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1 Introduction

In this paper, we shall be concerned with the existence of mild solutions for first and
second order functional semilinear damped integrodifferential equations in a Banach space.
Firstly, we consider the following first order functional semilinear damped integrodifferential
equations of the form:

y0 −Ay = By + F

µ
t, yt,

Z t

0

k(t, s, ys)ds

¶
, a.e. t ∈ J = [0, b] (1)

y(t) = φ(t), t ∈ [−r, 0] (2)
where F : J × C([−r, 0], E) × E → E is a given function, A is the infinitesimal generator
of a family of semigroups {T (t) : t ≥ 0}, B is a bounded linear operator from E into E,
k : J × J × C([−r, 0], E)→ E, φ ∈ C([−r, 0], E) and E a real Banach space with norm | · |.

For any continuous function y defined on [−r, b] and any t ∈ J , we denote by yt the
element of C([−r, 0], E) defined by yt(θ) = y(t + θ), θ ∈ [−r, 0]. Here yt(·) represents the
history of the state from time t− r, up to the present time t.

Later, we study the second order functional damped semilinear integrodifferential equa-
tions of the form:

y00 −Ay = By0 + F

µ
t, yt,

Z t

0

k(t, s, ys)ds

¶
, a.e. t ∈ J = [0, b] (3)

y0 = φ, y0(0) = y1, (4)
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where F,B, k, φ are as in problem (1)—(2), A is the infinitesimal generator of a family of
cosinus operators {C(t) : t ≥ 0} and y1 ∈ E.

The study of the dynamical buckling of the hinged extensible beam which is either
stretched or compressed by axial force in a Hilbert space, can be modeled by the following
hyperbolic equation

∂2u

∂t2
+

∂4u

∂x4
−
Ã
α+ β

Z L

0

¯̄̄̄
∂u

∂t
(ξ, t)

¯̄̄̄2
dξ

!
∂2u

∂x2
+ g

µ
∂u

∂t

¶
= 0, (E)

where α, β, L > 0, u(t, x) is the deflection of the point x of the beam at the time t, g is a
nondecreasing numerical function, and L is the length of the beam.

Equation (E) has its analogue in IRn and can be included in a general mathematical
model

u00 +A2u+M(kA1/2uk2H)Au+ g(u0) = 0, (E1)
where A is a linear operator in a Hilbert space H and M and g are real functions. Equation
(E) was studied by Patcheu [9] and the equation (E1) by Matos and Pereira [8].

This paper will be organized as follows. In Section 2 we will recall briefly some basic
definitions and preliminary facts which will be used later. In Section 3 we shall establish two
theorems for the problem (1)—(2). In Section 4 two theorems are presented for the problem
(3)—(4). Our approach in the both sections is based on the Schaefer’s fixed point theorem
and on the Banach contraction principle. Finally in Section 5 controllability results are
presented.

2 Preliminaries

We will briefly recall some basic definitions and preliminary facts that we will use in
the sequel.

C([−r, 0], E) is the Banach space of all continuous functions from [−r, 0] into E with
the norm

kφk = sup{|φ(θ)| : −r ≤ θ ≤ 0}.
By C([−r, b], E) we denote the Banach space of all continuous functions from [−r, b] into E
with the norm

kyk∞ = sup{|y(t)| : −r ≤ t ≤ b}.
B(E) is the Banach space of all linear bounded operator from E into E with norm

kNkB(E) = sup{|N(y)| : |y| = 1}.
A measurable function y : J → E is Bochner integrable if and only if |y| is Lebesgue
integrable. (For properties of the Bochner integral, see for instance, Yosida [14]).
L1(J,E) denotes the Banach space of functions y : J −→ E which are Bochner integrable
normed by

kykL1 =
Z b

0

|y(t)|dt.
We say that a family {C(t) : t ∈ IR} of operators in B(E) is a strongly continuous

cosine family if:
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(1) C(0) = I (I is the identity operator in E),

(2) C(t+ s) + C(t− s) = 2C(t)C(s) for all s, t ∈ IR,
(3) the map t 7−→ C(t)y is strongly continuous for each y ∈ E.

The strongly continuous sine family {S(t) : t ∈ IR}, associated to the given strongly
continuous cosine family {C(t) : t ∈ IR}, is defined by

S(t)y =

Z t

0

C(s)yds, y ∈ E, t ∈ IR.

The infinitesimal generator A : E −→ E of a cosine family {C(t) : t ∈ IR} is defined by

Ay =
d2

dt2
C(t)y

¯̄̄
t=0

.

For more details on strongly continuous cosine and sine families, we refer the reader to the
books of Goldstein [7], Fattorini [6], and to the papers of Travis and Webb [12], [13]. For
properties of semigroup theory, we refer the interested reader to the books of Goldstein [7]
and Pazy [10].

Definition 2.1. The map F : J ×C([−r, 0], E)×E → E is said to be an L1-Carathéodory
if

(i) t 7−→ F (t, u, z) is measurable for each u ∈ C([−r, 0], E) and z ∈ E;

(ii) (u, z) 7−→ F (t, u, z) is continuous for almost all t ∈ J ;

(iii) For each ρ > 0, there exists ϕρ ∈ L1(J, IR+) such that

|F (t, u, z)| ≤ ϕρ(t)

for all kuk, |z| ≤ ρ and for a.e. t ∈ J.

3 First Order Integrodifferential Equations

In this section we are concerned with the existence of solutions for problem (1)—(2). So
let us start by defining what we mean by a mild solution of problem (1)—(2).

Definition 3.1. A function y ∈ C([−r, b], E) is said a mild solution of (1)—(2) if y0 = φ
and y satisfies the integral equation

y(t) = T (t)φ(0) +

Z t

0

T (t− s)B(y(s))ds+

Z t

0

T (t− s)G(s)ds.

where G(t) = F

µ
t, yt,

Z t

0

k(t, s, ys)ds

¶
.

Let us introduce the following hypotheses:
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(H1) There exists a function α ∈ C(J, IR+) ∩ L2(J, IR+), such that¯̄̄Z t

0

k(t, s, u)ds
¯̄̄
≤ α(t)kuk for each t ∈ J and u ∈ C([−r, 0], E);

(H2) A : D(A) ⊂ E → E is the infinitesimal generator of a compact semigroup T (t), t > 0 in
the Banach space E and there exists a constant M ≥ 1 such that kT (t)kB(E) ≤M.

(H3) There exist β ∈ L2(J, IR+) such that

|F (t, u, z)| ≤ β(t)ψ(kuk+ |z|) for a.e. t ∈ J, u ∈ C([−r, 0], E), z ∈ E,

where ψ : IR+ −→ (0,∞) is a continuous, and increasing function with
ψ(α(t)kuk) ≤ α(t)ψ(kuk) for each t ∈ J and u ∈ C([−r, 0], E)

and Z b

0

m(s)ds <

Z ∞
c

dτ

τ + ψ(τ)
;

where c =Mkφk and m(t) = max
©
MkBkB(E),Mβ(t)(1 + α(t))

ª
;

(H4) For each bounded B ⊆ C([−r, b], E) and t ∈ J the set½
T (t)φ(0) +

Z t

0

T (t− s)B(y(s))ds+

Z t

0

T (t− s)G(s)ds : y ∈ B
¾
,

is relatively compact in E.

Theorem 3.2. Let F : J×C([−r, 0], E)×E → E be an L1-Carathéodory function. Assume
that hypotheses (H1)—(H4) hold. Then the IVP (1)—(2) has at least one mild solution.

Proof. Transform the problem (1)—(2) into a fixed point problem. Consider the operator
N : C([−r, b], E) −→ C([−r, b], E), defined by

N(y)(t) :=



φ(t), if t ∈ [−r, 0]

T (t)φ(0) +

Z t

0

T (t− s)B(y(s))ds

+

Z t

0

T (t− s)G(s)ds, if t ∈ J.

Clearly the fixed points of N are mild solutions to (1)—(2).
We shall show that N is completely continuous. The proof will be given in several steps.

Step 1: N is continuous.

Let yn be a sequence in C([−r, b], E) such that yn → y. We shall prove that N(yn)→
N(y). For each t ∈ J we have

N(yn)(t) = T (t)φ(0) +

Z t

0

T (t− s)B(yn(s))ds+

Z t

0

T (t− s)Gn(s)ds,

where Gn(t) = F

µ
t, yn,t,

Z t

0

k(t, s, yn,s)ds

¶
. Then
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|N(yn)(t)−N(y)(t)| ≤
Z t

0

kT (t− s)kB(E)|B(yn(s))−B(y(s))|ds

+

Z t

0

kT (t− s)kB(E)|Gn(s)−G(s)|ds

≤ bMkBkB(E)kyn − yk∞ +M

Z
b
0|Gn(s)−G(s)|ds.

Since G is continuous, B is bounded and F is an L1-Carathéodory function we have by the
Lebesgue dominated convergence theorem

kN(yn)−N(y)k∞ ≤ kBkB(E)kyn − yk∞ +M

Z
b
0|Gn(s)−G(s)|ds→ 0,

as n→∞. Thus N is continuous.

Step 2: N maps bounded sets into bounded sets in C([−r, b], E).

Indeed, it is enough to show that for any q > 0, there exists a positive constant c such
that for each y ∈ Bq = {y ∈ C([−r, b], E) : kyk∞ ≤ q} one has kN(y)k∞ ≤ c.
Let y ∈ Bq. Then for each t ∈ J we have

N(y)(t) = T (t)φ(0) +

Z t

0

T (t− s)B(y(s))ds+

Z t

0

T (t− s)G(s)ds.

By (H1)—(H3) we have for each t ∈ J

|N(y)(t)| ≤ Mkφk+M

Z b

0

|B(y(s))|ds+M

Z b

0

ϕq(s)ds

≤ Mkφk+MbqkBkB(E) +MkϕqkL1 := c.

Step 3: N maps bounded sets into equicontinuous sets of C([−r, b], E).

Let τ1, τ2 ∈ J, τ1 < τ2 and Bq be a bounded set of C([−r, b], E) as in Step 2. Let
y ∈ Bq. Then for each t ∈ J we have

N(y)(t) = T (t)φ(0) +

Z t

0

T (t− s)(By(s))ds+

Z t

0

T (t− s)G(s)ds.

Then

|N(y)(τ2)−N(y)(τ1)| ≤ |T (τ2)φ(0)− T (τ1)φ(0)|+
Z τ1

0

kT (τ2 − s)− T (τ1 − s)kB(E)|By(s)|ds

+

Z τ2

τ1

kT (τ2 − s)kB(E)|By(s)|ds+
Z τ1

0

kT (τ2 − s)− T (τ1 − s)kB(E)ϕq(s)ds

+

Z τ2

τ1

kT (τ2 − s)kB(E)ϕq(s)ds.

The right-hand side tends to zero as τ2 − τ1 → 0. The cases when τ1, τ2 ∈ [−r, 0] or
τ1 < 0 < τ2 are obvious.



74 M. BENCHOHRA, E. GATSORI AND S. K. NTOUYAS

As a consequence of Steps 1 to 3 and (H4) together with the Arzelá-Ascoli theorem we
can conclude that N : C([−r, b], E) −→ C([−r, b], E) is a completely continuous operator.

Step 4: Now it remains to show that the set

M := {y ∈ C([−r, b], E) : y = λN(y), for some 0 < λ < 1}
is bounded.

Let y ∈M. Then y = λN(y) for some 0 < λ < 1. Thus for each t ∈ J

y(t) = λ

·
T (t)φ(0) +

Z t

0

T (t− s)By(s)ds+

Z t

0

T (t− s)G(s)ds

¸
.

This implies by (H1)—(H3) that, for each t ∈ J, we have

|y(t)| ≤ Mkφk+MkBkB(E)
Z t

0

|y(s)|ds+M

Z t

0

β(s)ψ(kysk+ α(s)kysk)ds

≤ Mkφk+MkBkB(E)
Z t

0

|y(s)|ds+M

Z t

0

β(s)(1 + α(s))ψ(kysk)ds

≤ Mkφk+
Z t

0

m(s)(|y(s)|+ ψ(kysk))ds.

We consider the function µ defined by

µ(t) = sup{|y(s)| : −r ≤ s ≤ t}, 0 ≤ t ≤ b.

Let t∗ ∈ [−r, t] be such that µ(t) = |y(t∗)|. If t∗ ∈ J , by the previous inequality we have

µ(t) = |y(t∗)| ≤ Mkφk+
Z t∗

0

m(s)(|y(s)|+ ψ(kysk)ds

≤ Mkφk+
Z t

0

m(s)(µ(s) + ψ(µ(s))ds.

If t∗ ∈ [−r, 0] then µ(t) = kφk and the previous inequality holds, since M ≥ 1.
Let us denote the right-hand side of the above inequality as v(t). Then we have

µ(t) ≤ v(t) for all t ∈ [0, b],
and

v(0) =Mkφk, v0(t) = m(t)(µ(t) + ψ(µ(t)), t ∈ J.
Using the increasing character of ψ we get

v0(t) ≤ m(t)(v(t) + ψ(v(t)) a.e. t ∈ [0, b].
Then for each t ∈ [0, b] we haveZ v(t)

v(0)

du

u+ ψ(u)
≤
Z b

0

m(s)ds <

Z ∞
v(0)

du

u+ ψ(u)
.

This inequality implies that there exists a constant L such that v(t) ≤ L, t ∈ J, and hence
µ(t) ≤ L, t ∈ J. Since for every t ∈ J, kytk ≤ µ(t), we have

kyk∞ := sup{|y(t)| : −r ≤ t ≤ b} ≤ L,



SEMILINEAR DAMPED INTEGRODIFFERENTIAL EQUATIONS 75

where L depends only on b and on the functions α, β and ψ. This shows thatM is bounded.
Set X := C([−r, b], E). As a consequence of Schaefer’s theorem ([11] p. 29) we deduce

that N has a fixed point which is a mild solution of (1)—(2).

Now, we present a uniqueness result for the problem (1)—(2) Our considerations are
based on the Banach fixed point theorem. Let us introduce the following hypotheses:

(A1) |F (t, u, v) − F (t, u, v)| ≤ d[ku − uk + |v − v|], for each t ∈ J and u, u ∈ C([−r, 0], E),
v, v ∈ E, where d is a nonnegative constant.

(A2) |k(t, s, u) − k(t, s, u)| ≤ K1ku − uk, where u, u ∈ C([−r, 0], E) and K1 is a nonnegative
constant.

Theorem 3.3. Suppose that hypotheses (H2), (A1), (A2) are satisfied. If

MbkBkB(E) +Mbd(1 + bK1) < 1,

then the IVP (1)—(2) has a unique mild solution.

Proof. Transform the problem (1)—(2) into a fixed point problem. Let the operator
N : C([−r, 0], E) → C([−r, 0], E) defined as in Theorem 3.2. We shall show that N is
a contraction. Indeed, consider y, y ∈ C([−r, b], E). Then we have for each t ∈ J

|N(y)(t)−N(y)(t)| ≤
Z t

0

M |B(y(s))−B(y(s))|ds+Md

Z t

0

[kys − ysk+ bK1kys − ysk]ds

≤ MkBkB(E)
Z t

0

|y(s)− y(s)|ds+Md(1 + bK1)

Z t

0

kys − yskds

≤ MbkBkB(E)ky − yk∞ +Mbd(1 + bK1)ky − yk∞
=

¡
MbkBkB(E) +Mbd(1 + bK1)

¢
ky − yk∞.

Then
kN(y)−N(y)k∞ ≤

¡
MbkBkB(E) +Mbd(1 + bK1)

¢
ky − yk∞,

showing that N is a contraction and hence it has a unique fixed point which is a mild solution
to (1)—(2).

4 Second Order Integrodifferential Equations

In this section we study the problem (3)—(4). We give first the definition of mild solution
of the problem (3)—(4)

Definition 4.1. A function y ∈ C([−r, b], E) is said mild solution of (3)—(4) if y0 = φ,
y0(0) = y1 and

y(t) = (C(t)− S(t)B)φ(0) + S(t)y1 +

Z t

0

C(t− s)By(s)ds

+

Z t

0

S(t− s)G(s)ds.
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Theorem 4.2. Let F : J×C([−r, 0], E)×E → E be an L1-Carathéodory function. Assume
(H1) and the conditions:

(B1) A is the infinitesimal generator of a strongly continuous and compact cosine family
{C(t) : t > 0} and there exists a constant M1 > 0 such that kC(t)kB(E) < M1 for all
t ∈ J ;

(B2) There exist β ∈ L2(J, IR+) such that

kF (t, u, z)k ≤ β(t)ψ(kuk+ |z|) for a.e. t ∈ J, u ∈ C([−r, 0], E), z ∈ E,

where ψ : IR+ −→ (0,∞) is a continuous, and increasing function with
ψ(α(t)kuk) ≤ α(t)ψ(kuk) for each t ∈ J and u ∈ C([−r, 0], E)

and Z b

0

m(s)ds <

Z ∞
c

dτ

τ + ψ(τ)
;

where

c =M1(1 + b)kφk+ bM1|y1| and m(t) = max
©
M1kBkB(E),M1bβ(t)(1 + α(t))

ª
;

(B3) For each bounded B ⊆ C([−r, b], E) and t ∈ J the set½
(C(t)− S(t)B)φ(0) + S(t)y1 +

Z t

0

C(t− s)By(s)ds

+

Z t

0

S(t− s)G(s)ds : y ∈ B
¾

is relatively compact in E,

are satisfied. Then the IVP (3)—(4) has at least one mild solution.

Proof. Transform the problem (3)—(4) into a fixed point problem. Consider the operator
N : C([−r, b], E)→ C([−r, b], E) defined by:

N(y)(t) :=


φ(t), if t ∈ [−r, 0]
(C(t)− S(t)B)φ(0) + S(t)y1

+

Z t

0

C(t− s)By(s)ds+

Z t

0

S(t− s)G(s)ds, if t ∈ J.

As in Theorem 3.2 we can show that N is completely continuous. Now we prove only that
the set

M := {y ∈ C([−r, b], E) : y = λN(y), for some 0 < λ < 1}
is bounded. Let y ∈M. Then we have:

y(t) = λ
h
(C(t)− S(t))φ(0) + S(t)y1 +

Z t

0

C(t− s)By(s)ds

+

Z
t
0S(t− s)G(s)ds

i
, t ∈ [0, b].
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This implies by (H1) and (B1)—(B2) that, for each t ∈ J, we have

|y(t)| ≤ (M1 + bM1)kφk+ bM1|y1|+M1

Z t

0

|By(s)|ds

+M1b

Z t

0

β(s)ψ(kysk+ α(s)kysk)ds

≤ (M1 + bM1)kφk+ bM1|y1|+M1kBkB(E)
Z t

0

|y(s)|ds

+M1b

Z t

0

β(s)(1 + α(s))ψ(kysk)ds

≤ (M1 + bM1)kφk+ bM1|y1|+
Z t

0

m(s)(|y(s)|+ ψ(kysk))ds.

We consider the function µ defined by

µ(t) = sup{|y(s)| : −r ≤ s ≤ t}, 0 ≤ t ≤ b.

Let t∗ ∈ [−r, t] be such that µ(t) = |y(t∗)|. If t∗ ∈ J , by the previous inequality we have

µ(t) = |y(t∗)| ≤ (M1 + bM1)kφk+ bM1|y1|+
Z t∗

0

m(s)(|y(s)|+ ψ(kysk))ds

≤ (M1 + bM1)kφk+ bM1|y1|+
Z t

0

m(s)(µ(s) + ψ(µ(s)))ds.

If t∗ ∈ [−r, 0] then µ(t) = kφk and the previous inequality holds.
Let us take the right-hand side of the above inequality as v(t), then we have

v(0) = (M1 + bM1)kφk+ bM1|y1|, µ(t) ≤ v(t), for a.e. t ∈ [0, b]
and

v0(t) = m(t)(µ(t) + ψ(µ(t)), for a.e. t ∈ [0, b].
Using the nondecreasing character of ψ we get

v0(t) ≤ m(t)(v(t) + ψ(v(t)), t ∈ [0, b].
This implies for each t ∈ [0, b] thatZ v(t)

v(0)

dτ

τ + ψ(τ)
≤
Z b

0

m(s)ds <

Z ∞
v(0)

dτ

τ + ψ(τ)
.

This inequality implies that there exists a constant b∗ such that v(t) ≤ b∗ for each t ∈ [0, b],
and hence µ(t) ≤ v(t) ≤ b∗ for each t ∈ J. Since for every t ∈ J, kytk ≤ µ(t), we have
kyk∞ ≤ b∗, where b∗ depends only on b and on the functions α, β and ψ. This shows that
M is bounded. Set X := C([−r, b], E). As a consequence of Schaefer’s theorem we deduce
that N has a fixed point which is a mild solution of (3)—(4).

We present now a uniqueness result for the solutions of the problem (3)—(4) by means
of the Banach fixed point principle.

Theorem 4.3. Suppose that hypotheses (B1), (A1), (A2) are satisfied. If

M1bkBkB(E) + b2M1d(1 + bK1) < 1,
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then the IVP (3)—(4) has a unique mild solution.

Proof. Transform the problem (3)—(4) into a fixed point problem. Consider the operator
N defined in Theorem 4.2. We shall show that N is a contraction. Indeed, consider y, y ∈
C([−r, b], E). Thus for t ∈ [0, b]

|N(y)(t)−N(y)(t)| ≤M1

Z t

0

|B(y(s))−B(y(s))|ds+M1bd

Z t

0

[kys − ysk+ bK1kys − ysk]ds

≤M1kBkB(E)
Z t

0

|y(s)− y(s)|ds+M1bd(1 + bK1)

Z t

0

kys − yskds

≤M1bkBkB(E)ky − yk∞ +M1b
2d(1 + bK1)ky − yk∞

=
¡
M1bkBkB(E) +M1b

2d(1 + bK1)
¢
ky − yk∞.

Then
kN(y)−N(y)k∞ ≤

¡
M1bkBkB(E) + b2M1d(1 + bK1)

¢
ky − yk∞.

Then N is a contraction and hence it has a unique fixed point which is a mild solution to
(3)—(4).

5 Applications

As applications of our results, we shall give controllability results for first order semi-
linear integrodifferential equations of the form

y0(t)−Ay(t) = By(t) + F

µ
t, y(t),

Z t

0

k(t, s, ys)ds

¶
+ (ZU)(t), t ∈ J := [0, b], (5)

y(t) = φ(t), t ∈ [−r, 0], (6)
and

y00(t)−Ay(t) = By0(t) + F

µ
t, y(t),

Z t

0

k(t, s, ys)ds

¶
+ (ZU)(t), t ∈ J := [0, b], (7)

y0 = φ, y0(0) = y1, t ∈ [−r, 0], (8)

where the control function U(·) is given in L2(J, U), a Banach space of admissible control
functions, with U as a Banach space and Z is a bounded linear operator from U to E.
For recent controllability results of nonlinear ordinary, functional and neutral functional
differential and integrodifferential systems in Banach spaces, by using different tools of fixed
point arguments we refer to the paper by Benchohra and Ntouyas [4] and Balachandran et
al. [1], [2] and [3].

Definition 5.1. A function y ∈ C([−r, b], E) is called a mild solution of (6)—(7) if y0 = φ
and

y(t) = T (t)φ(0) +

Z t

0

T (t− s)B(y(s)) ds+

Z t

0

T (t− s)[G(s)ds+ (ZU)(s)] ds.

Definition 5.2. The system (6)—(7) is said to be controllable on the interval [−r, b], if for
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every continuous initial function φ and every y0, x1 ∈ E, there exists a control u ∈ L2(J, U),
such that the mild solution y(t) of (6)—(7) satisfies y(b) = x1.

Similarly we define the mild solution and the controllability for the problem (8)—(9).
We formulate only the controllability result for the problem (6)—(7).

Theorem 5.3. Let F : J ×C([−r, 0], E)×E → E be a continuous function. Assume that
(H1)—(H3) hold and moreover:

(C1) The linear operator W : L2(J, U)→ E, defined by

Wu =

Z b

0

T (b− s)ZU(s) ds,

has an invertible operator fW−1 which takes values in L2(J, U)\kerW and there exist
positive constants M1 and M2 such that kZk ≤M1 and kfW−1k ≤M2.

(C2) There exist β ∈ L2(J, IR+) such that

kF (t, u, z)k ≤ β(t)ψ(kuk+ |z|) for a.e. t ∈ J, u ∈ C([−r, 0], E), z ∈ E,

where ψ : IR+ −→ (0,∞) is a continuous, and increasing function with
ψ(α(t)kuk) ≤ α(t)ψ(kuk) for each t ∈ J and u ∈ C([−r, 0], E)

and Z ∞
1

dτ

τ + ψ(τ)
=∞;

(C3) For each bounded B ⊆ C([−r, b], E) and t ∈ J the set½
T (t)φ(0) +

Z t

0

T (t− s)B(y(s))ds+

Z t

0

T (t− s)[(ZU)(s) +G(s)]ds, y ∈ B
¾

is relatively compact in E.

Then the problem (6)—(7) is controllable on [−r, b].

Remark 5.4. For the construction of fW−1 see [5].
Using hypothesis (C1), for an arbirtary function y(·), define the control

Uy(t) = fW−1hx1 − T (b)φ(0)−
Z b

0

T (b− s)[B(y(s))ds−G(s)]ds
i
(t).

We shall now show that when using this control, the operator N1 : C([−r, b], E) −→
C([−r, b], E) defined by:

N1(y)(t) :=



φ(t), if t ∈ [−r, 0]

T (t)φ(0) +

Z t

0

T (t− s)B(y(s))ds

+

Z t

0

T (t− s)[(ZUy)(s) +G(s)] ds if t ∈ J,

has a fixed point. This fixed point is then a solution of the system (6)—(7).
We shall show that N1 is completely continuous. The steps for the proofs are parallel
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to that of Theorems 3.2 . So, we omit the details.
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