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Abstract. We obtain a the necessary and sufficient conditions so that
the distributions involved in the study to be integrable. Also we prove
that any totally contact umbilical semi-invariant submanifolds of a manifold
with a generalized Sasakian 3-structure, the sectional curvature can not be
positively.
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Introduction

The notion of C'R-submanifold has been introduced by A.Bejancu [2] for the Kéhler
manifolds and by A.Bejancu-N.Papaghiuc [4] for the Sasakian manifolds (called contact
semi-invariant submanifolds). In the case of quaternionic Kéhler manifolds has been
introduced the concept of C'R-submanifolds by Baros-Chen-Urbano [1], by using the de-
composition of the tangent bundle of a submanifold and the concept of () R-submanifolds
has been introdoced by A.Bejancu [3] by the decomposition of the normal bundle of a
submanifold. Later on the notion of C'R-submanifolds has been intensively studied from
different points of view, several important results have been obtained, some of them being
brought together in [2]. Also some important results have been obtained in [3] about the
@ R-submanifolds of quaternionic Kdhlerian manifolds and in [6] about the semi-invariant
submanifolds of a manifold with a Sasakian 3-structure.

Recently, A.Bejancu-H.R.Faran [5] introduced the notion of the generalised Sasakian
3-structure.

The purpose of this paper is to study the notion of a semi-invartant submanifold on
a manifold endowed with a generalised Sasakian 3-structure. More exactly we found the
condition so that the distributions involved in the study have to be integrable and also
we found the geometry of its leaves. Also we will prove that the sectional curvature of
submanifold can not be positive.
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1 Preliminaries

Let M be a (4n+3)-dimensional differentiable manifold with an almost contact met-
ric 3-structure (fo,€,,M4,9), @ € {1,2,3}, meaning that the next relations are satisfied

a) fu2 =1+ Na ®£aa b) na(gb) = 5(117 C) fa(gb) = _fb(éa) = gca
d) naoszinbofa:nm 6) faofbinb(@ga:7fbofa+na®§b:f07 (11)
F) ma(X) =9(X,8),  9) 9(faX, faY) = g(X,Y) =, (X)n,(Y),

for any cyclic permutation (a, b, c) of (1,2, 3), where X and Y are the vector fields tangent
to M, & is the Kronecker’s delta.

The notion of Sasakian 3-structure has been introduced by Kuo in [8] and was
generalised by Bejancu-Faran in [5]. More exactly, the manifold M is a manifold with a
generalised Sasakian 3-structure, if there exists the local 1-forms aqyp so that agp+ap, = 0
and

(vaa)Y = g(X7 Y)fa - na(}j)){'*' aab(X)fb(Y) + aac(X)fC(Y)7 5 (12)
for any vector fields X, Y tangent to M, V is the Levi-Civita connection on M, and
(a,b,c) is a cyclic permutation of (1,2, 3).

Next, suppose that (a,b,c) is a cyclic permutation of (1,2,3), we call a gener-
alised 3-Sasakian manifold, a manifold endowed with a generalised Sasakian 3-structure.
Throughout the paper, all manifolds and maps are supposed differentiable of class C*°.
We denote by F(M) the module of the differentiable functions on M and by T'(E) the
module of smooth sections of a vector bundle £ over M. We use the same notations for
any manifolds involved in the study.

By straightforward calculation using (1.1b)-(1.1d) one deduces that

Vi€ = —foX + aan(X)&, + aue(X)E,, VX € T(TM). (1.3)
The curvature tensor K of M is defined by
K(X,Y)Z=VxVyZ—-VyVxZ—Vxy/Z, VX,Y,Zec(TM), (1.4)

and the sectional curvature is given by K(X,Y) = g(K(X,Y)Y, X) for any orthonormal
vector fields X,Y € T(TM).

Next, let M be a (m + 3)-dimensional Riemannian manifold isometrically immersed
in M, and suppose that the structure vector fields &, £y, {5 of M are tangent to M,
respectively. We denote by TM and TM* the tangent bundle and the normal bundle
to M, repectively. We also denote by {£} the distribution spanned by &;, &5, €5 on M.
The induced metric tensor on M will be denoted by the same symbol g.

According to A.Bejancu [3], we say that the submanifold M of a generalised 3-
Sasakian manifold M is a semi-invariant submanifold, if there exists a vector subbundle
p of TM+ such that

falp) =5 falpt) CTM, a€{1,2,3},

where p't is the complementary orthogonal to p in 7ML, If in particular = TM~* or
p = {0}, we say that M is an invariant or an anti-invariant submanifold. It is easy to see
that any real hypersurface of M is a semi-invariant submanifold. Suppose that M is a
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semi-invariant submanifold which is not an invariant submanifold. Next, denote f,(ux)
by Dgyz, * € M. Next, we see that Dy,, Ds,, D3, are mutually orthogonal subspaces of
T, M and have the same dimension s as the dimension of y. The mapping

Dt :x — Dt =Dy, ® Dy ® D3,, x€ M,

is a 3s-dimensional distribution on M (s = dim u;). By straightforward calculation it is
easy to see that

a) fa(Daz) = p; b) fo(Dpy) = Do, x € M. (1.5)

We denote by D the complementary orthogonal distribution to D+ @ {¢} in TM. It
follows that the distribution D is invariant with respect to the action of fi1, f2, f3, that
is fo(D) = D. So, we obtain the next orthogonal decomposition of T'M

TM =D @& D+ o {¢},

where D, {¢} and D are the above distributions. We note that D+ is not anti-invariant
distribution (see (1.5b)).

From the general theory of Riemannian submanifolds, recall the Gauss and Wein-
garten formulae

a) VxY =VxY +h(X,Y),

. (1.6)
b) VxN=—-AyX +VxN, VX,Y € (TM), N € (TM"),

where h is the second fundamental form of M, Ay is the shape operator with respect to
the normal section N, V and V= are the induced connections by V on TM and TM*,
respectively. The Codazzi equation is given by

9g(K(X,Y)Z,N) =g(Vxh)(Y,Z) = (Vyh)(X, Z), N),

1.7
VX,Y,Z e I(TM), N e€T(TM%L). (1)

It is known that if {e;} ¢ = 1,...,m is an orthonormal basis of I'(T'M), then the mean
curvature vector field of M, denoted by H, is given by

1 m
H=— hlal
m; (eiy€;)

The submanifold M is called totally contact umbilical if the second fundamental form A
of M is expressed as

3
h(X7 Y) = Z(g(faX7 faY)H + na(X)h(K ga) + na(Y)h(X7 ga))’ (18)
a=1
vX,Y e T(TM).
If H =0 and (1.8) hold, then M is called totally contact geodesic submanifold of M.
We say that the semi-invariant submanifold M manifold M is D-geodesic if we

have h(X,Y) =0, X,Y € I'(D). By straightforward calculation, using (1.3), (1.6), one
deduces
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Proposition 1.1. Let M be a semi-invariant submanifold of a generalised 3-Sasakian
manifold M. Then we have

CL) h(Xa ga) = 07 b) vX&a = _faX + aab(X)gb + aac(X)gca Xe F(D)a
¢) h(faU,&) =U;  d) Vi,u€ = aan(falU)Ep + dac(faU)E,, (1.9)
6) h(bev ga) = 0; f) Vbega = ch + Oéab(be)gb + Oéac(be)Ecy Ue F(NL)

2 Integrability of distributions on a semi-invariant
submanifolds of a generalised 3-Sasakian manifold

The purpose of this paragraph is to study the integrability of distributions involved
in the study and the geometry of its leaves. First we prove

Theorem 2.1. Lel M be a semi-invariant submanifold of a generalised 3-Sasakian
manifold M. Then the distributions D and D+ are not integrable.
Proof. Let X € T'(D), Y = f,X a not null vector field and because V is a Levi-Civita
connection, using (1.3) and (1.5) we derive

g([X7 Y]vga) = g(K ﬁXéa,) - g(Xv 6Yga) = _29(X7X) 7é 07
which prove that the distribution D # {0} is not integrable. If we take Z = f,U,

W = f.U, U € T'(ut), in the same way, we obtain that the distribution D+ is not
integrable.

Remark 2.1. It is interesting to see that the distributions D, and D, @ {{,} are
not integrable if M is a proper generalised 3-Sasakian manifolds, but in the case of
a 3-Sasakian manifold (aq(X) = 0, VX € T'(T'M)) these distributions are integrable
(see [6]).

In the same way as we had proved Theorem 2.1, we can prove

Theorem 2.2. If M is a semi-invariant submanifold of a generalised 3-Sasakian mani-
fold M, Then the distributions D ® {£,} and D+ @ {£,} are not integrable.

By using (1.3) one deduces

Proposition 2.1. Let M be a semi-invariant submanifold of a generalised 3-Sasakian
manifold M, then the distribution {&} is involutive.

Next we have:

Proposition 2.2. Let M be a semi-invariant submanifold of a generalised 3-Sasakian
manifold M. Then we have that

CL) g([Xvéa]’Y) = g([K 50.])7X) =0, Xe€ F(D)’ Y e F(DJ_)
b) 9([X,&,),&) = aaw(X), X € (D ® DF)

Proof. Let X € I'(D) and Y = f,U, U € I'(u*). By using (1.2), (1.3), (1.6b) and the
fact that V is a metric connection, we deduce that

9([X. &), i) = g(Vx&a, fuU) — 9(Ve, X, fuU) = g(Ve, faX,U) = g(V,x€,,U) = 0.

(2.1)
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In the same way we obtain that g([V,&,],X) = 0, X € ['(D), Y € I'(D1). Next, let
X € I(D+ @ D), and using (1.3) we deduce
g([Xv ga]7€b> = g(@X§a7€b> - g(@&lX? fb) = a(lb(X)'

Theorem 2.3. Let M be a semi-invariant submanifold of a generalised 3-Sasakian
manifold M. Then the following three assertions are equivalents

a) the distribution D @ {&} is integrable,

b) h(X,[.Y)=h(fuX,Y), VX,Y € I(D), (2.2)

¢) M is D-geodesic.
(

Proof. Let X,Y € I'(D), U € T'(x). By using (1.2), (1.6) and the fact that V is a
torsion free connection, we get

9([(X, Y], faU) = 9(Vx )Y = (Vy f)X = Vx fuY + Vy fu X, fuU)
= g(h‘(X7 faY) - h(K faX)7 U)a

and using (2.1a) we obtain the equivalence a) < b). Now, taking into account (1.1e),
(1.9b) and the assertion b), we infer that

h<X7 faY) = h(Xv (fb © fc)Y) = h((fc © fb)Xv Y) = 7h(faXv Y)?
and we obtain the assertion ¢). The proof is complete.
By direct calculation, using (1.1e), (1.2) and (1.6) we obtain:

Proposition 2.3. Let M be a semi-invariant submanifold of a generalised 3-Sasakian

manifold M. Then we have
a) AvfuU = AufaV, VU,V € T(uh), 23)
b) 9([X,Y],€,) =0, VX, Y eT(D® D). '

Next, let us consider an ortohnormal field of frames {Vi,...,Vi} on put in TM*.
Then on the distribution D+ we have the orthonormal field of frames {{En,..., Eis,
Es,...,Fas, E31,...,Es:}, where Ey; = f, Vi, i =1,...,s. We denote by A, the shape
operator with respect to the section V;. Throughtout the paper i,j,k,... € {1,...,s}
and we use the above orthonormal field of frames.

Lemma 2.1. Let M be a semi-invariant submanifold of a generalised 3-Sasakian mani-
fold M. Then we have

a) AiEaj = Aan'ﬁ b) g(aniEaj7X) = g(ananiaX)7 VX € F(D) (24)

Proof. The assertion a) follows from (2.3a). Now, let X € I'(D) and using (1.1g), (1.2)
and (1.6b) we obtain

9(V5, Bajy X) = (Vi fa)Vi + faVE, Vi X) = 9(A; Eai, faX),
and using assertion a), the assertion b) is proved.
Next we define the differential 1-form Bg;; on D by
Baij(X) = 9(VE,, Eaj, X) = Baji(X), X € I(D).
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Theorem 2.4. Let M be a semi-invariant submanifold of a generalised 3-Sasakian
manifold M. Then the following three assertions are equivalents

a) the distribution D+ @ {&} is involutive,

b) Baij(X) =0, X € T'(D),

c) h(X,Z)eT(n), X €eT(D), ZeT'(Dh).
Proof. It is easy to see that Ey; = f.E,; and therefore, by using (1.2) we get

9([Eais Eaj]; feX) = Baij(X) + Bupij (X), VX € I'(D).
Now, from the above relation and using (1.9d), (1.9f) and (2.1a), we obtain that the
distribution D+ & {¢} is integrable iff B,;;j(X) = 0, that is, taking into account (1.9d)
and (1.9f), the distribution D+ & {¢} is parallel. Next by direct calculation we derive
Baij(X) - g(aniEaj7 X) = g(h(faX7 Eaia ‘/J)? X € F(D): VJP(N)7

and the equivalence b) < ¢) is proved.

Theorem 2.5. If M is a semi-invariant submanifold of a generalised 3-Sasakian mani-
fold M, then we have

a) if the distribution D @ {{} is integrable, then its leaves are totally geodesic im-
mersed in M,

b) if the distribution D+ @ {€} is integrable, then its leaves are totally geodesic
immersed in M but not in M.
Proof. Suppose that M* is a leaf of integrable distribution D @ {{} and denote by h*
the second fundamental form of immersion M* — M. Then, by direct calculation we
deduce that:

g(h‘*(X’ Y)a Eai) = _g(vaaK Vz) = _g(h(X7 faY)a Vz) =0, VX,Y € F(D D {f})v

and the assertion a) is proved. Now let M’ be a leaf of the integrable distribution D+@®{¢}
and denote by h’ the second fundamental form of imersion M’ — M. Then we deduce

that
9(W (Eqi, Eqj), X) = Bai;(X) =0,

g(h/(Eaivaj)vX) = *Baij(ch) = 07 VX € F(D)v
but h(E.,&,) = Vi and our assertion b) is proved.

3 Totally contact umbilical and totally contact geodesic
semi-invariant submanifolds are tangent to the
structure vector fields &, &,, &;

The purpose of this paragraph is to study some properties of totally contact umbilical
and totally contact geodesic of semi-invariant submanifolds of a generalised 3-Sasakian
manifold. First, from [7] we recall

Theorem 3.1. If M is a totally contact umbilical semi-invariant submanifold of a
generalised 3-Sasakian manifold M, then we have

if dim pt # 1 then M is totally contact geodesic,
if dim pt =1 then M is an intrinsic sphere, that is Vé}H =0, VX e I(TM).
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Next from Theorem 2.3 and 2.4 we deduce

Theorem 3.2. If M is a totally contact umbilical semi-invariant submanifold of a
generalised 3-Sasakian structure, then
a) if the distribution D @ {&} is integrable then D = {0}, or M is a totally contact
geodesic semi-invariant submanifold,

b) the distribution D+ @ {£} is involutive.

Lemma 3.1. Let M be a totally contact umbilical semi-invariant submanifold of a
generalised 3-Sasakian manifold M. Then the curvature tensor field satisfies

(K (X, Eei) X, Eui) + 9(K(X, Eai) faX, Vi) = 0, VX € T(D @ {€} (3.1)

Proof. Let X € I'(D®{{}). By direct calculation, using (1.1g), (1.2) and (3.1) we infer
that

9(VxVE, faX,. Vi) + 9(VxVE, X, Ey) =
9(Vx (Ve fa)X), Vi) + (Vx fa)VE, X, Vi) =
= aab(Bai)g(Vx fuX, Vi) + tac(Bai)9(Vx foX, Vi) +
+ ar(X)g(foV 5., X, Vi) + @ac(X)g(feV i, X, Vi) =
= 0ap(X)g(VE,, /X, Vi) + 0ac(X)g(V,, fX, Vi) = 0.

In the same way one deduces
g(@Eai@XfaX7 Vl) + g(@Eai@XX7 Eai) =0
and
9(Vix.8,: Vi) + 9(V(x 5,.]s Eai) = 0.

Therefore, the assertion follows by using the formula for the curvature tensor field and
the above relations. By direct calculation and by using (3.1) we get

Theorem 3.3. If M is a totally contact umbilical semi-invariant submanifold of a
generalised 3-Sasakian structure, then its sectional curvature is not positive.

Proof. Let X € T'(D @ {¢}) be an unit vector field, and E,; € I'(D*). Then by using
the Codazzi equation and (3.2) we get

K(Xv Eai) = Q(K(X, Eai)Eaia X) = g((K(X, Eai)faX)La Eai) =
= g((VXf)(Eala faX) - (vEmh‘)(X7 .faX)v ‘/l)a
where X1 denote the normal part of X and
(Vx Y, 2) = Vxh(Y, Z) = (VXY Z) = WY,V x Z).
Now we evaluate the right side of (3.3). First, by using (1.3), (3.1) and Lemma 3.2 we
derive
(Vxh)(Bais faY) = Vx(Eais foX) = W(Vx Bai, faX) = MEai, Vi faX) =
= —g(X, X)V; = -V,

(3.3)
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and
(Ve W) (X, foX) = VE WX, foX) = h(VE,, X, foX) — (X, VE,, f.X) = 0.
Finally we obtain
K(X7 Eai) = _g(vn‘/z) < 0.
From Theorem 3.3 we deduce

Corollary 3.1. If M s a totally contact umbilical semi-invariant submanifold of a
generalised 3-Sasakian manifold M, with positive sectional curvature, then D = {0} or

pt = {0}
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