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1 Introduction

Let U ={z € C: |z| < 1} be the unit disk in the complex plane and let A be the
class of functions which are analytic in the unit disk normalized with f(0) = f/(0)—1 = 0.

Let S the class of the functions f € A which are univalent in U.

In this work, we consider the integral operators

L) = |8 [ (hw)* (1)
and
Hyo (2) = [5 /0 e (egm)”duf (1.2)

and we obtain sufficient conditions for the univalence of these integral operators.

2 Preliminary Results

To discuss our integral operators, we need the following theorem and lemma.

Theorem 2.1. [4] Let « be a complex number and f € A. If

2f"(2)
f'(2)

for all z € U, then, for any complex number B with Ref >Rea, the integral operator

1— ‘Z|2Reo¢

<1 2.1
Rea (2.1)

Fa(z) = [5 / Zuﬁ—lf%u)duf (2.2)

0

is in the class S.
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Lemma Caratheodory. [2] Let the function ¢(z) which are analytic in the open unit
disk U with ¢(0) = 0. If Rep(z) < M, where M > 0, for all z € U, then

(1= lz]) le(2)| < 2M|z| (2.3)
for all z € U.

3 Main Results

Theorem 3.1. Let o, 3 be complexr numbers, Rea > 0 and h € A, h(z) = z +az2® + . ..
If

Ref > Rea (p1)
and
Re [ew (z}lz((zz)) Iﬂ §%f0r Rea € (0,1) (p2)
or
Re [ew (ZZ((ZZ)) — Jﬂ < m for Rea € [1,00) (p3)
for all 6 € [0, 27|, then the function
L) = |8 [ () (3.1)
0

is in the class S.
Proof. We observe that

We note 5
L h(u)\"
p(z) = /0 (T)> du (3.3)
which is a regular function in U.
We have p'(2) B-1) (zh/(z) B 1) (3.4)
P (z) h(z) ' ‘
We take op(z) = €' (ZZ(S) — 1) , 0 €10, 27|, and we see that ¢(0) = 0.

We consider the cases:
k1) Let Rea € (0,1). The function ¢ : (0,1) - R, ¢q(z) =1-a** (0 <a<1)isa
increasing function and for a = |z|, z € U, we obtain

1—[z]2Reo <1 — |22 (3.5)
for all z € U.

From (p3) and Lemma Caratheodory we obtain

|z| Re

lp(2)] < m (3.6)
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for all z e U.
We have

1— ZQRea Zp// Py 1— zQReoc Zh/ P

Rea ' (2) Rea h(z)

1— |22 |z| Rea
< —1 <1.
~— Rea 18 |2|ﬁ—1|(1—|z|) -

for all z € U.

k2) Let Rea € [1,00). The function ¢ : [1,00) — R, t(x) = 1’;}% 0<a<l)isa
decreasing function, and if we take a = |z|, z € U, then
1— ‘Z|2 Rea )
— <1- 3.8
L e (38)
for all z € U.
From (p3) and Lemma Caratheodory we get

|2

lp(2)] < m (3.9)
From (9), (13) and (14) we obtain
1— ‘Z|2 Re o zp”(z)
Ron ) <1 (3.10)

for all z € U.

B—1
@ and Re 8 > Re«, from Theorem 2.1, it results that the

function Lg(z) is regular and univalent in U.

Because p'(z) = (

Theorem 3.2. Let o, 3, v be complex numbers, Rea > 0 and g € A, g(z) = z+asz’+. ..
If

Ref >Rea (J1)
and R
Re[e /()] < 7 Jor Rea € (0,1) (j2)
or ;
Re [e" z¢'(2)] < T for Rea € [1,00) (j3)
for all 6 € [0, 27|, then the function
1
z B
Hg (2) = [ﬁ/ w1t (eg(“))vdu} (3.11)
0
is in the class S.
Proof. We consider the function
f(2) :/ (69(“))’Ydu (3.12)
0

which is a regular function in U.
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We have

L s (2 (313)

We note ¢(z2) = ¢?2z¢/(z) and we see that ¢(0) = 0.
We have the cases:

i1) 0 < Rea < 1. The function ¢ : (0,1) - R, ¢(z) =1—-a** (0 <a<1)isa
increasing function and for a = |z|, z € U, we obtain

1—[z]2Reo <1 — |22 (3.14)
for all z € U.
From Lemma Caratheodory and (j2) we obtain
|z] Rea
le()| < 5o (3.15)
2[y[(1 = |2])
for all z € U.
We have - -
L zP e |2f"(2) | _ 1= |z e :
= < 3.16
oo | | = Tea MG < (316)
1—2)? |z] Rea
< il <L
Rear "2 y[ (1 —z])
for all z € U.

2

i2) Rea > 1. The function ¢ : [1,00) — R, t(z) = =2 = (0 < a<1)is a decreasing
function, and if we take a = |z|, z € U, then

1— |Z|2 Re a

— 0 <1-z? 3.17
P e (3.17)
for all z € U.
From Lemma Caratheodory and (j3) we obtain
||
lp(2)| € 5o (3.18)
2[y[(1 = Iz])
for all z e U.
We have . -
1—[z]7 7 | 2f"(2) | _ 1= [z[F 0 /
= < 3.19
o | - gl < (3.19)
|z| Rear
<=l s <1
(=) Plap T —Tep
for all z e U.

Because f'(z) = (69(2))7 , from Theorem 2.1 we conclude that the function Hg (%)
is in the class S.

Corollary 3.1. If0 <Rea <1, g € A and Re[e"?zg/(2)] < Ria for all 6 € [0, 27], then
the function

G(z) = /OZ eI dy, (3.20)
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is in the class S.

Proof. For 0 <Rea <1, f=v=1, g€ Aand Re [e"?2g/(2)] < RZO‘, from Theorem

3.2 we obtain Hy 1(z) = G(z) and hence, it results that the function G(z) is in the class
S.

Remark. Let be inverse boundary problem in the unit disk U. In [1] we obtain that the
solution of the problem is as the form

G(z):/ 9 duy (3.21)
0

where g(z) is a regular known function in U. The solution of the inverse boundary problem
is necessary to be univalent. The Corolarry 3.1. can be applied to demonstrate the
univalence of the solution of the inverse boundary problem.
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