) (Ov Z) =? (Z) , 2 E [07 C] ) -

1 (0,0,0) = v (0) = 1)2 (0) = v3(0) = 2°.

F: DxB — comp A is a continuous multifunction whose values are non-empty compact and

not necessarily convex subsets of R™, A is the closed ball centered at the origin of R™ with
radius M and B is the closed ball centered at the origin of R™ with radius r = My + M abc.

We prove a theorem which establishes the existence of a continuous selection for each
of the functions (x,y,z) — F(x,y,z,u(z,y, 2)) with respect to a given family of continu-
ous functions (z,y,z) — u(x,y, z). In two preceding paper [36], [37] we considered F' as a
continuous multifunction and respectively F' satisfying the Carathéodory type conditions.
Now we consider the continuous case refined. This result is stronger that Theorem 4.1 [36].
The approximation that we obtain, which is basically elementary, consists in systematically
using the continuous partition of the unity and also in construction some appropiate approx-
imate selections. The role thereof is somehow analogous to the role played by step functions
in approximating continuous functions with real values defined on a compact interval, and
to the role played by the approximate solutions in construction the solutions of the ordi-
nary or generalized differential equations, that is differential inclusions as well. Using this
result, i.e. the selection theorem and Schauder’s Fixed Point Theorem it is obtained an ex-
istence theorem of an absolutely continuous solution for Darboux Problem for the specified
inclusion.

In [32] we considered the Darboux Problem (1.1) + (1.2) where F : D x Q — 28" is a
multifunction with compact convex and non-empty values and 2 C R” is an open subset.
Under suitable assumptions, we proved an existence theorem for a local solution of the
Darboux Problem (1.1) + (1.2) using the Kakutani Ky-Fan Fixed Point Theorem, and that
the set of its solutions is compact in Banach space C' (Do; R™), Do = [0, 2] X [0, yo] x [0, z0] C
D:; moreover, as a function of the initial values this set defines an upper semi-continuous
multifunction.

In [33] we proved a theorem of prolongation for the solutions of the considered problem
(1.1) 4+ (1.2) and also an existence theorem for a saturated solution.

In [34] we proved a characterization theorem for the solutions of Darboux Problem (1.1)+
(1.2) using the Aumann integral [2] defined for multifunctions.

In [35], using the notion of uniform convergence on compact sets defined by Arrigo
Cellina [7], [8] for a sequence of single-valued functions f : A — R™ such that f, — F,
where F' is a multifunction, we considered a sequence of approximating univalued equations
of the form wug,. = fi (z,y,2,u) and we proved that they have a unique solution, using
Schauder’s Fixed Point Theorem. Using a characterization theorem for the solutions of the
Darboux Problem (1.1) + (1.2) for the specified inclusion [34], we proved that the sequence
of solutions to the approximating univalued equations uniformly converges, on compact sets,
to a solution of the Darboux Problem (1.1) + (1.2) for the considered inclusion; hence we
obtained a global solution of this problem as the uniform limit of the sequence of solutions
for the approximating equations.
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In [36] we considered the Darboux Problem (1.1) 4 (1.2), where F' : D x  — comp A
is a continuous multifunction whose values are non-empty compact and not necessarily
convex subsets of R”. We proved a theorem which establishes the existence of a continuous
selection for each of the functions (z,y,2) — F (z,y,2,u(x,y,z)) with respect to a given
family of continuous functions (z,y, 2) = u (x,y, z). Using this result and Schauder’s Fixed
Point Theorem it is obtained an existence theorem of an absolutely continuous solution for
Darboux Problem (1.1) + (1.2).

In [37] we considered the Darboux Problem (1.1) + (1.2), where F : D x B — comp A
satisfy the Carathéodory type conditions and whose values are non-empty compact and
not necessarily convex subsets of R". We proved an existence theorem of a continuous
selection similar to [36] and another existence theorem of an absolutely continuous solution
for Darboux Problem (1.1) + (1.2).

This paper has been suggested by [1], [27], [28], [31], [36], [37] and it provides an extension
of the results in those articles.

2 Preliminaries

The definitions and Theorems 2.1 — 2.6 in this section are recalled from [1]-[26].

Definition 2.1. Let X and Y be two non-empty sets. A multifunction ® : X — 2Y is a
function from X into the family of all non-empty subsets of Y.
To each z € X, a subset ®(x) of Y is associated by the multifunction ®. The set

U @ (z) is the range of ®. @(X):{ U @(x)xeX}.
zeX zeX

Definition 2.2. Let us consider ® : X — 2V,
a) If A C X, the image of Aby ®is ®(A) = |J P (x);
TEA
b) If B CY, the counterimage of B by ® is

O (B)={zeX|®(x)NB#0};
¢) The graph of ®, denoted graph @, is the set
graph® = {(z,y) e X XY |y € ®(x)}.

Definition 2.3. Let us now take ® : X — 2Y. An element z € X with the property that
x € @ (x) is called a fized point of the multifunction ®.

Definition 2.4. A univalued function ¢ : X — Y is said to be a selection of ® : X — 2Y if
o (z) € @ (x) for all z € X.

Definition 2.5. Let X and Y be two topological spaces. The multifunction ® : X — 2 is
upper semi-continuous if, for any closed B CY, &~ (B) is closed in X.

Definition 2.6. If X and Y are two topological spaces, the multifunction ® : X — 2V is
lower semi-continuous if, for every open subset 2 C Y, the set @~ () is open in X.
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Definition 2.7. The multifunction ® : X — 2" is continuous if it is upper semi-continuous
and lower semi-continuous.

Definition 2.8. If (X, F) is a measurable space and Y is a topological space, the multi-
function ® : X — 2V is measurable (weakly measurable), if @~ (B) € F for every closed
(open) subset B C Y, F being the o-algebra of the measurable sets of X, i.e. &~ (B) is
measurable.

Theorem 2.1 [23]. Let X and Y be two metric spaces, Y being compact, and ® : X — 2¥
a multifunction with the property that ® (x) is a closed subset of Y for any x € X. The
following assertions are equivalent:

1) the multifunction ® is upper semi-continuous;

i1) the graph of ® is a closed subset of X xY;

iii) any would be the sequences (xy),cy and (Yn),cy, from x, — =, yp € @ (x,) and
Yn — y it follows that y € @ (x).

Theorem 2.2 [15]. When X is first countable and Y is a metric space, ® : X — 2Y is
lower semi-continuous if and only if, for every & € X, every sequence {x,} in X converging
to & and every y € ®(Z), there exists a sequence {y,} in Y converging to g, such that
Yn € @ (x,,) for all n € N.

Definition 2.9. [4], [9], [13] The function u : A — R", A C R?, is absolutely continuous
in Carathéodory’s sense [4, §565 - §570] if and only if it is continuous on A, absolutely
continuous in z (for any y), absolutely continuous in y (for any z), wu, (z,y) is (possibly
after a suitable definition on a two-dimensional set of zero measure) absolutely continuous
in y (for any x) and ug, is Lebesgue-integrable on A.

Theorem 2.3. [4], [9], [26] The function v : A — R™, A = [0,a] x [0,b] C R?, is
absolutely continuous in Carathéodory’s sense on A if and only if there exist f € L' (A\;R"),
g € LY ([0,a];R™), h € L ([0,b] ; R™) such that

2

Ty z Yy
u(a:,y):/ / f(s,t)dsdtJr/ g(s)ds+/ h(t)dt +u(0,0).
o Jo 0 0
We denote the class of absolutely continuous functions in Carathéodory’s sense by

C* (A;R™) [13]. In [9], this space is denoted by AC (A;R™).
Theorem 2.4. [9] The space C* (L\;R™) endowed with the norm

a b a b
()| = / / ltay (5. )] ds it + / s (5, 0)]| ds + / iy (0, d + (0, 0)] .

where A = [0,a] x [0,b] C R?, and |-|| is the Buclidean norm, is a Banach space.

Definition 2.10. [14] The function v : D — R™, D C R3, is absolutely continuous in
Carathéodory’s sense [4, §565 - §570] if and only if w(x,y,2) is continuous on D, abso-
lutely continuous in each variable (for any pair of the other two variables) and similarly
for u, (z,y,2), uy (2, y,2), s (T,Y,2), Usy (T,Y,2), Uy (2,Y,2), Ups (2,9, 2), and Uy, is
Lebesgue-integrable on D.
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Theorem 2.5. (analogous with [9]) The function v : D — R™, D = [0,a] x [0,b] x
[0,c] C R3, is absolutely continuous in Carathéodory’s sense on D if and only if there exist
f et (D;Rn), 91 € L (Dl;Rn)) g2 € L (DZ;]RH)7 g3 € L (D3;Rn)7 hy € L ([0704} ;Rn);
ha € L' ([0,b];R™), hs € L ([0, ] ; R™), such that

(x r,s,t)drdsdt + 1 (rys)drds+
wa= [ o [
+/ / gg(s,t)dsdt+/ / g3 (r,t) dr dt+
o Jo 0o Jo

—|—/O hl(r)dr—F/O hg(s)ds—F/O hs (t) dt +(0,0,0).

We denote the class of absolutely continuous functions in Carathéodory’s sense on D by
C* (D;R™) [14].

Theorem 2.6. (analogous with [9]) The space C* (D;R™) endowed with the norm

|l (-, ||—/ / / [tgy- (1, 8,1)] |d7‘d8dt—|—/ / [ltugy (r,s,0)| dr ds+
+/ / Huyz((),s,t)HdsdtJr/ / |tgs (r,0,8)| dr dt+
o Jo o Jo

a b
+ / e (r, 0,0 dr + / g (0,5, 0)]| ds+
0 0
4 / s (0,0, 6)]| di + [l 0,0,0)]
0

where D = [0,a] x [0,b] x [0,¢] C R3, and |-|| is the BEuclidean norm, is a Banach space.

We denote by d(z,y) the Euclidean distance from x to y, =,y € R™, where R™ is the
Euclidean space. B [z, 7] is the closed ball of radius r > 0 centered at € R™. If A, B C R",
d(z,A) =1inf{d(z,y) |y € A}, d* (A, B) =sup{d(y,B) |y € A}, d(x,0) = 00

Let (X, d) be a metric space and P (X) the set of subsets of X. For A, B C X we have

Definition 2.11. [9], [23] The function dgy : P (X) — [0, +-o0]
dp (A, B) = max{d" (A, B),d" (B, A)} = max {sup d(z, B),sup d(a:,A)}
z€EA z€EB

is the Hausdorff-Pompeiu pseudometric.

The function dg defines a metric on the space F (X)) of the non-empty and closed subsets
of X, called the Hausdorff-Pompeiu metric.

3 Continuous selections. The continuous case refined

Let be the multifunction F' : D x B — comp A whose values are non-empty compact and
not necessarily convex subsets of R™, D = [0,a] x [0,b] x [0,c] C R®, A is the closed ball
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centered at the origin of R™ with radius M where M is given by (3.3), and B is the closed
ball centered at the origin of R™ with radius r = My + Mabc, where M is given by (3.2).

Proposition 3.1. [1] A is a compact space for the metric (Euclidean distance) d induced
on A by the Euclidean norm of R™.

Proposition 3.2. [1] The set comp A is a compact metric space for dg, where dy is the
Hausdorff-Pompeiu metric on comp A induced by d.

Let C (D;R™) be the Banach space of continuous functions from D into R and £* (D; R")
the Banach space of equivalence classes of Lebesgue-integrable functions on D and taking
values in R™.

Let the following hypotheses be satisfied:

(Hy) F:D x B — comp A is a continuous multifunction;
(Hz) The functions ¢ € C* (D1;R™), ¢ € C* (D9;R™), x € C* (D3;R™) given by (1.2) are

absolutely continuous in Carathéodory’s sense functions and satisfy conditions (1.3).

Remark 3.1. The function o« : D — R" defined by

Oé((E,y, Z) = go(x,y) + w(ya Z) + X(xv Z) - Lp(.’E, 0) - 90(07y) - 1/’(07 Z) + 1/}(07 0) =
= ¢(z,y) + (Y, 2) + x(z,2) —v'(x) = v*(y) —v°(2) + 0", (3.1)

is an absolutely continuous in Carathéodory’s sense function on D, a € C* (D;R") [4,
§565-8570].

Suppose that the following hypothesis holds:
(Hs) The function o : D — R™ defined by (3.1) is bounded, that is

Hoz(x,y,z)” S]\417 (Z‘,y,Z) €D. (32)

Define K to be the set of absolutely continuous in Carathéodory’s sense functions v :
D — R" satisfying

u (2,y, 2)
Ox Jy 0z

’ <M, forae. (x,y,2)€ D, (3.3)

and the conditions (1.2).

Proposition 3.3. The set K is a non-empty compact and convex subset of C (D;R™).

PPu(x,y,z)

Proof. The relation v € K implies v € C' (D;R™). Integrating 2000 on D and using
x 0y 0z
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the conditions (1.2) we obtain
u(z,y,2) =u(z,y,0)+u(x,0,2) —u(x,0,0)+u(0,y, z) (3.4)

rst
u(0,y,0) — (0,0, 2) +u(0,0,0) + /// “Brosdr ddsdt:

=@ (x,y) +¥(y,2) +x(x,2) =@ (x,0) = (0,y) —

— (0, 2) +u(0,0,0) + /// ar(;sgttddsdt:
=¢(r,y) +¢(y, 2)+x(2,2) = () —v* (y) =0 (2) +°+

Tst
/// 6r858t d dsdt =
rst
:vl/» /// é)rasat d ds dt, (‘ray72)€D~

The compactness of the set I results using the theorem of Arzela-Ascoli. The set K is
equibounded. From (3.2), (3.3) and (3.4) we have

(rs,1) ‘ drdsdt <

81"8 ot

§M1+///Mdrdsdt:
o Jo Jo

=M, + Mazyz < My + Mabc=r, r>0, (z,y,2)€ D.

lu(z,y, 2)I| < lle (2,9, 2) || +

The set K is equicontinuous. Using the absolute continuity of the integral it follows that

lu(x+h,y+kz+1) —u(r,yz2)| <e for hkleR
with  |h|,[k],[l| <d(e), d(g) >0, € >0.

The set K is convex. Indeed let uy,us € K and A, Ao E R with 0 < A\ < 1,0 < Ay <1,
A1 + A2 = 1. From (3.3) and (1.2) we have

<M7 (x’y7z)€D7 7::1’25

aBUi (ZL', Y, Z)
Ox 0y 0z

and

[0,],

[0,c], i=1,2
[0,¢].

( ) @(-r’y)? (xay)EDl [ ]X
ui (0,y,2) =4 (y,2), (y,2) € Dy = [Ovb} X
( ) X(xaz)v (I,Z) € D3 = [Ov ]X

Using the properties of absolutely continuous in Carathéodory’s sense functions (Theo-
rem 2.5), it follows that A\ju; + Agus € C* (D; R"™).
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The relations (3.3) and (1.2) for the function A\ju; + A2us hold.
’83 ()\1’[1,1 + )\2u2) (.’L’,y,Z) _ H)\ 83ul ((E,y, Z) + )\ 837142 (LL', y,Z)

E

Ox Oy 0z 0x 0y 0z > Ox Oy 0z
3 3
S )\1 0 Uq (ZC7y,Z) +)\2 0 (5] (m,y,z)
Ox Jy 0z Ox Jy 0z

SMM 4+ XM =M+ M) M =M, (z,y,2) €D,
and
(Arur + Aguz) (2,9,0) = A (2,9,0) + Aguz (z,9,0) = Mg (2,y) +
=M+ A)e(@,y)=¢(y), (2,y)€ D,
(Arur + Adguz) (0,9, 2) = A (0,y,2) + Aoz (0,y,2) = My (y, 2) + Aot (y, 2) =
=M+ M)V (y,2) =v (Y, 2), (y,2) € Dy,
) (z,2)
)

)\230 ((E,y) =

(Mug + Aous) (2,0, 2) = Aug (2,0, 2) + Aaus (2,0, 2) = Ay (z,
= ()‘1+>\2) (I,Z) :X(l’72), (J?,Z €D

+)\Qx(ac z) =

Hence A\juq + Aaus € K and the set K is convex.

Remark 3.2. The membership v € K implies (z,y,z,u(x,y,2z)) € D x B for each
(x,y,2) € D. In view of the fact that each v € K generates a multifunction (z,y,z) —
F(x,y,z,u(z,y,z)) from D into comp A, we shall denote this function by G (u),

G (u)(x,y,2) = F (v,y,2,u(x,y,2)), (v,y,2)€ D. (3.5)

We are now going to prove that the assertion of Theorem 4.1 [36] can be significantly
strenghtened and moreover under the same hypotheses.
We prove the following result, analogous to Lemma 3 [1] and Lemma [31].

Proposition 3.4. (Lemma 3.1) Let K : D — comp A be a continuous multifunction and
v: D — R™ be a piecewise constant mapping such that d (v (x,y,z),K (z,y,2)) < p for
every (z,y,z) € D. Then, for every € > 0 there exists a piecewise constant mapping
w: D — R" such that d(v(x,y,2),w(z,y,2)) < p and d(w(z,y,2), K (z,y,2)) < € for
every (x,y,z) € D.

Proof. Indeed, given ¢ > 0, we can choose a partition (D;jx), 1 <i <m, 1 < j <mn,
1 <k <p,of A=[0,a[x]0,b] x [0,c[ consisting of intervals (paralleleplpeds) ik =
[@i—1, 2 [X[yj—1,Y; [ ¥ [2k—1, 2| such that U’ = Uigk and dp (K (z,y,2), K (2,y,2)) <

for any (x,y,2), (2/,y,2') in D,jg. Then,Jfor each (7,7, k), there exists a point (;j, €
K(xi_l,yj_l,zk_l) such that d(’U (a:i_l,yj_l,zk_l) 7<ijk') < p and d(Cijk,K(I,y,Z)) <€
for every (z,y,z) € D;ji. We define the mapping w : D — R™ as follows:

w

= (jx for each (i,7,k),

w(a,y,z) = lim w(z,y,z),
Tr—a

w(z, b, z) = lim w(x,y,z),
y—b—

w(z,y,c) = zlir?— w(z,y,z).
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Obviously, if (z,y, z) € A, then (z,y, 2) € D;j;, for an unique D;j, such that w (z,y, z) =
Cijk and v (x,y, 2) = uijr = v (Ti—1,Yj—1, 2k—1); consequently

d (U (177 Y, Z) , W (177 Y, Z)) =d (’U (xi—h Yj—1, Zk—l) 5 Cijk) <p and
d(w (.Z‘, yaz) ) K (l‘,y7 Z)) = d(CljkaK (xay7 Z)) <e.
By continuity, these inequalities are also true for z =a, y = b, z = c.

Theorem 3.1. Let F': D x B — comp A be a continuous multifunction (the hypothesis
(H1)). Then, there exists a continuous mapping g : K — L' (D;R™) such that for every
u € K, g(u) is a regular mapping in D and

g () (x,y,2) € G(u) (z,y,2) forevery (x,y,z)€ D.

Proof. We shall construct, for every n > 1, a continuous mapping g" : K — £ (D;R™) such
that, for every u € K, g™ (u) is a piecewise constant mapping of D into A which satisfies, at
every (z,y,2) € D,

A(g" () (2,9,2), G () (2,,2)) < Qi (3.
o @) (2,9,2) = 6" () (@0, 2)]| < 57 (3.7

It follows that, for every u € K, the sequence {¢g” (u)} converges uniformly in D to a
mapping g (u) of D into A that is regular in D and satisfies g (u) (z,y, 2) € G (u) (x,y, z) at
every (z,y,z) € D. Indeed, since the convergence is uniform in D and each g™ is continuous
in K, g will be a continuous mapping of K into £! (D;R™) and this will prove the statement.

The construction will be made in two stages. Firstly we choose a decreasing to zero
sequence {4, } of positive constants such that, for every n > 1

dy (F(z,y,z,u),F(r,s,t,u)) < (3.8)

2n+3’
for any two points (z,y, z,u), (r,s,t,4) in D x B with
”(I?yvz) - (T,S,t)” < 5”7 ”u - ﬂ‘” < 5n

This is posible because I is uniformly continuous in D.
We select, for every n > 1, a finite open covering (U}"), <I<N(n of the compact space K
such that
diamU* < §,, 1<I<N(n).

Let (p]');<;<n(n) Pe the continuous patition of the unity subordinate to (U"); ;< yn)-
We denote N (n) = Ny (n) N2 (n) N3 (n) and p;' (u) = pjlj), (u) and suppose

pijk (W) = ¢i' (w) 7 (w) s (u), i=1,Ni(n), j=1,Na(n), k=1,Ns(n)

The functions pi’y : K — R, i = 1,N; (n), j = 1,Ny(n), k = 1, N3(n), satisfy the
properties:
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a)OSp%k( u)<lforuek,i=1,Ny(n), j=1,N2(n), k=1,N3(n);
b)p?jk(u)=01fu§éU”:Ul’;k,i—1,N1( n), j =1,Nz(n), k =1, N3 (n);

Ni(n)N2(n)N3z(n) (n)N2(n)Ns(n)
Z ngk ZZZq? sp(u) =1forue K.
=1 j=1 k=1 i=1 j=1 k=1

We denote

Wi ={uweU|p;'(u)>0}, 1<I<N(n).

Then, for every n > 1 and every vector index m = (mq, ma, ..., m,) such that

1<m, <N,, ﬁW

n
there exists a piecewise constant mapping v;;, : D — A and a point uy, € () W}, such

v=1
that, at every (z,y,z) € D,
1
d vy, (2,9,2), G (up) (2,9, 2)) < 57 (3.9)
This assertion is obviously true for n = 1. Suppose that it is true for n = 1,2,...,p.
If m = (m1,ma,...,my,) is such that (3.9) holds for n = p, we can use Lemma 3.1 and

construct, for every integer s such that

p
1<s<N(p+1), ﬂ Wy WPt £,

a piecewise constant mapping v?jﬂ‘}s) : D — A which satisfies, at every (x,y,z) € D,
1
1 n
d( ?le_ s) (1: Y,z )aG(um) (i,y,Z)) < 2;0?7 (310)
1 n
U?:r;,s) (Jc,y,z) — Unm (x,y,z) < ﬁ (311)
Remark 3.3. For any n-vector index m = (mq,ma, ..., m,) and integer s, we denote (m, s)

the (n + 1)-vector index (my, ma, ..., my, s).
This, if we fix a point

uftl € ﬂWV nwee,
v=1

we deduce that, for every (x,y,z) € D,

d(vf;}s)(n Y, 2), G(uﬁ,t;» (z,y, Z)) < d( ?H )(f Y, 2), G (u,) (z,y, Z)) +du (G (uh,) (2,9, 2))
1 1 1
p+1 —
G (u(m,s)) (z,y,2) < op+3 T 2r+3  2(p+1)+1

Hence, the assertion is true for n = p+1 and consequently, by induction, for every n > 1.
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We next define, for every u € K, a sequence of finite partitions of the interval (par-
allelepiped) A as follows: given u € K, we successively construct, for every n > 1 and

every 3n-vector index m = (my,ma, m3, ..., m,) =m!* xm? xm3, m! = (m%,m%,...,m%),
m? = (mi,m3,....m}), m* = (mi,m3,....m}), 1 < m, < Ni(v), 1 <mi < Na(v),

1 <m? < N;3(v),1 <v<mn,an interval (parallelepiped) A”, (u) C A, such that

A=) ALl U A} (u (3.12)

1<i< N1 (1),
1<5<N2(1),
1<k<N3(1)
and
Arw= U AL @, n>1 (3.13)
1<s<N(n+1)
Indeed, let
zh (u) =0
N2(1) N3(1)
i (u) =z} (u) + ag; ( ri(u) Y sh(u), i=1,Ni(1),
j:l k=1
Yo (u) =0
Ni(1) N3(1)
i (u) = yj_y (u) +brj ( qu ) D sk(w), j=1N (1),
k=1
2 (u)=0
N1(1) Na(1)
Zli (u):’zli—l +CS]€ Zqz Z 31( )7 k=1,N3 (1)
j=1

For each u € K we define the intervals (parallelepipeds)
Al () = [2iy (w) ,2f (W) % [yjy (w), g5 (W) %[22y (), 24 ()]

for each i = 1, Ny (1), j = 1, Na (1), k = 1, N3 (1).
Then, obviously, A}jk (u) is non-empty if and only if u € Wl_]k’ but (3.12) holds for

whatever u € K because (p}]k), 1<i<N(1),1<j<Ny(1),1<k<Ns(1),is a

partition of the unity, pj;; (u) = ¢} (u)r] (u st (u).

More generally, if m = (mq, ma, . ..,m s an 3n-vector index with 1 < m, < N (v), m =
m! x m? x m®, m' = (m},mi,...,ml), :(TrL%,TrL%...Jnfl),m?’z(m‘;’,mg’,...,mf’L)7
1<ml <Ny (v),1 <m2 < Ny(v),1<md < N;3(v),1<v<n, for each A? (u) has been

constructed, let

3

1
mt,0) mimi,... ml—1

x?ﬂ (u) = x’(

)(U)7

it (0= 55y 0 s
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y?ni_zlo)( )

m?,m3,...,m2—1

n+1 n+1 Nl(n) NB(n) n+1
y(masz)( )_y(mz s2-1) (u)+ (b H er( u) ; qi (u) = si(u) | rizt (u),

23:31’0) (u) = z(

)(u),

3
ml,mz, 7’rn —1

n+1 _n+l1 n v Nl(n) ) NZ(n) . n+1
Z(m3,s%) (u) = Z(m3,s3-1) (u) +{c 1:[1 Sms3 (U) Z qi (u) T (u) Sg3 (u)7

i=1 j=1

and set
A?yils) (u) = [ ?,zl ol— 1)(“) ?7:15 1y (u){ [yzznjzl s2-1) (u) ay?7:21752) (u) [ x

X 3(7:31 s3-1) (u),z (,:31 QS)( )|:7

where s = s! x 52 x s%, for each s = I, N(n+1), st = 1,N; (n+1), s> = 1, Ny (n+ 1),
83:1 Ng(’n+ )

n
Then A?:;lg) (u) is non-empty if and only if w € (| W} N WrHLand, in particular,
v=1

uw € () Wy, implies that (3.13) holds netrivially.
v=1

n
We remark that, in this case, diam A}, (u) = abc [] p}, (u) > 0. However, whatever
v=1

would be u € IC, we have by construction that
A= J{An @) | m=(mi,ma,...,my), 1 <m, <N (v),1<v<n}. (3.14)

We define, for every n > 1, the required mapping ¢g" of K into £ (D;R"). In view of
(3.14) we can do this simply by prescribing, for every u € K, the restriction of g" (u) to each
of the intervals (parallelepipeds) A” . For every u € K we define

m*

N(1)
g ] =Y x(atw)el (3.15)

v=1
where x is the characteristic function, an set, for every n > 1, and every 3n-vector index m =
(my1,ma,...,my), m =m! xm? xm? m! = (m%,m%,...,m,ﬁ), m? = (m%,m%,...,m%),
md = (m?,mg,...,mi), 1<m, <N(@),1<ml <N (v),1<m?2<Ny(v), 1 <md<

N3(V)71SVSTL7
N(n+1)

g | = Z (AL @) ot (3.16)

This uniquely defines, for every n > 149 (u) as a piecewise constant mapping on A, and
hence we can extended ¢g" (u) to D = A, by setting

g" (u) (a’v Y, Z) = wllrg* g" (u) (1'7 Y, Z) s
g" (u) ({E, b, Z) = ylirlryl* g" (u) ({E, Y, Z) ’ (317)
g" (u) (m,y7c) = zl_if?_ g" (u) (3371/7 Z) :
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Obviously, for every n > 1, ¢g" is mapping of K into £! (D;R"), ¢g" : K — L' (D;R").
This construction implies, similarly with the proof in Proposition 3.4 [36], that each g" is
continuous in . Thus, only the inequalities (3.6) and (3.7) remain to be verified.
Let u € K be given and fix (z,y,z) € A. Then, for every n > 1, there exists one and only
one 3n-vector index m = (m1,ma, ..., Mmy), m = m! xm? xm? such that (z,y,2) € A" (u).
n
This implies that, in particular, u € () W}, and consequently, by (3.16),

d(g" (v) (2,y,2),G (u) (2,9, 2)) = d (v, (z,y,2), G (u) (2,9, 2)) <
< d(vp, (2,9, 2), G (uy) (2,9, 2)) + du (G (up,) (2,9, 2) , G (u) (2,9, 2)) <
1 1 1

< on+1 + on+3 27

Moreover, if (z,y,z) € A then (x,y,z2) € A?f:l) for one and only one index s, 1 < s <

N (n+1), so that u € ﬂ WY nWrH too. Hence, we deduce from (3.9) and (3.11) that

v=1

n+1

1
Hgn+1 (u) (:r,y,z) _ gn (u) (x’y,z)H = ‘ v(m,s) ($ Y,z ) - U (33 Y,z H < 2n+1

Thus, the inequalities (3.6) and (3.7) hold at every (z,y,z) € D. Obviously, by (3.17) and
by continuity, they remain valid ar z = a, y = b, z = ¢. This completes the proof.

4 The Darboux Problem for third order hyperbolic in-
clusions

Definition 4.1. The Darboux Problem for the hyperbolic inclusion (1.1) means to determine
a solution of this inclusion which satisfies the initial conditions (1.2).

Definition 4.2. A function v : D — R” is called a solution of the Darboux Problem
(1.1) + (1.2) if it is absolutely continuous in Carathéodory’s sense on D, u € C* (D;R")
[4,8565-8570], and it satisfies (1.1) for a.e. (z,y,z) € D, and also the initial conditions (1.2)
for all (z,y) € Dy, all (y, z) € Da, all (x,2) € Ds.

As a corollary of Selection Theorem 3.1 we state following existence result.

Theorem 4.1. Assume that the hypotheses (Hy) — (H3) are satisfied. Then there exists an
absolutely continuous in Carathéodory’s sense function @ : D — R™ which is a solution of
Darbouz Problem (1.1) + (1.2).
Proof. Using Theorem 3.1, there is a continuous mapping g : K — £! (D;R") such that,
for every u € K, g (u) is a regulated mapping in D and g (u) is a continuous selection for
G (u) given by (3.5).

Let h (u), for each u € I, be the continuous function, h (u) : D — R™, defined by

h(u)(z,y,2) =a(x,y, 2 /// ) (rys,t)drdsdt, (x,y,z) € D. (4.1)
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Using (3.1) we have

h(u)(x’yv ) (pl’y +7;[} )+X(‘T Z) (1770)*@(Ovy)*?ﬁ(OaZ)Jr%/f(OaO)Jr

/ / / (rys,t)drdsdt, (x,y,z)€ D, (4.2)

and which can be rewriten as

r,5)
(z,y, 2z /// rstdrdsdt—i—// 87‘88 dr ds+
+ d dt+/ / d dt+
/0 /0 s 816 0 ar(?t

@ y
+/ 9p(r.0) (ro)dr+/ WOS / aw D gy

0 8T
+u(0,0,0), for (x,y,z )ED (4.3)

Indeed, we have

s=y

Y920 LY 0% (r,s) [T Op(r,s)| .
/ / 87’85 d ds _/0 [/0 or s dr]ds—/o or Szod N
[ S e
= lp(z,y) —¢(0,y)] — [p(z,0) — ¢ (0,0)] =
=¢(z,y) —¢(0,y) — ¢ (2,0)+ ¢ (0,0), (4.4)

[ [ ot [ 500 [ 0

[ [ - 20,y

ds ds
= W (y,z) - w (O7Z)] - [w (y,O) - ¢(070)] =
=1 (y,2) =1 (0,2) =¥ (y,0) +¢(0,0), (4.5)

(‘3)( (r,t)
/ / 8r8t d dt = [0 arat ]

:/0 [axg;z)_ é )}dr—x(r,z)

=[x (@,2) = x(0,2)] = [x (#,0) — x (0,0)] =
=X (z,2) = x(0,2) — x(z,0) + x(0,0), (4.6)

T0p(1,0) oy
/O dr = ¢ (1,0)

- @(xao) 790(070)7 (47)

or r=0
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/Oy st =¢(0,s) :z =¢(0,y) —¢(0,0), (4.8)
| = v 0.0] 7 = v 0.2 - v 0.0, (49)

From (1.3) it result
u(0,0,0) = ¢ (0,0) = 1 (0,0) = x (0,0). (4.10)

Replacing (4.4) — (4.10) in (4.3) leads to (4.2).
Using Theorem 2.5, from (4.3) it follows that h (u) € C* (D;R") for each u € K, i.e.
h (u) is an absolutely continuous in Carathéodory’s sense function. One obtains h (u) € K

and h (K) C K.
0*h (u) (z,y, 2)

Indeed, from (4.2) it follows that 0 oy0. g () (z,y,2), (x,y,2) € D, but

g9(u)(z,y,2) € G(u)(z,y,2) = F (2,9, 2,u(z,y,2), (2,y,2)€D.
Hence ¢ = g (u) (z,y, z) is an element of the ball A, and consequently ||| = ||g (u) (z,y, 2)|| <
9h (u
H o ayxag’ 2) ‘ < M, and from (4.2) h (u) satisfies (1.2). Using the definition of
the set IC, this inequality shows that h(u) € K. From w € K implying that h (u) € K, we
conclude that i (K) C K.
Now, we can apply Schauder’s Fixed Point Theorem and conclude that there exists o € IC
such that 4 = h (4), i.e. 4 (x,y,2) = h(a) (x,y,2) at every (z,y,2) € D. This implies that
@ satisfies (1.1),

% (x,y,z)

axayaz =9 (U) (IE,y,Z) € F(xay7zau(x7y,2))

for a.e. (z,y,2) € D, and the relations (1.2). Therefore 4 (z,y,2) = h(d)(z,y,2) is a
solution of Darboux Problem (1.1) 4 (1.2).
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