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An Extention of the Univalent Condition for

an Integral Operator

Daniel BREAZ

Abstract. In this paper is presented an extention of the univalent con-
dition for the integral operator deÞned by Pescar in [3].
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Introduction

Let = { : | | 1} the unit disk. We consider the class of analytical function in the
unit disk, denoted by with =

©
: = + 2

2 + 3
3 +

ª
. Also we consider

the class of univalent and regular functions with the conditions (0) = 0 (0) 1 = 0.

The Schwartz Lemma. Let the analytic function be regular in the unit disc and

(0) = 0. If | ( )| 1, , then

| ( )| | | (1)

and equality holds only if ( ) = , where | | = 1.

We have the following result proved by Pascu in [2] and that we shall use in proving
the results contained in this paper.

Teorema A. [2] Let C, Re 0 and . If

1 | |2Re

Re

¯̄
¯̄

00 ( )
0 ( )

¯̄
¯̄ 1 (2)

then C, Re Re , the function

( ) =

Z

0

1 0 ( )

1

(3)

is univalent.

In [3], Pescar proved the next result:

Theorem B. [3] Let , that satisÞes the condition
¯̄
¯̄
2 0 ( )
2 ( )

1

¯̄
¯̄ 1 (4)
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and C so that

Re
3

| |
(5)

If | ( )| 1, , then C, Re Re , the function

( ) =

Z

0

1

µ
( )
¶ 1

1

(6)

This result of Pescar is extended in [1] by the author in the following theorem:

Theorem C. Let , ( ) = + 2
2 + , = 1 , N \ {0}, that satisÞes

the next conditions :
¯̄
¯̄
2 0 ( )
2 ( )

1

¯̄
¯̄ 1 = 1 (7)

C Re
3

| |
Re Re (8)

If | ( )| 1, , = 1 , then C, satisfying the above conditions we have:

( ) =

Z

0

1

µ
1 ( )

¶ 1

· ·

µ
( )
¶ 1

1

(9)

We notice that for = 1 we obtain the Theorem B.
Next we shall give a generalization of Theorem C, considering a real number 1

and using the condition | ( )| , , = 1 .

Main results

Theorem 1. Let 1, , ( ) = + 2
2 + , = 1 , N \ {0}, that

satisÞes the next conditions:
¯̄
¯̄
2 0 ( )
2 ( )

1

¯̄
¯̄ 1 = 1 (10)

C Re
(2 + 1)

| |
Re Re (11)

If | ( )| , , = 1 , then C, satisfying the above conditions we

have:

( ) =

Z

0

1

µ
1 ( )

¶ 1

· ·

µ
( )
¶ 1

1

(12)

Proof. We consider the function ( ) =
R

0

³
1( )
´ 1

· ·
³

( )
´ 1

. We observe that

(0) = 0 (0) 1 = 0.
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By calculating the derivatives of the order I and II for this function we obtain:

0 ( ) =

µ
1 ( )

¶ 1

· ·

µ
( )
¶ 1

(13)

respectively

00 ( ) =
1 0 ( ) · 1 + +

1 0 ( ) · (14)

where

=

µ

( )

¶
·

0 ( ) ( )
2

= 1 (15)

We calculate the fraction
00( )
0( ) . Thus we obtain:

00 ( )
0 ( )

=

· 1 0 ( ) ·
P

=1

0 ( )
= ·

1
·
X

=1

(16)

Replacing = 1 , in formula (16) we obtain:
00 ( )
0 ( )

=
1
µ

0
1 ( )

1 ( )
1

¶
+ +

1
µ

0 ( )

( )
1

¶
(17)

We evaluate the modulus and we multiply in both terms with 1 | |2Re

Re . Hence:

1 | |
2Re

Re

¯̄
¯̄

00 ( )
0 ( )

¯̄
¯̄ 1 | |

2Re

| |Re

X

=1

µ¯̄
¯̄
2 0 ( )
2 ( )

¯̄
¯̄ | ( )|

| |
+ 1

¶
(18)

Because | ( )| , , = 1 and applying Schwarz Lemma we obtain that

| ( )|

| |
= 1 (19)

We apply this relation in the above inequality and we obtain:

1 | |
2Re

Re

¯̄
¯̄

00 ( )
0 ( )

¯̄
¯̄ 1 | |

2Re

| |Re

X

=1

µ¯̄
¯̄
2 0 ( )
2 ( )

¯̄
¯̄ + 1

¶
(20)

But ¯̄
¯̄
2 0 ( )
2 ( )

¯̄
¯̄ =

¯̄
¯̄
2 0 ( )
2 ( )

1 + 1

¯̄
¯̄

¯̄
¯̄
2 0 ( )
2 ( )

1

¯̄
¯̄+ 1 = 1 (21)

We apply this relation in the above inequality and we obtain:

1 | |
2Re

Re

¯̄
¯̄

00 ( )
0 ( )

¯̄
¯̄ 1 | |

2Re

| |Re

X

=1

µ¯̄
¯̄
2 0 ( )
2 ( )

1

¯̄
¯̄ + + 1

¶
(22)

But
¯̄
¯

2 0( )
2( )

1
¯̄
¯ 1, , = 1 .

Thus the inequality becomes:

1 | |
2Re

Re

¯̄
¯̄

00 ( )
0 ( )

¯̄
¯̄ (2 + 1)

| |Re
(23)
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Because Re (2 +1)
| | , obtain that

1 | |
2Re

Re

¯̄
¯̄

00 ( )
0 ( )

¯̄
¯̄ 1 (24)

Applying Theorem A we obtain that .

Remark. For = 1 we obtain Theorem C.
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