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A class of second order boundary value
problems concerning the capillarity theory

N. C. Apreutesei

1. INTRODUCTION

In this paper, we study the existence of solutions for the boundary value problem

(possibly degenerate):
~(r()3(w'()) + a()Au(t) 3 £(2), ae. on (0,T) (E)

[rOe(u)ies +  —1(T)0(w(T))] € 8(u(0), u(T)) (BC)

in a Hilbert space H, where A : D(A) C H — H is a maximal monotone operator,
¢ : H = (—o0,+c0], | : H x H - (—00, +00] are lower semicontinuous, convex and
proper functions and dyp, 9l are their subdifferentials. Here we assume that r € C'(0, T,
g € L*=(0,T), r(t) >0, q(t) >0, (V)t € (0,T) and f € L¥0,T; H).

In particular, this problem represents a model for capillarity in circular tubes (see
(8]). Let u = u(z,y) be the height of a liquid in a vertical tube situated above the refer-
ence plane u = 0. The classical equation of capillarity which describes the equilibrium

configuration of the liquid surface with constant surface tension in a uniform gravity

field ((6],(7],(8]) is
dip— Y8
(14 [[Vul?)/?

Here K is a positive constant and {2 is the domain of the plane u = 0, occuppied by the

= Ku, (z,y) € Q. (1.1)

tube. Let v be the angle between the liquid surface and the lateral surface of the tube

Xl
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(named the contact angle). Then, we associate to (1.1), the boundary condition
a :
(1 4+ [[Vuf)2- 2 = cos, (1.2)

where n is the outward normal to the boundary Q. From a physical point of view, this
boundary condition is a natural one.

If we consider the functional (see (3] for Q@ = RV)

IW) = [/ + ho)}dz - [ poda, (L3)

(Q is a domain of RY, N > 2), then, formally, every critical point u of J (i.e.

J'(u) = 0) is a solution of the boundary value problem
div(¢'(]|Vul*)Vu) = h'(v) in Q (1.4)

’ 2 0u _ .
o UIVul®) 2= = ¢, on 0% (1.5)

The capillarity problem (1.1)-(1.2) is a particular case of (1.4), (1.5), if we take N =2
and '

#la) =2((a +1)2 = 1), ¢ =cos7, h(a) = Ka?/2.

If we consider that the tube is circular and the height of the liquid u depends only on
the distance » from the origin (in this case we say that u is radially symmetric), then
0 is the unit sphere B(0,1) = {z = (zy,...,zx} € RY; ||z|? = 22 +... + 2% < 1} and
u depends only on r = ||z||. So we may assume that ¢ = C =constant, Physical, this is
not a restriction because, in the case of a circular tube, the liquid surface is a rotation
surface.

Supposing that @ = B(0,1) C RY, N > 2 and u = u(r), we can use in (1.4), (1.3)
spherical coordinates: r; = rcos#,, r, = rsinf cosfy, r3 = rsinf;sinf;cosbs,...,
In-y = rsinfysinf,...sinfly_;cosfy_, zy = rsinb;...sinfy_,sinfy_,, where r €

(0,1], 6;€(0,7]), i=1,N =2, 8y_1 € (0,2r]. Thus, (1.4), (1.5) become
(N () (W (r))Y = PV TR (u(r), 0<r <, (1.6)

W(D)e'(u'(1)?) = c. (1.7)
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If we put
j(a) = (1/2)¢(a*), G(a)='(a) = ad'(a®), H(a)=H(a),
the problem (1.6)-(1.7) can be written in the form
(rN'G(W(r))) = PN H(u(r)), 0<r <1, (1.8)

G(u'(1)) =c. (1.9)

The existence and uniqueness of the solution of (1.8)-(1.9) was established, in the case
N =2 and H(a) = a, by A. Corduneanu and G. Morosanu in (4], [12] and by Moroganu
in [9). The same authors studied a more general problem (in 3], [10]):

(r*G(u'(r))) =rbu(r), 0<r <1, (1.10)
’Iira riG(u'(r)) =0, G(u'(1))=c, (1.11)

where a, b € IR such that b+ 1 > max(0, a).
In [11], Morosanu stated the existence of a unique solution u € C'(0,1] for the

degenerate boundary problem

(p(r)G(u'(r))) = q(r)H(u(r)), 0<r <1, (1.12)
lim p(r)G(u'(r)) = 0, pP(I)G('(1)) =e, (1.13)

under very general assumptions, where p(0) = ¢(0) = 0. As the author suggested in
[11], an open problem is the generalization of (1.12), (1.13) to a Hilbert space, in the
spirit of {1}. This is the subject of our paper.

The problem (E)-(BC) which we considered, extends (1.12), (1.13) to a Hilbert
space (where G and H become maximal monotone operators) and also generalizes the

non-degenerate equation of Barbu ([1]) in a Hilbert space:
—(Bp(u'(t)) + Au(t) 3 f(t), ae. te(0,T), (1.14)
with the boundary condition

. [0p(u'(0)), —dp(u'(T))] € &I(u(0), u(T)). (115}
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The structure of this work is the following one: in the second section, we recall some
basic notions and properties about maximal monotone operators and subdifferentials
mappings in Hilbert spaces. In Section 3, we state our main result, which will be proved
in Section 4. Here we give an auxiliary result which is important in itself. In Section 5,

we give some particular cases and examples.

2. PRELIMINARY RESULTS
Through this paper, we are given a real Hilbert space H with the inner product (-, )
and the norm || - ||. Let A be a maximal monotone operator in H, of domain D(A),

which means that
(y2 — Y, Iz — J:l) 2 01 (V)yl € AI:‘} I € D(A)! t = 1121

and A admits no proper monotone extensions. It is well known that a monotone mapping
A is maximal monotone iff R({ + A) = H.

One can define the operators Jy = (I + A4)™" and Ay = (I = J\)/A on H (A > 0),
named the resolvent of A, respectively the Yosida approximation of A. It is known that
Axu € A(Jyu) (see [2]). Let | | and (-, -) the norm and the inner product of L*(0,T; H).

Given a proper, convex and lower semicontinuous (lsc) function ¢ : H — (—oc0, +00]
and z € D(p) = {u € H, ¢(u) < oo}, we denote by ,

dp(x) ={ve H, o(x)-¢ly) <(v,z-y), (VyeH}. (2.1)
Such elements v € H are called subgradients of ¢ at z and the multivalued mapping
u — Jp(u) is called the subdifferential of .
If ¢ is Gateaux differentiable at z, then dp(z) has a single point and coincides with the

Gateaux differential at z. Note that 3y is maximal monotone in H x H.

We set the regularized function , associated with ¢, given by

12
o

px(u) = inf{flu = v[*/2) + p(v), vE H}.

Now, we recall some basic results, which will be used later (for proof, see [2]).
Lemma 2.1. The function ¢, given above is convex, Fréchet differentiable on H

and dpy = (d¢)s. Moreover,

oa(u) = [lu = Tau]?/2)A + o(Tau), (VA >0, (V)u e H, (2.3)
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lim wa(u) = p(u), (VueH, (2.4)
P(Jan) < pa(u) < p(u), (V)u€ H,(Y)A > 0. (2.5)

Lemma 2.2. The function ¢ : H — (—0c0, +00] is lsc with respect to some topology,

if and only if, all the level sets of the form
{zeH, o) <A}, AeR (2.6)

are closed with respect to that topology.
If © is convex, these level sets are convex subsets of H.
Lemma 2.3. If ¢ is a proper, convex, lsc function on H, then ¢ is bounded from

below by an affine function, i.e., there is y € H and u € IR, such that
o(z) 2 (z,y) + p, forevery z € H.
Lemma 2.4. If ¢ : H - (—o00,+00] is proper, lsc and convex on H and

lim ¢(z) = +oo,

[lzl|—n0
then there is a zg € H such that ¢(zo) = inf{p(z), =z € H}.
Lemma 2.5. Let ¢ : H — (—oco,+0o0] be proper, convex, Isc on H. Then, the

following conditions are equivalent:

(@ lim o(z)/lzll = +oo 2.1
(b) R(8p)=H nd (dp)" is bounded. (2.8)

Lemma 2.6. Let A be maximal monotone on H x H and let ¢ : H — (—o0, +o0]

be a Isc, convex, proper function, such that, there exists A € H and C real such that
o((I + A4)" (& + Ah)) < p(z) + CM1 + p(z)) (2.9)

for all A > 0 and z € H. Then A + ¢ is maximal monotone.

The operator A is coercive if (Az, r) > C||z|?, for all z € H (C-constant). If A is
maximal monotone and coercive, then A is bijective, i.e. R(A) = H.

For other results on convex functions and maximal monotone operators, we refer to

the book of Barbu (2].
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3. THE MAIN RESULT
Let H be a real Hilbert space, with the norm || - || and the inner product (-,-). Set
W'(0,T) = {u € L?(0,T; H), v’ € LP(0,T;H)}, where 1 < p < oo, T > 0 is given
and the derivative is in the sense of H-valued vectorial distributions on (0, T"). We recall
that a function u € W' coincides a.e. on (0, T) with an absolutely continuous function
(denoted again u) on [0, T}, which is a.e. differentiable on (0,T) and whose derivative
u’ belongs to L?(0,T; H). So, W'?(0, T) is a Banach space with the norml|| ||, p, defined
by
lully= Iu(O)IP + [ I(e)IPde, 1< p< oo (31)

and the corresponding norm from W!(0, T').

Let 4 be a maximal monotone operator from H into itself, ¢ : H — (—o0, +00],
{: Hx H — (—c0,00] proper, convex, lsc functions, f € L*(0,T; H), r,q two real
functions, r € C'(0,T), g € L*(0,T), r(t) > 0, q(t) > 0, for every t € (0, T).

We shall study the existence of the solution for the problem (E)-(BC), under the
following hypotheses:

(H1) Suppose that there exists a > 1, such that
p(u)/[ull* = co as [luf = oo, (3.2)
i(u,0)/(lull + [[0]1)* = o0 as [lu| = co and [|v]| — co. (3.3)
(H2) There exists a > 1 such that
@(Au) = Mp(u), for every A >0 and u € D(p). (3.4)

(H3) Denote by D,, the set D, = {[u(0),u(T)); v € W'Y 0,T; H), r-p(u') € L'(0,T)}.
Suppose that there exists a pair [uy, u2) € D(I) N D, such that one of the following
two conditions holds:

u; € int{u € H; [u,uq] € D(I)}, (3.9)
uy € int{u € H; [u,uy) € D,}. (3.6)

(H4) ¢4 is dp-monotone, i.e.

(I + AgA) e — (I + ,\q.ﬂl)_ly) <e(z—y) forall A>0, z,y € H, (3.7)
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and, there exists [hy, hz) € D, such that, for every A > 0 and z,y € H,

(1 + AqA)™(x + Ahy), (I + AgA) ™ (y + Aho)) < I(z, ). (3.8)

First, we give the following auxiliary result:
Lemma 3.1. Let ¢ be a real function, ¢ € W*(0,T), q(¢) > 0, (V)t € (0,T],
A : D(A) € H — H a maximal monotone operator and A the realization of A in

L*0,T; H), which means

A= {[u,v] € L¥0, T, H) x L¥0,T; H); u(t) € D(A) ae. t€ (0,T) and (3.9)
u(t) € Au(t), a.e t€ (0,T)}. )
Then, ¢A is maximal monotone in L(0, T; H).
Proof., The monotonicity of gA is obvious because A is monotone and q(t) > 0,
a.e. t € (0,T). Let us prove now the maximal monotonicity of gA in L2(0,T; H).

To this end, assume that ¢A is not maximal monotone, so, there is a pair [ug, vg] €

L¥0,T; H) x L¥(0,T; H), [uo, vo] & qA, such that
(u — ug,v» — vg) 20, for all [u,v] € ¢A. (3.10)

It is known that A is maximal monotone in L*(0,T; H) and so R(I + A) = L*(0,T; H).
Then, for vo/q + up € L*(0,T: H), there is a pair [f,g] € A, such that

f+9=uvo/q+ uo. (3.11)

But, from g € Af, it follows q9 € gAf, thus, in (3.10), we may put u = f, v = qg. In
view of {3.11), we infer
(f — uo, quo —qf) 2 0. (3.12)

This is equivalent with /Tq(t)”f(t) — ug(t)||*dt <0, so f = up. From (3.11), we have
qg9 = vg. We obtain [uy, vZ] = [f.qg] € qA, which is a contradiction.

Now we are able to state the main result (an existence result for the problem (E)-
(BC)).

Theorem 3.2, If assuinptions (H1)-(H4) are satisfied, then there exist two functions

we W0, T,H) and p @ W'¥0,T; H) such that

p(t) € dp(u'(t)), ae. on (0,T), (3.13)
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—(r(t)p(t))‘+q(t)Au(t) 3 f(¢), ae on (0,T), (3.14)
[rPleaes =r(T)p(T)] € Ol(u(0),u(T)). (3.15)

4. The proof of Theorem 3.2. We shall use the method of Barbu [1]. Define the

convex proper function F : L¥(0,T; H) — (—00, +00),

F(u) = { [ 0000t + (@) u(TY), i w e WHO,T H) and ro(u) € LY(0,T)
400, otherwise.
(4.1)

Lemma 4.1. The function F is lsc on L*(0,T; H).

Proof. First, we show that D(F) C W'*(0,T;H). Let u € D(F) C {u €
L¥*0,T; H); ¢(u'(t)) < oo, ae. on (0,T), I(u(0),u(T)) < oo}, We shall prove that
u € W'2(0,T; H) endowed with the norm | |,, given by (3.1). If not, we have
| u/(t) |— oo on a subsequence (and (H1) leads to (u’(t)) — co on that subsequence)
or | u(0) |— oo and | u(T') [— oo (and (H1) leads to I(u(0),u(T)) — o0). In both cases,
we obtain a contradiction. Thus, we have shown that D(F) C W'=(0,T; H).

Next, we prove that F is lsc on W"*(0,T; H), namely the level sets C = {u €
L2(0,T; H), F(u) < A}, A € R, are closed in W'2(0, T; H) (with the norm | |14). Let
(up,) € C, u, — uin W'(0,T; H), as n — co. Then, u,(0) — u(0) in H as n — o

and there exists (uqx) C (un),

lim u; (t) =u'(t), ae t€[0,T]

ng—co

From Lemma 2.3, there are a € H, 3 € IR such that ¢(u) > (a,u)+b, for every u € H.

Then, the fact that ¢ is Isc and Fatou's Lemma imply

jﬂTr'(t):p(u'(t))dt < liminf Tr(t)cp(u’nk(t))dt. (4.2)

ng—o0 Jg

We also have
{(4(0), u(T)) < liminf U(un, (0), uny(T)), (4.3)

since [ is Isc. From (4.2) and (4.3), we deduce that
F(u) < liminf F(u,,) < A,
Mg —+00

so u-€ C. This leads to the fact that F is Isc on W'*(0,T; H).
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Also, hypothesis (H1) implies that every level set is bounded and therefore weakly
compact in W4(0, T; H). Since F is convex, F is also lsc on L*0,T; H), as claimed.
Lemma 4.2, Define the multivalued operator A: L?(0,T; H) — L%0,T; H),

Au = —(rp), for ue W=(0,T; H), (4.4)
where p € W'?(0,T; H) is such that
p(t) € Op(u'(t)) a.e. on (0,T), (4.5)

[rPlisos —r(T)D(T)] € Ol(u(0), u(T)). (4.6)
If (H1) and (H3) hold, then A = 9F.

Proof. It is easy to establish that 4 C OF, using the definition of A and of the
subdifferential mapping. To prove that A = 9F, it suffices to show that 4 is maximal
monotone on L*(0,T; H), i.e. R(I + A) = L*0,T; H). This is equivalent with the
proof of the fact that, for every f € L*(0,T; H), there exist u € W'*(0,T; H) and
p € W'(0,T; H), such that

p(t) € Bp(u'(t)), a.e. on [0,7], (4.7)

=(r(t)p(t))" + u(t) = f(¢), ae. on (0,T), (4.8)
[rpfmo! —-F(T)p(T)] € Bl(u(O), U(T)) (49)

[n order to prove this, forevery A > 0, let ¢y : H = (—00, 40}, [y : HXH — (—00, +0]
be the regularized convex functions associated with ¢ and ! (defined in Section 2).
Put
T , T 3
) = [ r(ehoa(u(O)de+ [ (@72 = (£, (et + h((©), (D), (4.10)
D(F\) = {ue W"0,T; H), r-p\(u')e L'(0,T))}. (4.11)
A positive constant & may be found such that

wa(u)
fhaff+t

— o0 as Jul] — 20, (4.12)

[\, ug)

Tl e~ o 2 el = co. (4.13)
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This is because for every k > 0, from Lemma 2.1 (relation (2.5)), it follows

ealu) o e(Jw) Tl

el = N Taufl Juffe+r”

where [|Jyul| — oo, as ||u|| —» co. We may choose k > 0 such that || Jyu|*/|u|*+!

has not the limit 0 and, since hypothesis (H1) implies that ¢(Jyu)/||J\ul|* — oo as
lu]| = oo, we deduce (4.12). Similarly, one arrives at (4.13),
Using the same argument as that used for F, we can show that F\ is lsc from

L*0,T; H) to (—oo, +oo| and, according to (4.12), (4.13), we have
F\(u) > o0, as |u|- 00 (A >0), ‘ (4.14)

(in fact, F\(u)/ | u |**'> oo as | u |= o). In view of Lemma 2.4, we find u, €

W'(0,T; H) such that
Fy(uy) € Fy(v), (Y)ve W"(0,T; H). (4.15)
But ¢,, Iy are Frechet differentiable (in the Hilbert space H), hence (4.15) gives us
T T
f(, r(Bpa(ul), v')dt +[J (uy ~ f,0)dt + ((Dla(ur(0), us(T)), [v(0), v(T)])) = 0, (4.16)

for every v € W1°(0,T; H). Here ({ , )) is the inner product in H x H. In particular,

we obtain the following equation in the sense of distributions over (0, T'):
—(rdp(uy)) +ua— f =0. (4.17)
Since (rdpa(ul)) = uy — f € L¥0,T; H), we arrive at
~(rdpy(u})) +uy = f, ae. on (0,T). (4.18)

Multiplying (4.18) by v € W'2(0,T; H), integrating over (0, T) by parts, we infer via
(4.16):

(30 a(U) )emo» (0)) — P(THBeA(u\(T)), v(T)) = ((Bla(ua(0), ur(T)), [p(0), »(T)])).
But v is arbitrary in W'(0,T; H), hence

] (rdoa(u)\) o0 =1 (T)Br(W\(T))] = Ai(ux(0), ur(T')). (4.19)
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In view of Lemma 2.5 and (4.12), (dp,)~! is defined on all of H and it is bounded on
bounded subsets of H. Since rdpy(u}) € W'¥0,T; H), we get u} € L=(0,T; H), so
uy € Wh(0,T; H). From (4.15), (4.10) and the boundedness of Fy(v), we see that

T
| @l < ¢, (vaso. (4.20)
Indeed, we have

T T T
[ Te@lde < 2 [ (A0, u(0)dt = 2 [ r(epa(us(0)dt = 203(us(0), u\(T)) <

T
<2 f] | u| -zc.]o r(t)dt - 2C,
where Cy, C, are positive constants, which are inferior bounds for ¢, and I):
ea(u) 2 o(Jhu) 2 inf{e(y), ye H} =C, > —0 (4.21)

and analogously for [\. These imply (4.20).
Now, from (4.18) and (4.20), it follows that

(r - &px(u!)) is bounded in L?*(0,T; H). (4.22)
Next, let us prove that
lr@@A(u\)aoll + IF(T)8r(u\(T))|| is bounded in H, as A | 0. (4.23)

To this end, considere the two cases from the hypothesis (H3).
Case I: Suppose that condition (3.5) holds. Then, there exists w € W'(0,T; H) such
that @(w') € L'(0,T) and

w(0) € int{y € H, [y,w(T) € D(I)}. (4.24)

So, w(0) belongs to the interior of the effective domain of the function y — {(y, w(T)).
But it is well known that { is continuous on intD(!), hence y — {(y,w(T)) is locally

bounded at y = w(0). Then, there are p,¢ > 0 constants,
(w(0) + pu, w(T)) < C, (V)w € H, [l =1. (4.25)
Denoting py(t) = dpa(u’(t)), (4.19) implies

I (0), ur(T)) = a1, 02) < (([rpay_y» =(TIPA(T)), [a(0), us(T)] = [vn, val)). (4.26)
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For v; = w(0) + pw and v2 = w(7T), one obtains:

In(ua(0), un(T)) < Wn(w(0)+pw, w(T))+(rpaj ur(0)=w(0) = pw)—(r(T)pA(T), us(T)—w(T)).
(4.27)

On the other hand, taking the inner product of (4.18) by uy — w and integrating by

parts over (0,T), we get

€ ! ’ ! &

—-jo (rdpa(u)), uy — w')dt +L (f —uyuy —w)dt =

= (rPze» ¥2(0) — w(0)) = (r(T)pa(T), ur(T) — w(T)). (4.28)
From the definition of d¢,(u)\(t)) and (4.21), it follows

¥ ! ! I Ui ! ! T '
- [ tdpau)uh —wdt S [ lrea(w) = rea)ldt < [ () - rClat,
so (4.28) implies (with the aid of (4.20)):
(TPALimor ¥M(0) — w(0)) = (M(T)PA(T), un(T) — w(T)) < C5, (V)X > 0. (4.29)

We set w = (rpy,_,)/lI7Py, L |l in (4.27) and we use (4.29) to deduce that

iPP"'I:D

||rp,\h=°||
But l\(uy, up) = C; and I\(uy, uz) < l(uy,uq), for every uy,uz] € H x H. Thus, (4.30)

p(,«p,\hﬂ, PAlso )+z.\(u.\(0).u,\(T))sz.\(w(o)+p Jw(T)) +Ca. (4.30)

lI7pxj,

gives us the boundedness of rpy,_, in H and (4.22) implies that »(T)pa(T') is bounded
in H, for every A. We have shown (4.23).

Case II: Suppose that condition (3.6) holds. There exists a function w € W''(0, T; H)
such that {(w(0), w(T)) < co and

w(0) € int{y € H, (y,w(T)) € Dp}. (4.31)
Let ¢ be the function
. T oo L
$(y1,y2) = lnf{/0 [re(y)+ Iyl =(foy)ldt, y € WHHO, T H), y(0) = yi, y(T) = o}

We note that ¢ is convex and ls¢ on H x H, D(¢) = D, and the infimum from the
definition of ¢ is attained. It follows from (4.31) that there exist p > 0 and C > 0, such
that

. H(w(0) + pw. w(T)) £ C, (V)w € H, with |w|| = 1. (4.32)
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We multiply again (4.18) by uy — w and integrate from 0 to T, to find
—{(rpa,_yr ua(0) = w(0) = pw) + (P(T)pA(T), ur(T) — w(T)) >
/ [rea(ul) + == L ‘” = (fyu)}dt — (w(0) + pw, w(T)). (4.33)

Now, we use (4.26) for v, = w(0), v; = w(T). We have
~(rPyy, g 1a(0) ~w(0)) +(r(T)Pa(T), ur(T) = w(T)) < In(w(0), w(T)) = \(ur(0), ux(T)).
This together with (4.33) implies

—p(rpy,,»w) < (w(0), w(T))) + C. (4.34)

Taking w = —rps;,_,/llrpy,, ||, it follows that rpy,_, 1s bounded in H with respect to A
and, consequently (4.23) in both cases.
Observe that (4.22), (4.23) and the equality

F(T)0pa(u\(1)) = r(£)Bpa(ul(8)) + / (rdpa(u})) (s)ds (4.35)
lead to the boundedness of {rdg,(u})} in L=(0,T; H), and therefore
{u\} is bounded in L*(0,T; H), (4.36)

because o(Jyu\) < @a(u)) < @a(uo) + (Bpa(uh), uh — uo) and because (3.2) is valid.
Now, we may pass to the limit in (4.20), (4.22), (4.35), 4.36) on a subsequence (denoted

again uy):
uy — u weakly-star in L*(0,T; H) (4.37)
uy — u' weakly-star in L=(0,T; H) (4.38)
rpy = rdpy\(u)) — rp weakly-star in L™®(0,T; H) (4.39)
(rpa) = (rBpy(u) — (rp) weakly in L(0,T; H), (4.40)
as A | 0.

But, for every ¢ € C'(0,T; H), (4.40) and (4.39) imply:

T
[ Gpr o)t = tim [[(a) o)Xt = liml(rpr0) 1 — [ as ) (01d] =
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lm{(r(TIPAT), TN =y ON]=r(TNAT), T+ (Pl O+ [ (Y i),

50,
Hm(r(T)(PA(T) = p(T), 9(T)) = (rPyy,y = "Pliaor 9(0))] = 0, or (4.41)
[F8@A (W) icos T(T)OA(uN(T))] = [rPlie, 1(T)p(T)] weakly inH x H. (4.42)

Similarly, we have

[4a(0), ux(T)] — [u(0), u(T). , (4.43)

Now, let us prove the strong convergence of u, in L¥0,T; H) and then, pass to the limit
in (4.18), (4.19).
Let uy and u, be two solutions of (4.18)-(4.19). Subtracting the corresponding

equations, multiplying by uy — u, and integrating by parts over [0, T], one finds:
((Bll(u;\((]), U\(T)) - alu(uu(o)! U‘,(T)), [u4\|l=° - Hﬂh:u [ U),(T) - uu(T)]))+

T T
+ [ haa()) = wa(OlFdt + [ (rBpa(u) = 0, ()~ w) (Ot = 0. (4.4d)

If we denote B = J¢, then, from Lemma 2.1, By = 9y, and Byu) € B(J\u}), where
J\ = (I + AB)~'. Since u\ = J\u)\ + AB,u), we deduce that

(rBpa(a) = rdipu(ul )y uh — ) = r(Brad = Byal Tt — Tyt )+
+r(B-\u’.\ - B#u:n ABA\U’,\ - ,uB,JuL) 2 —r(A+ F")(B-\uf\v BHUL) > —(A+p)-C,
because r Byu', is bounded in L*=(0,T; H). Passing to the limit as A, u | 0, we get

lim sup(rBa(u) — rdpu(ul), uh — wl)(2) 2 0
Aulo

and, analogously

lim sup((8y(uA(0), un(T)) — Olu(w,(0), wu(T)), [wny,_, = uy_y» A(T) = wu(T)])) 2 0.

Aul0
Then, (4.44) holds if and only if

wy — u strongly in L*(0,T; H) (4.43)

T
lim sup . (r8px(u}) — rdp(u,), uy — u,)dt =0 (4.46)
\ul0
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li?ljgp((af,\(ul(ﬂ), un(T)) = Ol (uu(0), uu(T)), (ua(0) — uu(0), ur(T) - uu(T)])) = 0.
(4.47)
Taking into account (4.46), (4.38) and (4.39), we may pass to the limit in (9@ )(u}(t)) €

dp(Taui(1)), so
p(t) € dp(u'(t)) a.e. on (0,7T).

The relations (4.42), (4.43) and (4.47) are used for to pass to the limit in (4.19) and we
conclude

[rPlaes =T (T)P(T)] € 81(u(0), u(T)).
Finally, passing to the limit in (4.18), it follows that

=(r()p(t)) + u(t) = f(t), ae. (0,T),

so u is a solution of Au + u 3 f, for every fixed f € L*(0,T; H). This completes the

proof of the lemma.

Proof of Theorem 3.2. Denote by A, the realization of A in L*(0,T; H), i.e.
Ay = {[u,v] € L*0,T; H) x L} 0,T; H); u(t) € D(A) a.e. on (0,T) and

v(t) € Au(t), a.e. on (0,7)}.

In view of Lemma 3.1, ¢4, is a maximal monotone set in L*(0,T; H) x L*(0,T; H), and
according to Lemma 4.2, the problem (3.13)-(3.15) can be written as

qgAu+0F(u) > f. (4.48)

Let [hy, ho) € D, be as in the hypothesis (H4). Then, there exists h € W'(0,T; H)
such that re(h') € LY(0,T), h(0) = hi, h(T) = ha. The assumptions (H2) and (H4)

imply
P([Ix(u(t) + M(O)) < p(u(t) + (1), ae. on (0,T), (4.49)

for every u € W' (0, T; H), where J, = (I + AgA)~'. This is because
P([Ia(u(t) + A(N)) = (lim{a(u(t + ) + Ah(t + 5)) = Ia(u(?) + AR(8))/s) =

lil;rlionfs—lu-g:(.],\(u(t +5) + AR(t + 5)) — Ta(u(t) + Ak(2))) <
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(u(t + s) — u(t) & /\h(t +s)— h(t))

Iix}l__ionftp = p(u'(t) + AR'(2)).

Now, since ¢ is a conex function and hypothesis (H2) holds, we have
1 A
p(u+Av) < m‘ﬂ((l +A)u) + H_—Asﬂ((l +A)) = (14+A)" " o(u) + A1+ A1) - o(v),
for every u,v € H and A > 0. This and (4.49) lead to
p([Ia(u(t) + AR(E))]) < (14 H(A)ep(u'(2)) + A(L + A)*~" - o(R(2)), (4.50)

a.e. on (0,T), where {i_r.r},b(z\)/,\ = a — 1. This relation together with assumption (H4)
imply that, for every u € W"!(0,T; H) and A > 0,
T
F((I + MA) ™ (u+ AR)) < (1 +b(A)F(u) + M1+ A)*t. /0 r(t)p(h'(t))dt. (4.51)
Hence, with the aid of Lemma 2.6, ¢4, + OF is maximal monotone in L*(0, T; H) x
L*(0,T; H). As in the proof of Lemma 4.2, we have

Fu)/|u|— o0, as |u|— o0,

so, OF + qA, is coercive. Thus, 8F + g4, is surjective, i.e. R(OF +qA,) = L*(0,T; H).
We have proved that, for every f € L*(0,T; H), there is u € D(0F) N D(A4,), such
that F(u) + qAju 3 f, or, equivalently, equation (4.48) has at least a solution, as

claimed,

5. Particular cases. Applications.

Taking ¢(u) = %Hu”2 in the preceding theorem, we have 0p(u) = u and the hy-
potheses (H1), (H2), (H4) for ¢ are satisfied. We have also D, = H x H, so (H3) is
valid. Now we can enunciate the following result:

Theorem 5.1. Let 4 be a maximal monotone operator of H and ! : H x H —
(—o0, 0] a lsc, convex, proper function which satisfies the assumptions (3.3) and (3.8).

Then, for every f € L*0,T; H), the problem

r(t)u”(t) + r'(t)u'(t) € q(t)Au(t) + f(t), ae. on (0,T) (3.1)

‘&
2
—

[t} —r(THW'(T)] € 3l(u(0), u(T))
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has a solution u € W%(0, T; H) and this solution is unique up to an additive constant.
Proof. The existence is immediate from Theorem 3.2.

To prove the uniqueness, let u,v be two solutions of (5.1), (5.2) and w = u — v. Sub-

tracting the corresponding equations and multiplying by w, we obtain

(rwn + T"w" w) >0

T
We integrate this inequality by parts over [0,T] and we arrive at f r(t)|lw'(¢)]|*dt <
0

r(w’, w) |7, hence

[ o - vl <
S =(([(ru" = rv" Y=o, =r(T)W'(T) + r(T)'(T)), [u(0) — v(0), w(T) — »(T)])) < O,
because @! is monotone. From this, we deduce that u — v =const,
Remark 5.1. Boundary condition (BC) includes as special cases many important
two-point boundary condition. For example, if I(u,, u2) = {;(u;) + l2(uq), with {y,1; Isc,

proper, convex functions from H to (-0, 0], then (BC) becomes

rOp(u')ay € O(u(0)), ~r(T)Op(u(T)) € Bla(u(T)). (5.3)
If
e = { G 2 o a2

1
where a,b € D(A) are given and p(u) = §||u|[2, then Theorem 5.1. leads to:
Corollary 5.2. If A is a maximal monotone operator in H, a,b € D(A) and

f € L*(0,T; H), then there exists a unique function v € W*%(0, T; H) such that
r(8)u”(t) + r'(t)u'(t) € q(t)Au(t) + f(t), a.e. on (0,T), (5.4)

u(0) =a, u(T)=>". {5.3)

Now, we state an existence result for a partial differential equation:

Let  be a bounded open set, @ C IR" and I its smooth boundary. Let 3 be a
maximal monotone graph in IR x IR and let j : R — (—o0, +00] be such that 9j = 3.
Suppose that

j(r)/r* > M, for |r| large enough, (5.6)
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0€ D(B), 0€pB(0), j(Ar)=A%j(r), forall A >0, r € R, (5.7)
where a > 1 is given. Let p € [2,00) and p' its conjugate.
Define A : W,P(Q W,y P(Q W-1P(Q), A= - p=2 94
0 ( ) — ( ] ( )) ) 2627‘("631 ” a$|) the
differential operator defined by

(Au,v) Z[ I3l “—iiéf’-dz for all u,v € W (Q).

We denote again A the restriction of this operator to D(A4) = {u € L}(Q); Au € L*(Q)}.
It is known that A = 8y, where ¢ : L(Q) — (—o00, +o0] is defined as

1 & Ju
-_ e 112 . 1.p
- | F Bl wewino
+co, otherwise,
and f(u(z)) = (0p(u))(z), a.e. on Q, where ¢ : L) — (00, +00] is the lsc function

given by
o) = { Jitw@dz, it j(u) € £4@)

+00, otherwise,

Let fy, B, two maximal monotone graphs in IR x IR, such that 0 € D(8,), j1,j2: R —
(—00, 0] the Isc, convex functions with the property dj; = 3;, i = 1,2. Suppose that

Ji(r)/r* > M, for |r| large enough, (5.8)

ja(u) € LY(R), for every u e L¥(Q). (5.9)
Let I(u, v) =fn[j|(u(a:))+jg(u(x))]d:c, for all u,v e L¥(Q).
We shall apply Theorem 3.2, with H = L*Q), ¢, !, A defined above, »r € C'(0,7T),
g € L®(0,T), r(t) > 0, ¢(t) > 0on (0,T), £ : [0, T|xQ — LA(Q), f € L*(0,T; L()). To
this end, let us verify the hypotheses of this theorem. We observe that (H1), (H2) hold.
For (H3), we need to impose the existence of ug,vo € L% Q) and u € W0, T; L*}(Q))
such that
u{0;z) = uo(z), w(T,z) = vo(z), ae. on Q (5.10)
r-j(0u/ot) € L'((0,T) x Q), ji(uo) € L'(Q). (5.11)

Let us verify now the hypothesis (H4). Since 8,(0) = 0 and 3, is monotone, we find

/ﬂﬁ,\(u(z) — v(z))(Au(z) — Av(z))dz > 0, for every u,v € WyP(Q),
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s0,
(Opa(u —v), gdu —qAv) >0, forall u,v € D(4), A >0,
or, equivalently,
(1 + AgA) 'u = (I + AgA) ™ "v) < p(u — v).
Similarly, we obtain condition (3.8). Now we can give
Corollary 5.3. Let A,p,! be given as above, f € L}0,T; L}(Q)), r € c'(0,T),
g € L®(0,T), r(t) > 0, q(t) > 0, for every ¢ € (0,T). Then, there exists at least a

solution u(t,z) of the boundary value problem

S OB + a3 FEUTE A SE02) > f(tin) e on OT) %0
(5.12)

r(t)ﬁ( (t ) — Ar(u(0,2)) 30, ae. on Q (5.13)

ﬂ( (T z)) + B2(u(T,z)) 30, ae. on Q (5.14)

u(t;z) =0 on I, } (5.15)

which satisfies %: € L*(0,T; LX), Aue L*(0,T) x Q), u € LP(0, T; Wy P(Q)).
Another application of the existence Theorem 3.2, is to the problem (1.12)-(1.13)
which was studied by Moroganu {11). There, we have H = R, [0,T] = (0,1], r =p €
C(0,1], ¢ € L'(0,1), p > 0, ¢ >0 ae. on (0,1), f=0, 8p = G, A = H, where
G,H : R — IR are continuous, strictly incresing, G(0) = 0, H(0) = 0, satisfying some
other properties. This problem has some applications in the capillarity theory, as we

mentioned in the first section.
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