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Controllability of Delay Integrodifferential Systems
in Banach Spaces
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Abstract: Sufficient conditions for controllability of delay integrodifferential sys-
tems in a Banach space are established. The results are obtained by using the
Schaefer fixed-point theorem.
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1l.Introduction:

Controllability of linear and nonlinear systems represented by ordinary differ-
ential equations in finite-dimensional space has been extensively studied. Several
authors have extended the concept to infinite-dimensional systems in Banach spaces
with bounded operators. Naito [9,10] has studied the controllability of semilinear
systems whereas Yamamoto and Park [14]considered the same problem for parabolic
equation with uniformly bounded nonlinear term. Chukwu and Lenhart [3] have
studied the controllability of nonlinear systems in abstract spaces. Do [4] and
Zhou (15] discussed the approximate controllability for a class of semilinear ab-
stract equations. Naito [11] established the controllability for nonlinear Volterra
integrodifferential systems. Nakagiri and Yamamoto (6] studied the controllabil-
ity for delay systems and Kwun et al [5] studied the approximate controllability
for delay Volterra systems with bounded linear operators. Recently Balachandran
et al [1,2] established sufficient conditions for the controllability of nonlinear inte-
grodifferential systems in Banach spaces by using Schauder’s fixed-point theorem.
The purpose of this paper is to study the controllability of delay integrodifferen-
tial systems in Banach spaces by suitably applying the Schaefer fixed-point theorem.

2. Preliminaries:
Consider the delay integrodifferential system
r'(t) = Azx(t) + (Bu)(t)

+ ftx(0r(t). [ Ut 9p(s.a(oa(s))ds). te T =08, (1)
ot) = oft). te[-h.0] -
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where o,(t) = t — h;(t) with h;(t) > 0, h=max{h(t) : t € J}, h : J = J,
i=1,2 are continuous functions , the state x(.) takes values in the Banach space
X and the control function u(.) is given in L*(J,U), a Banach space of admissible
control functions with U as a Banach space. A is the infinitesimal generator of a
strongly continuous semigroup T(t), ¢ > 0 in a Banachspace X, g: Jx X — X. f:
JxXxX—-X,l:JxJ— R are given functions, 0 € Z = C([-h.0], X) and B
is a bounded linear operator from U into X.

We need the following fixed point theorem due to Schaefer([13]

Schaefer Theorem: Let S be a convex subset of a normed linear space E
and 0 € S. Let F: S — S be a completely continuous operator and let

((F)={z € Six=AFx for some 0< X <1}
Then either ((F) is unbounded or F has a fixed point.
The system (1) has a mild solution of the following form [12]
) t
2(t) = T()6(0)+ [ T(t - 9)[(Bu)(s)

+ f(s,2(o1(3)). jﬂ (s, T)g(r. 2(oa(r)))dr)ds, te J, 2)
(t) = o(t). te[-h0]

In order to study the controllability problem of (1) we coasider the following system
as in (7,8

ti—
—_
o
S

Il

Az(t) + A(Bu)(t)
+)\f(t.:c(al(t)).forl(t.s)g(s.x(ag(s)))ds). A€(0.1), teJ (3)

z(t) = o(t), te[-h.0|

Then for the system (3) there exists a mild solution of the following form

2(t) = AT(£)o(0) + Afn' T(t - 9)((Bu)(s)

+ f(s.:c(cr](s)).f0 (s.7)g(r.z(o2(7)))dT)]ds. te J
x(t) = oft). te [(—h.0]
Definition:
The system (1) is said to be controllable on the interval J if for every continuous

initial function o € Z, there exists a control u € L*(J.U) such that the solution
x(t) of (1) satisfies x(b) = z.



K.Balachandran and R.Sakthivel : 12U

We assume the following hypothesis:
(i) T(t), £>0 is compact.

(ii) The linear operator W from L*(J.U) into X, defined by

b

Wu = jo T(b - s)Bu(s)ds
has an invertible operator W' defined on L%(J.U)/kerW and there exist
positive constants My, My such that || Bf| < M, and |W || < M.

(iii) For each t € J the function g(t,.) : X —X is continuous and for each z € X
the function g(..z) : J — X is strongly measurable.

(iv) For each ¢t € J the function f(¢....) : X x X — X is continuous and for
each x,y € X the function f(..z.y) : J — X is strongly measurable.

(v) For every positive integer k there exists ax € L'(0,b) such that
foraet el ‘

e k!lf(t-;n‘y)ll < ag(t)
Neililyll«

(vi) There exists a continuous function m : J — [0,20) such that

lg(t.x)]| < mE)Q[l=l]). telzeX

where 2 : [0,0¢) — (0.00) is a continuous nondecreasing function.

(vii) There exists a continuous function p : J — [0, 00) such that

£tz )l < p(OQ(llel + fyll). ted wyelkX.

where {2 : [0,00) — (0.0c) is a continuous nondecreasing function.

(viii) There exists a constant L such that
[t s)l <L for t=s20.

(ix)

ds

./nb n{s)ds < ‘[Cm ﬁJm )

where ¢ = M ([|o(0)[l) + M Nb, m(t) = max{Mp(t). Lm(t)}.
Ay = sup{||T(¢)]| : t € J} and

h A
N = MpM[)le ]l + My lo(0)]] + AL, [n ()1l + L‘/” mir)Q |zl )dr)ds
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3. Main Result

Theorem: If the hypothesis (i) - (ix) are satisfied, then the system (1) is con-
trollable on J.
Proof:

Using the hypothesis (ii) for an arbitrary function x(.) define the control

u(t) = W'z, - T(b)o(0) —beT(b— 8) f(s.x(a(s)), _/Ds Us.7)g(7. z(oa(7)))dT)ds](t)
We shall now show that when using this control the operator defined by
(Fe)(t) = T()o(0) + [ T(t - 9)[(Bu)(s)

+ f(s.o(@r(s)). [ Us.r)g(r.a(oa(r))dn)lds.  te

has a fixed point. This fixed point-is then a solution of equation (2).

Clearly (Fx) (b) = z, , which means that the control u steers the delay inte-
agrodifferential system from the initial function ¢ to x| in time T, provided we can
obtain a fixed point of the nonlinear operator F.

First we obtain a priori bounds for the following equation
5(t) = AT(H)o(0) + A /D "T(t = ) BW [z, — T(b)o(0)
= [ 7= 9) f(s.ao(s)). [ Us.m)g(r.a(oa(r)))dr)ds]m)en
A [ T(t = 9)f(s.(01(5)). [ Us.P)g(r.aloa(m)dr)ds

we have

I < Mo+ [ 1T = MMz + Millo(O)]
+ 01, [ pulial + L [ () dr)dsldn
+041 [ p(s) (ol + L [ m(r)al)dr)ds

l
Millo(O)ll + [0 M Nds

IA

+ M, jﬁ' () (llll + L /ﬂ (1)) dr)ds

Mlo(O)] + M Nb+ 21, | ()12

(PN
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+L fu ()l )dr)ds

Denoting by v(t) the right-hand side of the above inequality we have
v(0) = M (|le(0)]) + M Nb. |[z(¢)]| < v(t) and

u'(t)

0l

MOzl + L [ m(r)(iaf)n)

Mip(t)Qo(u(t) + L /0 "m(T)Qo(r))dr).

IA

Let :
w(t) = v(t) + L/O m(7)Qv(r))dr
Then w(0) = v(0) =c. v(t) < w(t).
and
w'(t) v'(t) + Lm(t)Q(v(t))
Mip(t)Qo(w(t)) + Lm(t)Qw(t))
m(t)[Qo(w(t)) + Qw(t))).

IA A

This implies

/-u*(l) ds ds

b o0
Le@y Ta(s) +2(s) an i)ls < / oo M

This inequality implies that there is a constant K such that w(t) <K.r €J and .

hence ||z(t)]] € K.t € J, where K depends ooly on b and on the functions i, Qq
and §.

Second we must prove that the operator F': C = C(J. X) — C defined by
(Fo)(t) = T(t)o(0) + jﬂ' T(t - n)BW ‘[z, — T(b)o(0)
~ [T~ 5)f(5.2(0:(5)). [ s Palrea(r))dr)ds| )
+ [Tt = ) 15,501 (5). [ Ut.9)9(r.s(oa(r))dr)ds
is a completely continuous operator.

Let By = {zr € C, |z|| £k} for some k > 1.
We first show that F maps By into an equicontinuous family. Let = € By and
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ti.t, € J. Thenif 0 < t) <t; <b

|(Fz)(t1) — (Fz)(ta)|l
< IT(t) = T(ta) || [l0(0)]|

L[ 1Tk = ) = Tl = ) BW [z - T(B)0(0)
- / (6~ 9)f(s.2(or(5). [ s T)alr.2(oar)) ) ds|(n)e]
+ L[ Tt = ) BW a1 ~ T()o(0)
. /0 T(b = )f(s.2(01(s). [ Us.T)g(r.a(oa(r))dr)ds](m)el
1 [T = 5) = T(t = 9 F (5. a(o1(9)), [ o Pa(r.s(oa(r)dr)ds]
I [Tt = 5)(s.a(or(). [ Us. gt (en(r)dr)ds]
< IT(8) - T(ta) ()]
+ [M 1T = m) = T = mIpLMG [l + Millo(O)]
+ M, [Obnk(s)rzs]dq
+ [ 1Tt = n)|Mab ]+ DO
+ M, [o " cla)ldldn
+ [M 1T = 5) = Tt - )llon(s)ds
+ [T = ) lax(s)ds

The right-hand side tends to zero as t; — t; — 0 and e sufficiently small, since the
compactness of T(t) for t>0 implies the continuity in the uniform operator topology.

Thus F maps By into an equicontinuos family of functions. It is easy to see that
the family F By is uniformly bounded.

Next we show F Dy is compact. Since we have shown F By is an equicontinuous
collection, it suffices by the Arzela-Ascoli theorem to show that F maps By into a
precompact set in X.

Let 0 < ¢ < b be fixed and € a real number satisfying 0 < ¢ < t. For = € By we
define

(F)(t) = T(o(®)+ [ T(t=nBW [z = T(¢)o(0)
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= [ - ) fts.x(or(s). [ Us, gl sloaEMryds| i
[ bwf@»hﬁﬂflbﬂﬂrdmﬁmst

= T(t)6(0) + T(e) f T(t - — €)BW 'z, — T(6)&(0)
- [T - o) f(a.aor(). [ Ua.m)otr sloa(r)r)dslin)dn
+7(6) [ “T(t =9~ Of(sa(on(s)). [ Us.7)glr.zloafr)))dr)ds

Since T(t) is a compact operator, the set Y (t) = {{ F.z)(t) : * € B} is precompact
in X for every €, 0 < € < t. Moreover for every © € By we have

I(F=)@) — (Fa)O < [ IT( =) BW [y = T(5)o(0)
- [T - 9. 2(01(5)). [ s, gl w(oa(r)r)dsl(mln

+ [T = 9)£(s,2(o1(s)), [ olr.z(oa(r))dr)ds

e f,!f 17°(¢ — m) | MaMs(]|lz ]| + Mi]6(0) |

| ' ssalaidlidy
+ [ 1Tt = s)lae(s)ds

Therefore there are precompact sets arbitrarily close to the set {(Fz)(t) : © € By}
Hence the set {(Fx)(t) : € By} is precompact in X.

It remains to show that F : C — C is continuous. Let {r,}3> € C with =, —
in C. Then there is an integer r such that ||z,(¢)|| < r forallnand t € J,so x, € B,
and x € B,.
By (iv)

f(tmalr(®). [ 1t 5)g(s. 2u(a2())ds) = Flt.a(er (). [ Ut.5)a(s.2(oa(s)))ds)
for each t € J and since
I‘,f(t..n,,(al(t)).j: I(t,s)a(s. zu(o2(s)))ds) — f(t.:c(a,(t)).‘[; (t.s)g(s.x(oa(s)))ds)|l

< 2n.(t)
we have by dominated convergence

t g b b ’
| P, — Fa =ﬁgHLTﬁﬂMMV[£T(—H
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(s 2ulor(®). [ Us. T)g(r.mu(aa(r)))dr)
= fs.a(an(®). [ Us.T)g(r.a(oa(r))dn)])(mdn
+ [T = )fs.7aor()). [ o, P)o(r.z(a(r))etr)
= fls.a(@ (). [ s T)g(r.x(oa(r)))dr)ds]
< [1Tte - mires,
4y [ (s an(or(). [ o, 7)otz oa(r))ir)
= f(s.2(er(s)). [ Us.T)g(r.2(oa(r)))dr)le]
+ [ U7 = 23D, [t Phg(r.ea(a(r))er)
= fla.2(er(s)). [ s m)g(r.x(aa(r))dn)]ds 0
Thus F is continuous. This completes the proof that F is completely continuous.
Finally the set ((F) = {z € C: x = AFz, A € (0,1)} is bounded, as we proved
in the first step. Consequently by Schaefer’s theorem the operator F has a fixed

point in C. This means that any fixed point of F is a mild solution of (1) on J
satisfying (F'z)(t) = =(t). Thus the system (1) is controllable on J.
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