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Abstract. We obtain a the necessary and su cient conditions so that
the distributions involved in the study to be integrable. Also we prove
that any totally contact umbilical semi-invariant submanifolds of a manifold
with a generalized Sasakian 3-structure, the sectional curvature can not be
positively.
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Introduction

The notion of -submanifold has been introduced by A.Bejancu [2] for the Kähler
manifolds and by A.Bejancu-N.Papaghiuc [4] for the Sasakian manifolds (called contact
semi-invariant submanifolds). In the case of quaternionic Kähler manifolds has been
introduced the concept of -submanifolds by Baros-Chen-Urbano [1], by using the de-
composition of the tangent bundle of a submanifold and the concept of -submanifolds
has been introdoced by A.Bejancu [3] by the decomposition of the normal bundle of a
submanifold. Later on the notion of -submanifolds has been intensively studied from
di erent points of view, several important results have been obtained, some of them being
brought together in [2]. Also some important results have been obtained in [3] about the

-submanifolds of quaternionic Kählerian manifolds and in [6] about the semi-invariant
submanifolds of a manifold with a Sasakian 3-structure.

Recently, A.Bejancu-H.R.Faran [5] introduced the notion of the generalised Sasakian
3-structure.

The purpose of this paper is to study the notion of a semi-invartant submanifold on
a manifold endowed with a generalised Sasakian 3-structure. More exactly we found the
condition so that the distributions involved in the study have to be integrable and also
we found the geometry of its leaves. Also we will prove that the sectional curvature of
submanifold can not be positive.
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1 Preliminaries

Let ˜ be a (4 +3)-dimensional di erentiable manifold with an almost contact met-
ric 3-structure ( ), {1 2 3}, meaning that the next relations are satisÞed

) 2 = + ) ( ) = ) ( ) = ( ) =

) = = ) = + =

) ( ) = ( ) ) ( ) = ( ) ( ) ( )

(1 1)

for any cyclic permutation ( ) of (1 2 3), where and are the vector Þelds tangent
to ˜ , is the Kronecker’s delta.

The notion of Sasakian 3-structure has been introduced by Kuo in [8] and was
generalised by Bejancu-Faran in [5]. More exactly, the manifold ˜ is a manifold with a
generalised Sasakian 3-structure, if there exists the local 1-forms so that + = 0
and

( ˜ ) = ( ) ( ) + ( ) ( ) + ( ) ( ) (1 2)

for any vector Þelds , tangent to ˜ , ˜ is the Levi-Civita connection on ˜ , and
( ) is a cyclic permutation of (1 2 3).

Next, suppose that ( ) is a cyclic permutation of (1 2 3), we call a gener-
alised 3-Sasakian manifold, a manifold endowed with a generalised Sasakian 3-structure.
Throughout the paper, all manifolds and maps are supposed di erentiable of class
We denote by ( ) the module of the di erentiable functions on ˜ and by ( ) the
module of smooth sections of a vector bundle over ˜ . We use the same notations for
any manifolds involved in the study.

By straightforward calculation using (1.1b)-(1.1d) one deduces that

˜ = + ( ) + ( ) ( ˜ ) (1 3)

The curvature tensor of ˜ is deÞned by

( ) = ˜ ˜ ˜ ˜ ˜
[ ] ( ˜ ) (1 4)

and the sectional curvature is given by ( ) = ( ( ) ) for any orthonormal
vector Þelds ( ˜ ).

Next, let be a ( + 3)-dimensional Riemannian manifold isometrically immersed
in ˜ , and suppose that the structure vector Þelds 1, 2, 3 of ˜ are tangent to ,
respectively. We denote by and the tangent bundle and the normal bundle
to , repectively. We also denote by { } the distribution spanned by 1, 2, 3 on .
The induced metric tensor on will be denoted by the same symbol .

According to A.Bejancu [3], we say that the submanifold of a generalised 3-
Sasakian manifold ˜ is a semi-invariant submanifold, if there exists a vector subbundle

of such that

( ) = ; ( ) {1 2 3}

where is the complementary orthogonal to in . If in particular = or
= {0}, we say that is an invariant or an anti-invariant submanifold. It is easy to see

that any real hypersurface of ˜ is a semi-invariant submanifold. Suppose that is a
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semi-invariant submanifold which is not an invariant submanifold. Next, denote ( )
by , . Next, we see that 1 , 2 , 3 are mutually orthogonal subspaces of

and have the same dimension s as the dimension of . The mapping

: = 1 2 3

is a 3s-dimensional distribution on ( = dim ). By straightforward calculation it is
easy to see that

) ( ) = ; ) ( ) = (1 5)

We denote by the complementary orthogonal distribution to { } in . It
follows that the distribution is invariant with respect to the action of 1, 2, 3, that
is ( ) = So, we obtain the next orthogonal decomposition of ˜

= { }

where , { } and are the above distributions. We note that is not anti-invariant
distribution (see (1.5b)).

From the general theory of Riemannian submanifolds, recall the Gauss and Wein-
garten formulae

) ˜ = + ( )

) ˜ = + ( ) ( )
(1 6)

where is the second fundamental form of , is the shape operator with respect to
the normal section , and are the induced connections by ˜ on and ,
respectively. The Codazzi equation is given by

( ( ) ) = (( )( ) ( )( ) )

( ) ( )
(1 7)

It is known that if { } = 1 is an orthonormal basis of ( ), then the mean
curvature vector Þeld of , denoted by , is given by

=
1 X

=1

( )

The submanifold is called totally contact umbilical if the second fundamental form
of is expressed as

( ) =
3X

=1

( ( ) + ( ) ( ) + ( ) ( ))

( )

(1 8)

If = 0 and (1.8) hold, then is called totally contact geodesic submanifold of ˜ .
We say that the semi-invariant submanifold manifold ˜ is -geodesic if we

have ( ) = 0, ( ). By straightforward calculation, using (1.3), (1.6), one
deduces
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Proposition 1.1. Let be a semi-invariant submanifold of a generalised 3-Sasakian

manifold ˜ . Then we have

) ( ) = 0; ) = + ( ) + ( ) ( );

) ( ) = ; ) = ( ) + ( )

) ( ) = 0; ) = + ( ) + ( ) ( )

(1 9)

2 Integrability of distributions on a semi-invariant

submanifolds of a generalised 3-Sasakian manifold

The purpose of this paragraph is to study the integrability of distributions involved
in the study and the geometry of its leaves. First we prove

Theorem 2.1. Let be a semi-invariant submanifold of a generalised 3-Sasakian

manifold ˜ . Then the distributions and are not integrable.

Proof. Let ( ), = a not null vector Þeld and because is a Levi-Civita
connection, using (1.3) and (1.5) we derive

([ ] ) = ( ˜ ) ( ˜ ) = 2 ( ) 6= 0

which prove that the distribution 6= {0} is not integrable. If we take = ,
= , ( ), in the same way, we obtain that the distribution is not

integrable.

Remark 2.1. It is interesting to see that the distributions and { } are
not integrable if ˜ is a proper generalised 3-Sasakian manifolds, but in the case of
a 3-Sasakian manifold ( ( ) = 0 ( ˜ )) these distributions are integrable
(see [6]).

In the same way as we had proved Theorem 2.1, we can prove

Theorem 2.2. If is a semi-invariant submanifold of a generalised 3-Sasakian mani-

fold ˜ , Then the distributions { } and { } are not integrable.

By using (1.3) one deduces

Proposition 2.1. Let be a semi-invariant submanifold of a generalised 3-Sasakian

manifold ˜ , then the distribution { } is involutive.

Next we have:

Proposition 2.2. Let be a semi-invariant submanifold of a generalised 3-Sasakian

manifold ˜ . Then we have that

) ([ ] ) = ([ ]) ) = 0 ( ) ( )

) ([ ] ) = ( ) ( )
(2 1)

Proof. Let ( ) and = ( ). By using (1.2), (1.3), (1.6b) and the
fact that is a metric connection, we deduce that

([ ] ) = ( ˜ ) ( ˜ ) = ( ˜ ) = ( ˜ ) = 0
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In the same way we obtain that ([ ] ) = 0 ( ) ( ) Next, let
( ), and using (1.3) we deduce

([ ] ) = ( ˜ ) ( ˜ ) = ( )

Theorem 2.3. Let be a semi-invariant submanifold of a generalised 3-Sasakian

manifold ˜ . Then the following three assertions are equivalents

) the distribution { } is integrable,

) ( ) = ( ) ( )

) is -geodesic

(2 2)

Proof. Let ( ) ( ) By using (1.2), (1.6) and the fact that is a
torsion free connection, we get

([ ] ) = (( ˜ ) ( ˜ ) ˜ + ˜ )

= ( ( ) ( ) )

and using (2.1a) we obtain the equivalence a) b). Now, taking into account (1.1e),
(1.9b) and the assertion b), we infer that

( ) = ( ( ) ) = (( ) ) = ( )

and we obtain the assertion c). The proof is complete.

By direct calculation, using (1.1e), (1.2) and (1.6) we obtain:

Proposition 2.3. Let be a semi-invariant submanifold of a generalised 3-Sasakian

manifold ˜ . Then we have

) = ( )

) ([ ] ) = 0 ( )
(2 3)

Next, let us consider an ortohnormal Þeld of frames { 1 } on in .
Then on the distribution we have the orthonormal Þeld of frames {{ 11 1 ,

21 2 31 3 }, where = , = 1 . We denote by the shape
operator with respect to the section . Throughtout the paper {1 }
and we use the above orthonormal Þeld of frames.

Lemma 2.1. Let be a semi-invariant submanifold of a generalised 3-Sasakian mani-

fold ˜ . Then we have

) = ; ) ( ) = ( ) ( ) (2 4)

Proof. The assertion a) follows from (2.3a). Now, let ( ) and using (1.1g), (1.2)
and (1.6b) we obtain

( ) = (( ˜ ) + ) = ( )

and using assertion a), the assertion b) is proved.

Next we deÞne the di erential 1-form on by

( ) = ( ) = ( ) ( )
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Theorem 2.4. Let be a semi-invariant submanifold of a generalised 3-Sasakian

manifold ˜ . Then the following three assertions are equivalents
) the distribution { } is involutive,
) ( ) = 0, ( ),
) ( ) ( ), ( ), ( ).

Proof. It is easy to see that = and therefore, by using (1.2) we get

([ ] ) = ( ) + ( ) ( )

Now, from the above relation and using (1.9d), (1.9f) and (2.1a), we obtain that the
distribution { } is integrable i ( ) = 0, that is, taking into account (1.9d)
and (1.9f), the distribution { } is parallel. Next by direct calculation we derive

( ) = ( ) = ( ( ) ( ) ( )

and the equivalence ) ) is proved.

Theorem 2.5. If is a semi-invariant submanifold of a generalised 3-Sasakian mani-

fold ˜ , then we have
) if the distribution { } is integrable, then its leaves are totally geodesic im-

mersed in ˜ ,
) if the distribution { } is integrable, then its leaves are totally geodesic

immersed in but not in ˜ .
Proof. Suppose that is a leaf of integrable distribution { } and denote by
the second fundamental form of immersion ˜ . Then, by direct calculation we
deduce that:

( ( ) ) = ( ˜ ) = ( ( ) ) = 0 ( { })

and the assertion a) is proved. Now let 0 be a leaf of the integrable distribution { }
and denote by 0 the second fundamental form of imersion 0 . Then we deduce
that

( 0( ) ) = ( ) = 0

( 0( ) ) = ( ) = 0 ( )

but ( ) = and our assertion b) is proved.

3 Totally contact umbilical and totally contact geodesic

semi-invariant submanifolds are tangent to the

structure vector Þelds 1, 2, 3

The purpose of this paragraph is to study some properties of totally contact umbilical
and totally contact geodesic of semi-invariant submanifolds of a generalised 3-Sasakian
manifold. First, from [7] we recall

Theorem 3.1. If is a totally contact umbilical semi-invariant submanifold of a

generalised 3-Sasakian manifold ˜ , then we have

if dim 6= 1 then M is totally contact geodesic,

if dim = 1 then M is an intrinsic sphere, that is = 0 ( )
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Next from Theorem 2.3 and 2.4 we deduce

Theorem 3.2. If is a totally contact umbilical semi-invariant submanifold of a

generalised 3-Sasakian structure, then

) if the distribution { } is integrable then = {0}, or is a totally contact

geodesic semi-invariant submanifold,

) the distribution { } is involutive.

Lemma 3.1. Let be a totally contact umbilical semi-invariant submanifold of a

generalised 3-Sasakian manifold ˜ . Then the curvature tensor Þeld satisÞes

( ˜ ( ) ) + ( ˜ ( ) ) = 0 ( { } (3 1)

Proof. Let ( { }). By direct calculation, using (1.1g), (1.2) and (3.1) we infer
that

( ˜ ˜ ) + ( ˜ ˜ ) =

= ( ˜ (( ˜ ) ) ) + ( ˜ ) ˜ ) =

= ( ) ( ˜ ) + ( ) ( ˜ )+

+ ( ) ( ˜ ) + ( ) ( ˜ ) =

= ( ) ( ˜ ) + ( ) ( ˜ ) = 0

In the same way one deduces

( ˜ ˜ ) + ( ˜ ˜ ) = 0

and

( ˜ [ ] ) + ( ˜ [ ] ) = 0

Therefore, the assertion follows by using the formula for the curvature tensor Þeld and
the above relations. By direct calculation and by using (3.1) we get

Theorem 3.3. If is a totally contact umbilical semi-invariant submanifold of a

generalised 3-Sasakian structure, then its sectional curvature is not positive.

Proof. Let ( { }) be an unit vector Þeld, and ( ). Then by using
the Codazzi equation and (3.2) we get

( ) = ( ( ) ) = (( ( ) ) ) =

= (( )( ) ( )( ) )
(3 3)

where denote the normal part of and

( )( ) = ( ) ( ) ( )

Now we evaluate the right side of (3.3). First, by using (1.3), (3.1) and Lemma 3.2 we
derive

( )( ) = ( ) ( ) ( ) =

= ( ) =
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and

( )( ) = ( ) ( ) ( ) = 0

Finally we obtain

( ) = ( ) 0

From Theorem 3.3 we deduce

Corollary 3.1. If is a totally contact umbilical semi-invariant submanifold of a

generalised 3-Sasakian manifold ˜ , with positive sectional curvature, then = {0} or
= {0}
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