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Abstract. In this work some integral operators are studied and the
author determines conditions for the univalence of these integral operators.
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1 Introduction

Let = { : | | 1} be the unit disk in the complex plane and let be the
class of functions which are analytic in the unit disk normalized with (0) = 0(0) 1 = 0

Let the class of the functions which are univalent in
In this work, we consider the integral operators
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and we obtain su cient conditions for the univalence of these integral operators.

2 Preliminary Results

To discuss our integral operators, we need the following theorem and lemma.

Theorem 2.1. [4] Let be a complex number and If
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for all then, for any complex number with Re Re the integral operator
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is in the class
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Lemma Caratheodory. [2] Let the function ( ) which are analytic in the open unit

disk with (0) = 0 If Re ( ) where 0 for all then
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for all

3 Main Results

Theorem 3.1. Let be complex numbers, Re 0 and ( ) = + 2
2+
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for all [0 2 ] then the function
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Proof. We observe that
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We note
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which is a regular function in
We have
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We take ( ) =
³
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[0 2 ] and we see that (0) = 0

We consider the cases:

1) Let Re (0 1). The function : (0 1) < ( ) = 1 2 (0 1) is a
increasing function and for = | | we obtain

1 | |2 Re 1 | |2 (3.5)

for all
From ( 2) and Lemma Caratheodory we obtain
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for all
We have
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2) Let Re [1 ) The function : [1 ) < ( ) = 1 2

(0 1) is a
decreasing function, and if we take = | | then
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From ( 3) and Lemma Caratheodory we get
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From (9), (13) and (14) we obtain
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Because 0( ) =
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and Re Re from Theorem 2.1, it results that the

function ( ) is regular and univalent in

Theorem 3.2. Let be complex numbers, Re 0 and ( ) = + 2
2+

If

Re Re ( 1)

and

Re
£
ei zg 0(z )

¤ Re

4 | |
for Re (0 1 ) ( 2)

or

Re
£
ei zg 0(z )

¤ 1

4 | |
for Re [1 ) ( 3)

for all [0 2 ] then the function

( ) =

· Z

0

1
³

( )
´ ¸ 1

(3.11)

is in the class

Proof. We consider the function
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which is a regular function in
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We have
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We note ( ) = 0( ) and we see that (0) = 0
We have the cases:

1) 0 Re 1. The function : (0 1) < ( ) = 1 2 (0 1) is a
increasing function and for = | | we obtain
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for all
From Lemma Caratheodory and ( 2) we obtain
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2) Re 1. The function : [1 ) < ( ) = 1 2
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function, and if we take = | | then
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from Theorem 2.1 we conclude that the function ( )
is in the class .

Corollary 3.1. If 0 Re 1 and Re
£

0( )
¤

Re
4 for all [0 2 ] then

the function

( ) =

Z

0

( ) (3.20)



ON UNIVALENCE OF CERTAIN INTEGRAL OPERATORS 73

is in the class

Proof. For 0 Re 1 = = 1 and Re
£
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3.2 we obtain 1 1( ) = ( ) and hence, it results that the function ( ) is in the class
.

Remark. Let be inverse boundary problem in the unit disk In [1] we obtain that the
solution of the problem is as the form

( ) =

Z

0

( ) (3.21)

where ( ) is a regular known function in The solution of the inverse boundary problem
is necessary to be univalent. The Corolarry 3.1. can be applied to demonstrate the
univalence of the solution of the inverse boundary problem.
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