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TWO FUNCTIONS IN NUMBER THEORY AND SOME UPPERS BOUNDS FOR THE
SMARANDACHE’S FUNCTION

Sabin Tabirca Tatiana Tabirca

The aim of this article is to introduce two functions and to give some simple properties for one of
them. The function’s properties are studied in connection with the prime numbers. Finally, these

functions are applied to obtain some inequalities concerning the Smarandache’s function.

1. Introduction
In this section, the main results concerning the Smarandache and Euler’s functions are
review. Smarandache proposed [1980] a function S:N*— N defined by S(n)=min{k|k!|n} .

This function satisfies the following main equations:

L. (n,m)=1=>8(n-m) = min{S(n), S(m)} )
2 H= plk' -p? e D5 = 8(n) = min{S(p,k' ),S(p;’ )iy S(pk )} (2)
3. (Yn>1)S(n)<n 3)

and the equality in the inequality (3) is obtained if and only if » is a prime number. The research on

the Smarandache’s function has been carried out in several directions. One of these direction

$

studies the average function S:N* > N defined by S(n) =-4=L— | Tabirca [1997] gave the
n

: . = 1
following two upper bounds for this function (V n> S) S(n) < % n+; + 2 and
H

| 2:n

(V n> 23) g(n) < —_’2~21—-n+ E_% and conjectured that (V n> l) §(n) < o

Let @ :N* — N be the Euler function defined by ¢(n) = card{k = L,n|(k,n) = 1} . The
main properties of this function are review below:

1. (mm) =1= @(n-m) = @(n)-p(m) (4)

i=l ¢

5
L
2 n=p’ -Pi’----Pf"=><o(")=ﬂ'n(1‘p_) : (5
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30 oLy = card{k = Ln|(k,n) = m}. (6)
m
It is known that if f N*> N isa multiplicative function then the function g:N*— N

defined by g(n) = Z f(d) is multiplicative as well.
din

2. The functions y;, ¥,
In this section two functions are introduced and some properties concerning them are

presented.
Definition 1.
Let i, i/, be the functions defined by the formulas

n

L p:N*> N, wl(n)=ZE% : )
=] 2

2. i N*S N, p(m=), / (8)
i=|

wi(i) wo) 1 wi(i) wi(i) i wi(i) (i)

1 1 1 11 111 56 21 301 151
2 3 2 12 77 39 22 333 167
3 7 4 13 157 79 23 507 254
4 11 6 14 129 65 24 301 151
5 21 11 15 147 74 25 521 261
6 21 11 16 171 86 26 471 236
7 43 22 17 273 137 27 547 274
8 43 22 18 183 92 28 473 237
9 61 31 19 343 172 29 813 407
10 63 32 20 231 116 30 441 221

Table 1. Table of the functions ¥, ¥/, .
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Remarks 1.

1. These function are  correctly  defined based on the implication
n
i’ a, n) Z(: n)’ Z(r n)

2. If pis prime number, then the equations y,(p)= p® - p+1 and y,(p) =

_p(p; D +1 can

be easy verified.
3. The values of these functions for the first 30 natural numbers are shown in Table 1. From this

table, it is observed that the values of y;, are always odd and moreover the equation

Wo(n) = P/'T(n)" seems to be true.

Proposition 1 establishes a connection between /| and ¢,

Proposition 1

If n>0 is an integer number, then the equation

v = d p(d) ©)
dn

holds.
Proof

Let A, ={i= 1,1 (i,n) = d} be the set of the elements which satisfy (,n)=d.
The following transformations of the function y; holds.

W](”)=Z(,.”n) ZZ( ) ZZ” anl‘zg'wﬂ- (10)
i=l o

din ied, din IEAJ iedy d|n

Using (6) the equation (10) gives y(n) = Zf- : ga(ﬁ) :
m d d

Changing the index of the last sum, the equation (9) is found true.#

The function g(n)=ne(n) is multiplicative resulting in that the function /,(n) = Zd p(d) is
dh

multiplicative. Therefore, it is sufficiently to find a formula for ¥, ( pk) , where p is a prime

number.
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Proposition 2.
If p is a prime number and k2/ then the equation
2:k+1
ky_ P +1
vi(p”) e (11
holds.
Proof

The equation (11) is proved based on a direct computation, which is described below.

k k
. . 1 "
vi(p*) =D d pld)=1+ ) p -rp(p')=1+[1——]-2p2' =
d|p* i=1 P/ 5
2k _ rk 2k+l
:1+(1_l].P2.—P2 1=1+p-p 1=P +1
p pt -1 p+1 p+1

Therefore, the equation (11) is true.«

Theorem 1.
If n= plk ' pi ? G pf’ is the prime numbers decomposition of n, then the formula

s s 24+l

P+
wil[ [ ) =] [*—— (12)

i=1 - Pt L
holds.
Proof

The proof is directly found based on Propositionl 1 and on the multiplicative property of y;.
p3 +1

o= p? = p+1 holds finding again
+

Obviously, if p is a prim number then w,(p) =

the equation from Remark 1.2. If n= p,: p,~...p, is a product of prime numbers then the

following equation is true,

v = (pr pyep) =] [ (2 - 20 +1) (13)
i=l
Propositiond.
(Vn>1) ZJ‘ L ptn) (14)
- 2
i=1,(i,n)=1
Proof

This proof is made based on the Inclusion & Exclusion principle.
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Let D, = {1' =1,2,...,7| pln} be the set which contains the multiples of p.

This set satisfies

' n nin
' » —-(—4-1)
DP:'p'{l’z!"-:%} aﬂd Zl‘— Z P :g.(ﬂ.{.l]. .
i i=1

P
Let n= pf . pp

The following intersection of sets

“.. D, be the prime number decomposition of n.

D, (WDPH N.NnD, ={i=12,.,np |nn pilnn.ap, |n}
is evaluated as follows
D, nDpn N.nD, ={i=12,.,np, " Py,p, i} =

Pn Pia P
Therefore, the equation
. H H
i o= Y =5.(——+1J (14)
IEDP” r\DF” n"‘”Dp,. 'GD.»“ Py i Py pJ‘: wPy,

holds.

The Inclusion & Exclusion principle is applied based on

D={i=1,2..,n(in=1}={ UDm

and it gives

n

¥i = i—i(—l)"'”- > >

(15)
ren (fa)=l  i=I m=| 1Sj1<j3<.<jnSn iEDP” HDPnn‘nDP}
Applying (14), the equation (15) becomes
Z z m H n
gefer wpl e o
r<n.(Z.n)=l ; m=1 1S <fy <) S0 2 Py Py,

The right side of the equation (16) is simplified by reordering the terms as follows
i :—-( Z(—l)"" > ——J [1+Z SV 1J
1<n, (i.n)=1 m=1 1€y < fy<<j,Sn Py Pp-p 1)1 < €< jn S
2 5
¥ =L {1_¢J +£-[1
1<n, (i,n)=1 2 m=1 p!. 2

. i n’ H’ 1 "
m:l( l) (mD T2 [l__-—J - E-qu(n) .
Therefore, the equation (14) holds.s#

m=1 pj,
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1 .
Obviously, the equation (14) does not hold for n=1 because Zi =1and %(H) = %
i=1,(i,)=1

Based on Proposition 3, the formula of the second function is found.
Proposition 4.

The following equation

|
(Vn>1) w;(n)=£—'£;lt- a7
holds.
Proof

Let 1,4 = {i =1,2,....,1(i,n) =d} be the set of indices which satisty (i,n)=d. Obviously, the
following equation

(Vdin) 1,4 =d-1,
=

(18)

is transformed as follows

holds. Based on (18), the sum Z )
(i,n

r,uz(n)zzn:i-(:',n)_'=2d":Zt—Zd g Z’I—Z Z:l. (19)

i=1 dn iel,; dn din iyel
n.l

Proposition 3 is applied for any divisor d=n and the equation (19) becomes

n (n
E ¢[EJ 1 n n
va=2, D=1+ 2 -1+3 2 (3)o(3): 20
n g EI:I nzdin nzdp
%
Completing the last sum and changing the index, the equation (20) is transformed as follows
t,u,(n)—l+—Zd ga ~l~-—+ Zd =——+— v (n)
Idn d|n

resulting in that (17) is true. &
Remarks 2

+1
1. Based on the equation ,(n) = —Wl(;) :

, it is found that w(n)=2-w,(#)—1 is always

an odd number and that the equation ,(n) = {Klzﬁ@-l holds.
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2, If n= pf' -p;’-...pf‘ >1 is the prime numbers decomposition of »n, then the formula

S PUTEEI  ik
UIZ(HPE )—5+SH—RT holds.

3. Upper bounds for the Smarandache’s function

In this section, an application of the functions ,, i/, is presented. Based on these function an

inequality concerning the Smarandache’s function is proposed and some upper bounds for

S(n) =~ 3" (i) are deduced.

n iml

Let p; =2, p,=3 ..., Pm »... be the set of the prime numbers.

Proposition 5.

(Vi2pa) (V= Lp1 ProciPn) S(Br - Py i+ ) S ”Z‘P P;""P";";)’ 1)
1' 2'---' ma

Proof
Let i, j be two numbers such that i2 p, and j=1,p - py..cp, -
Let us suppose that (p * pye.cPmsj) = Py, * Piy-pi, and j=py Py woepy - Jy s

Py P2 Pm
Py Py by,

Based on the inequality i+jzi+12p, +1, we find that the product

(Mnjj = i-2-...-(Mf+j‘] contains the factors p, , p; ey P; and

by, Py b, Diy * Py Py,
pl.pll""pm i‘i‘j].
By, Py P,

The following divisibility holds

3 D s . . ey S ; P et .l'+ 1
(M,Hl} T .[Pl_Pz_P,ﬂlJ _Pupyipn it
Pi, Pybi Pi, " Py, (1 P2 Py J)

3

therefore, the inequality (21) is found true.&

Proposition 6.

PvPLe P
(Vizpn) D S(pi PrwiPm i+ N Si-wi(Pr- prcbn) + ¥a(Pr- P2vecPn)  (22)
J=1
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Proof
The equation (21) is applied for this proof as follows:

PPy PPy Pm

pl p2' pml+j
S(p v Pyt ¥ IS ——
,zl: ' ,Z: Py Py PsJ)
P1*Py" P B s Py-PaPn ;
= Py Py P + J

i (P PyePusd) 3 (D Py Dasd)
Applying the definitions of the functions ¥/, i, , the inequality (22) is found true. %

Theorem 2.
The following inequality

1
= 2-wy(p1- preecbm) -
S(n)-— ZS()S il p1 )-n+ i 2+i.cm (23)
o 2 (pl Py pm) Py P2iPm n

is true for all 7> p, « pyu.ipp_y - PL, Where

PPy Pm-i ‘P».z
Co= D80 = wi(py* PyeiPn)-

i=1

(pm _1)'pm

5 - Wl(pl ! p2""'pm) : (pm —~1) (24)

is a constant which does not depend on n.
Proof

Proposition 6 is used for this proof.

n
Let n be a number such that > p; - pae.opoy - pf,. The sum ZS(:‘) is split into two sums as
i=I

follows

n
1 PrPrPm [ ]

n PiPr - Prei P’ n PyPy Py P Pipy
> sth= DS+ DS < DS+ ZS(:) =
i=l i= I=PrPy PP 1 i=l =D,'Py Py P’ +

PrP1 Pt P "PI‘P:'---'Pm! PPy Pm
= SO+ D D S(prprecait ).

i=l i=pp, j=1

n_ ],

For the second sum the inequality (22) is applies resulting in the following inequality
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n
-1
PPy Pt P [PI'-"I P “

Disis D8O+ Di-wi(piprecpa) +Wa(py paepa)]. (25
=1

i=1 i=p,

Calculating the last sum, the inequality (25) becomes

n n
O e E e
distiys D SG)+vi(pr pyipn): Py P2 P 2 PyPyeim |
i=l

i=l

+w (1P -----pm)-[[m]—l] —gi[f-wl(m PaePm) +Wa(Pr PP

Based on the double inequality ’ N -l— 1< d s[ £ ] , we find
“Pm By

PPy P PPy C Dy Do
- vilpy o) %'V’I(PI'Pz"--'Pm)Jsz(Pn'Pz----'p,,,)
S(iy & — men? -y
=1 2:(py Py Pm) Py P3P

Dividing by » and using Proposition 4, the equation (22) is found true.+

4. Conclusions
The inequality (22) extends the results presented by Tabirca [1997] and generates several
inequalities concerning the function S, which are presented in the following:

n
e m=l= (n> 4)S(n)=l-ZS(i)S0.375= n+0.75+~§-
n h

i=1

n
¢ m=2= (n) lS) S(n)= 1 . ZSU) <029167 - n+ 176 + ZL—‘-
# n
n
= 1052
e m=3= (n> 150) S(n) = l . ZS(!')S 0245-n+ 7.35-
o R
1 176859

o m=4=> (n>1470) S(n)=—- ) S(i) <0215 n+ 4515~
i = i
The coefficients of n from the above inequalities are decreasing and the inequalities are stronger

and stronger. Therefore, it is natural to investigate other upper bounds such us the bound proposed

— 1 & . 2.n ;
by Tabirca [1997] S(n) = —- ZS(!) < L Ibstedt based on an UBASIC program [Ibstedt
n n

i=]
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= 1 &, n
1997] proved that the inequality S(#n) = —- ZS(!) < Tun holds for natural numbers less than
n 4]

i=1

5000000. A proof for this results; has not been found yet.
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