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A linear delay-differential equation of the
seqond order

Adrian Corduneanu

Abstract. The asymptotic behaviour of the solutions of certain 2nd order delay-differential
equations with variable coefficients is studied. Some upper bounds for solutions and their
derivatives are obtained, which are sometimes involved in getting stability results of expo-

nential type. The method here employed is based on some appropriate integral inedualities.

1. Firstly, we consider the equation
(1) Z(t) + 2a(t)z(t) + b(t)z(t) = c(t)2(t -~ T), t >0

where a € C?[-T,00), b € C'[0,00), ¢ € C[0,00)-and T > 0 is a constant. In the case
when the coefficients are positive constants, this equation, appearing in some problems
of mechanics, was earlier studied by many authors; see, for example, the paper (1] and
the author’s paper (2]. Here, we consider more general equations under more general

hypotheses. The solution z = z(t) is subjected to the initial conditions
(2) z(04) = 2o, £(04) = w0, z(t) =(t) for t € (~T,0)

where = (t) is a given continuous function, having finite lateral limits at the points
t = —T and t = 0. Putting

(3)  2(t) = y(e b O, m(t) = (1) — a2(t) - a(t), () = c(t)eli-r o)
we obtain the equation

(4) §(t) + m(t)y(t) = v(t)y(t -T), 20

with the initial conditions for the new unknown function

(5)  y(04) =z0, §(04) = a(0)zo +vo, y(t) = p(t)elo @ for ¢ (—T,0).
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It follows by an elementary argument, that the problems (1)-(2), respectively (4)-(5)
have a unique solution, continuous with its first derivative for ¢ > 0, while the second
derivatives have a discontinuity with finite lateral limits at the point ¢ = T only. In
what follows, we shall search upper bounds for y = y(t) and its derivatives, writing
y(0) and y(0) instead of y(0,) and y(04). Of course, the same convention will be also
adopted for the solution z = x(t) of the problem (1)-(2).

Multiplying (4) by 2y(t) and integrating on [0, t], we obtain

6) () + fo ‘m(s)(y*(s))'ds = §2(0) + 2 ]0 HSi(8)u(s = T)ds

Imposing the supplementary restriction m(t) < 0 and m(t) > my > 0 for t > 0, we
obtain from the preceding equality that

(1) 30+ may(8) < 3%0) +m(©Ou0) +2 [ 1y(s)] - [§(s)y(s =T ds, ¢2 0
We shall also use the inequalities

©) 2 1)1 15(s)uls =)l ds < s [119(6) | (6) + mest/(s = T)ds, £ 20

and
t t

(9) L 1)1 s = Tyds < C + [ 1a(s + 1)1 y¥(s)ds, £20
0 0

where

(10) C= ] (s + T)| 9*(s)e* I =V gs = const.

Denoting g(t) = max{|vy(t)|, |v(t + T)|} for ¢ > 0 and taking into account (8) and
(9), we get for t > 0

(11) 2 19()] - 19(s)(s = T ds < V€ + (1 Vi) [ 9(s)(3(5) + ooy (s))ds

Denoting
(12) u(t) = y*(t) + maoy’(t), t20
we obtain, from (7) and (11), the following inequality

(13) u(t) < A? + (1/@)]0‘9(3)11(3)(13, £>0

where A'> 0 is a constant, given by

(14) A = (5(0) + m(0)y*(0) + ym<C)'/?
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The Gronwall-Bellman lemma implies
(15) u(t) < A%eM/V=) j;g(-)d-‘ £>0
‘from which we derive '
(16) () IS (A/ fimg)eM/Vm=) fi56e |g()|< Ael/2/e) fy slo)ds

for ¢ > 0. The constant A depends on the arbitrary initial values zo, vy and on the
function ¢, if we remember the conditions (5). Taking into account the above obtained
¢

bounds and the substitution z = y e:::p(—j0 a(s)ds), we can formulate the following
Proposition 1. Under the hypotheses

(h1) a € C?*[-T, ), b€ C'[0,0), c € C[0,00), T > 0

(hy) m(t) €0, m(t) 2 mg >0 for t >0

we have, for the solution r = z(t) of the problem (1) — (2), the bounds

(17) |2(t) < (A//m)e™ b MM |a(t)|< B(t)e™ Jo M ¢ >0

where B = B(t) > 0 and h = h(t) are given by

(18)  B(t) = A1+ (la(t)| /v me)), h(t) = a(t) - (1/2y/mc)g(t), ¢ >0

Of course, a corresponding bound for | Z(t)| may be obtained from equation (1).

Corollary 1.1. Assume that, in (1), the coefficients are constant: a > 0, b > a* and
|c|< 2av/b—a?e°T. Then, we have for the solution z = z(t) of the problem (1)-(2),
the bounds

(19) l2(8) 1< (A4 /VE = a?)e, |£(t)|< Bre®, t>0

where the constants A, > 0, By, 2 0 and o > 0 are given by
0 1/2
(20) A = [(amo +vo)? + (b=a¥)zl+ | c| e*TVb - a'z‘/Tcpz(s)e?“a’s] s

By = A (1 + (a/Vb—a?)), a =a - (| c| e*T/2Vb — a?).

Now, let us consider the more general equation
n

(21) E(t) + 2a(t)2(t) + b(t)x(t) = D el(t)z(t = T;), t>0

=1
where a = a(t), b = b(t) satisfy the conditions of Proposition 1 and the functions
¢ = cit), i = T,n are continuous for ¢ > 0. It is assumed that 0 < T\ < Th < ... <

T, < co and the initial conditions are

(22) z(0) = zq, £(0) = vo, z() = @(t) for t € (-T,,0)
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where ¢ = ¢(t) is continuous on (—7,,0) and has finite lateral limits at the points

t = =T, and t = 0. As it is easy to prove, the unique solution z = z(t) of the problem
(21)-(22), which may be successively constructed on the intervals (0, Ty ), (T}, T3), . . ., (Tn, 20),
belongs to the class C[0,00) and its second derivative &(t) may have discontinuities
with finite lateral limits at the point T}, i = 1,n only. Using the substitution and the

notations introduced in the preceding case, we obtain the equation

(2) i(0) + m(u(e) = SOy - T), 20

with the initial conditions

(24) y(0) = zo, §(0) = a(0)zo + vo, y(t) = w(t)els 9 for ¢ € (=T, 0)
We have also used the notations

afs)ds

(25) 7i(t) = ci(t)e’=Ti i=1Ln, t>0

Proceeding as in the case of the equation (1), we obtain

(26) 7(0)+ me"(6) < §0) + mO)0) + 25 [[ 1501 [i(a)yls = Tl ds, ¢ 20
and

@0 2" 1) [~ T ds € VGt (1) || u(s)(3P(5) + ment/ (9))ds

where
@8)  Ci= [ (s + T o) K ords, gi(t) = max(lw(t)l, vct + T}

for i = T,n. Then, for u = u(t) defined by (12), it follows a similar bound with the one
of the r.h.s. of (15). Denoting

(29) A= ((0) + m(OW(0) + VA=YC, i(8) = Y0it)

i=1
we can state the following

Corollary 1.2. Under the hypotheses
(hs) a € C*~T, ), b € C'(0,00), ¢; € C[0,c0) and T; >0 for i =1,n
(hg) m(t) <0, m(t) 2 my >0 for 20
we have, for the solution z = z(t) of the problem (21) — (22), the bounds

(30) 281 (A ymm)e™ b M 1i(1)]< B(t)e ha ™%, ¢ >0
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where B(t) > 0 and h(t) are respectively defined by

(1) By= AL+ (la(8)] /vme)), h(t) = a(t) - (1/2y/m2)i(t), t>0

Another method to obtain bounds for the solution of the problem (1)-(2) is based
on the direct twice repeated integration of (4) on the interval [0,¢]. Of course, m(t) and
v(¢) reamain those defined by (3).

Assuming that |m(t)|< M < o0, |¥(t)|< G < oo for t > 0 and denoting

(32) K=M+G, L= fT Iv(s + T - | (s) | eo 2 g

we obtain, after some elementary computations, the inequality

(33) [¥ISI¥(0)] +(1 30) | +GL)+ K [ (¢~ 5) [y(s)| ds, ¢20
Putting

(34) f(t) =1y(0)| +(1y(0)| +GL)t, k(t,s) = K(t —s)

we can rewrite (33) under the form

(35) VOIS )+ [KE9) lu(s) I ds, €20
which implies

(36) WIS SO + [ r(t)f(s)ds, €20

where r(t, s) is the resolvent kernel of k(t,s). Since f = f(¢) is nondecreasing for ¢t > 0,

and a simple computation shows that

(37) r(t,s) = VICshVK(t —s), t 25> 0,

we get

(38) @IS SO (1+VE [shVR(t - 5)ds) = f(t)eh/Re < f(t)eV™
for t > 0. By a simple integration of (4) on [0, ¢, we have

(39) W11 9(0) | +GL+ K [ y(s)[ds, £20

from which we easily obtain

(40) 5(0)] < 1900)] +GL + (VE/2)f(0)e’R", 20
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Using the inequality

@1) eIyt e 0%, [t < (laty(e)] + | §(t) e o 2eM, ¢ >0
and the notation a(t) = a(t) — VI, we obtain

(42) |2(8)] < ()] o=, Ji(e)| < (|(0)] +GL)e™ Jo oty |
(la(®)] +(VE/2) f(t)e™ o=, ¢ > 0

Recalling that the constants I and L are given by (32), we conclude these consid-
erations by stating the following
Proposition 2. Under the hypotheses
(hs) a € C'[~T,00), b and c€ C[0,00), T >0
(hg) m =m(t) and v = v(t) defined by (3) are bounded functions for t > 0,
the bounds (42) hold true for the solution = = z(t) of the problem (1)-(2).
Example 1. Let us consider the problem
(P) Z(t) + 2az(t) + bz(t) = cz(t - T), t 20
z(04) = 2o, 2(04) = vy, z(t) =0 for t € (=T,0)
where, a, b are positive constants and ¢ = const. The initial conditions (values) z¢ and
vo are arbitrary constants. Here, we have
M =|b—-a?|, G=|c|eT, L=0, K =|b—a?| +|c| T,
y(0) = zo, y(0) = azo + vo, f(t) =|zo| + |azo + vo|t for ¢t = 0.

The case b < a? and |c|< be™°T. We have a > VK and we denote & = a — VK > 0.
According to (42), for the solution of the problem (P) it follows
[2(t) 1< (|20] + |azo + vo| t)e=", [4(t)| < |azo + vo| €= + (a + (V/2)):
(|zo| + |azo + vo| t)e ™!, ¢t >0
The case a® < b < 2a? and |c|< (2a* — b)e~*T. We again have & = a — VK > 0 and
the preceding bounds remain true. The solution z = z(t) and its derivatives z(t), (t)
tend exponentially to zero as ¢ — oo.

Let us again consider the problem (21)-(22), maintaining the nonrestrictive condition
0<Ti<Th <...<T, < co. Using the substitution (3), we obtain the equation

(83) () +mOu(t) = Su(thule ~ T, where 3(t) = citjeli-n "

for i = 1, n and m = m(t) is the same as given in (3). Assuming |m(t)|< M < oo and
| 7:(t) |€ G; for t > 0, i = 1,n and also denoting

0

(44) K=M+3G; Li= / R HIREO] S oM ds i =Ton

i=1
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we obtain the inequality

(45) |9(8) 1 F0) + [[Rts) lu(s) s, €20
where -
(46) 7o) =1u00)1+ (1O +3618) 6 Fts) = R - ),

From (45) and (48), it follows that

(47) L)< F)ehV R < F)eVE ¢ 0.

Acting as in the proof of Proposition 2 and putting &(t) = a(t) - \/I?, we finally obtain

(48) |2(8) IS f(t)e™ b o, a(t)|< (lz)(O)I +iG.-L-) e Jyal)ds
i=1
+(La() |+ (VE/2)) f(t)e b5 130

Consequently, we can state the following
Corollary 2.1. Under the hypotheses
(h7) a € C'[-T,0), b €,C[0,0), ¢; € C[0,00), i =1,n
(hg) m = m(t) defined by (3) and v; = vi(t) defined by (43) are bounded functions on
0,09,
the bounds (48) hold true for the solution x = z(t) of the problem (21)-(22).

2. Next, we pass to the study of the behaviour of solutions for the equation
() I(t) + 2a(t)z(t) + b(t)z(t) = c(t)z(t = T)+d(1)2(t —-T), t=0

where a, b, ¢ satisfy the hypotheses imposed in Proposition 1 and d = d(t) is continuous
for ¢ > 0. The initial conditions are

(2" 2(04) = %o, (04) =vo, z(t) =(t) for t€(-T,0)

where zo and vg are arbitraiily taken, ¢(¢) and ¢(t) are continuous on (—T,0) and have
finite lateral limits at the points ¢ = —T and ¢t = 0. Making use of the substitution

t
T= ea:p(—-L a(s)ds) and of the notations

(3!) 7(” = (C(t) - d(t)a(t = T))gf:‘_rm(s)d!' 5(t) - d(t)cf“—'l'u(")d"
we obtain the equation

(4') §(t) + m(t)y(t) = v{t)y(t - T) + &(t)y(t - T), £ 20
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where m = m(t) is defined in (3). Of course, the initial conditions for y = y(t) are those
given by (5), y(t) and y(t) being known functions on (—=T,0). We omit to write here
their explicit expressions.

Preceeding as in the proof of Proposition 1, we obtain an inequality similar to (7),
namely

gy O F Mt < 50 £ mO) O +2 15(s)1 - [§(s)y(s = )| ds+
+2/ 18(s)] - |i(s)g(s = T)| ds, ¢ >0

Using the inequality, valid for every ay > 0 and a3 > 0,
(6) 2 [g(s)y(s — T)I< (1/ Vaez)(aad?(s) + aay’(s = T)), s 20
and the notations
(7 g(t) = max{|v(t)|, |y(t + T)|, [8(t)|, |6(t + T)|}, t =
respectively
() = [0 s+ D)y s)s, D= [ 185+ D) i(s)ds
we obtain, after some ele:mentary calculations, that
P(0) + mea(8) < (A + 2 + fan]ag) [ (6)i(s)ds+

+H(1/meohfaafa [ ols)omeai?(s))ds, 20

where the constant A® > 0 is given by

(9

(10") A" = (7%(0) + m(0)y*(0) + \/aa/a,C + D)/?
Imposing the condition 2 + \/ay/ay = (1/ma)\J/aa/ay, we get \Jaz/ay = meA, where
(119 A=14+/14(1/my)

Again using the notation (12) in the preceding section of this paper, we can rewrite (9')

under the form

]
(129 u(t) < (A")? + ,\/0 g(s)u(s)ds, t >0
which implies '

(13") u(t) < (Aol 1>
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where, obviously, we have taken \/ay/a; = mu A, y(0) = zo, ¥(0) = a(0)zo + vp in
(10"). Regarding the constants C' and D, defined by (8'), we recall that y and y are
known functions on the interval (-T,0).

From the inequality (13'), we deduce

(147 [Y(8)|< (A ) i )eMD 300 1y |< A%eD fo)s 4 > g,

Then, we can state the following
Proposition 3. Under the hypotheses
(H,) a € C*-T,0), be C'[0,00), ¢ and d € C[0,0), T >0
(Hg) m(t) = b(t) — a*(t) — a(t) satisfies m(t) <0, m(t) > me >0 for t >0
we have, for the solution z = z(t) of the problem (1') — (2'), the bounds

(15) |2(t) 1< (A" mm)e™ B A%, |5(t)|< Br(t)e™ b A0, 120

where we used the notations

(16" h(t) = a(t) = (A/2)g(t), B(t) = A"(1 +(la(t)| /vmex)), 20
Example 2. Let us consider the problem with constant coefficients

P { #(t) + 2ai(t) + bz(t) = cz(t = T) +di(t -=T), t>0
z(04) = 20, #(04) =vo; z(t) =0 for t € (-T,0)

where a > 0, b > a*, c and d are real constants. Here, we have

Me=b—a’>0, \=1+4/14+(b=a?)"!, C=D=0,
A® = ((azo + vo)? + (b — a®)z})/?, B* = A*(1 + (|a| /Vb — a?)) = const.,
g(t) = max{|c — ad] e*T, |d| e*T} = B = const., h(t) =a—(A/2)B = a = const.

Assuming a > 0 & B < 2a/), we have for the solution of the problem (P’)
lz(t) < (AT/VD — a)e™, |2(t)]1< A™(1 + (Ja| /Vb —a?))e™®, t > 0.

In the particular case d = 0, we also have the bounds given by Corollary 1.1 and the
Example 1.

Let us again consider the problem (1') — (2), under other assumptions than above.
Maintainiﬁg the hypothesis (H;) of Proposition 3, we shall impose new hypotheses,
namely
(H3) 8§ € C'[0,00) and m given by (3) satisfies |m(t)|< M < oo, t20
(Hy) v and & defined by (3') satisfy the conditions

[7(8)I< Gy < o0, [6()IS Ga<oo for t20, I= [T |6(t)]dt <1
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The répeated integration of (4') leads to

o(8) = 9(0) = §O) + [ (¢ = symls)u(s)ds =
t s ¢ (] :
= /ﬂ ds /D 1(r)y(r — T)dr + ]0 ds /0 5(r)9(r = T)dr

for ¢ > 0. Because we have, for s > 0,

(17)

lj"f(r)y(r = T)dr|< G\(Cy + /’ [y(t)| dr), where
(18" ? 0
C, = f_OT T —

and respectively
(19) ([ 3(r)g(r=T)dr |S Cot [8() |- [y(s=T) [ +| D)) [+ [ 1(r)dr, s >0
where
Q
(20") C; = /T 16(s +T)| - [§(s)| ds = const.
we easily obtain from (17') that

t
1}

t
(21) 1O ISIu(O)] +( §O)] +L)t + 6, [ (¢=9) [u() ds + [ [8(s)] - [u(s=T)] ds
for ¢ > 0, where we have' denoted
(22‘) L= G)C\ + Cg+ lﬂ(T)y(O)L .Kl = M + Gl + GQ

Taking into account that

¥) [ 18O 1yl =T ds £ Cs+ [ 13(s + D] [u(s) | do, £20
where
(24') ' 03=L°T|5(3+T)|-\y(s)\ds=cons¢.

and using the notation
(25') A() ={y(0)) +C5 + (19(0)] +L)t, 20
we can rewrite (21’) under the form

(@8) OIS AO+ 1 [ (-9 ) ds+ [ 156 +T)] - 1u(s)| ds, ¢20.

Denoting z(t) = sup |y(s)| for 0 < s < t, and remarking that |y(¢) < 2(t) for ¢t > 0
and fixing to > 0, we get

(27) ()< filto) + K fo ® (to = s)z(s)ds + ={to)],
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for every t € [0, o).
Taking here the supremum for ¢ € (0, to], we have
]
(28') () S Alto) + Ky [t = s)z(s)da + 2(to)]
and, since ¢o > 0 was arbitrarily taken, the just obtained inequality holds true for every
to > 0, i.e. we have

(29) (1= Do) < AW+ K [ (6= 9)2(s)ds, 20
Putting

(30") K=(1=0"I, f(t)=(1—=I)"f(t) for t>0

it follows that

(31) () < fO+K [ (t=s)a(s)ds, ¢20

which is formally identical to (35) and implies
(32) lu(t)] < 2(t) < f()chVEE < f(t)e’R", t>0.

On the other hand, integrating (4') on [0,t] and taking into account (18') and (19'),
we obtain, for the derivative y(t), the bound

(%) OISO +L+ Ey [ 1y(s)] dst [8(0)] - 1yt = T)], €20
which implies that
34y 19)I<I 9(0) | +L + (Ki/2VE) f(t)eR 4 [6(t)| f(t — T)eVRU-T)

for t > T. Recalling (41) of Section 1, using (32') and (34') and also denoting a(t) =
=a(t) — VK for t > 0, we finally obtain (for the solution of the problem (1') — ')

|=(0)1< f(0)e™ k2O, [i(t)|< (| §(0)] +L)e b oo
+[(a(®) | +(K /2VR) F(8) + eVET |5(8)| f(¢ ~ T)] e Jo =14
for ¢ > 0 and respectively for t > T. We conclude by stating

Proposition 4. Under the hypotheses (H,), (H;) and (Hy), the upper bounds (35')
hold true, for the solution x = z(t) of the preblem (1') — (2')).

Remark. Similar results with those given in Proposition 3 and 4 may also be

(35)

obtained for a more general equation than (1'), namely

(36") E(t) + 2a(t)i(t) + b(t)(t) = i(c,(t}x(t T +di()i(t - T))), t20

i=1
under similar appropriate assumptions imposed to the coefficients a, b, ¢; and d;,

i=T1n
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