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Existence of Bounded Solutions to Nonlinear
Discrete Equations

Mohammad H. Moadab

The aim of this paper is to obtain some existence resuits for discrete equations of the
form
(l) Tn41l =f(nvzn)1
in whichne Z, ={0,1,2,..}orn € Z, and f is a map from Z, x R into R, or from Z x R
into R (R = the real line). We restrict first our considerations to the scalar case, and then
we will indicate how similar results can be obtained in the vector case(z, € R™).

Our main concern is to provide conditions on f(n, z), such that (1) has bounded solutions
on Z, oron Z. Let us point out that in the papers (1], 3], the existence of bounded solutions
has been assumed in order to prove other qualitative properties, such as the convergence to
a limit as n — oo (in case of equations defined on Z, ), or the almost periodicity (in case
of equations defined on Z). Of course, adequate assumptions must be made on f(n,z), in
order to assume such kind of behavior.

1 Case of Linear Equations on Z, and Z

Before we consider the general equation (1), we need to get some information on the very
simple linear equation
(2) Tn4l — M:n + bnl
in which M > 1is a constant, and {b,} is a bounded sequence:| b, |< B, for some B > 0,
and n € Z, or n € Z, according to the case under discussion.

First, let us deal with equation (2) when n € Zy, M > 1, and {b,} is bounded. It is
easily seen that the following formula holds true(by induction) for any n > 1:
(3) Zn = M™(zo + %% + % + .t %"4‘7‘).
If we wish {z,} to be bounded, the only possibility is to choose the initial value zq in such
a way that

bﬂ bl bn-l
(4) =0+E+E{—2—+...+ Mo — 0 as n — 0o0.
Since {b,} is bounded and M > 1, it is obvious that the series
b b by
() I SRR L
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converges absolutely. Therefore, the only possible choice for zo to obtain a bounded solution
of (1), i.e. , to assure the boundedness of the sequence (3), is

bo by ba-1
(6) To = (M+M2+ +M"

+.)

If zo from (6) is substituted in (3), after elementary operations one obtains

) (b "“ b;;,’ +..).

Again, the convergence of the series (5) gives legitimacy to the formula (7). It is obvious
that (7) leads immediately to Mza + bn = Tnq1, i.c., the equation (2).

It is important for what follows to obtain an estimate for the solution {z,} given by (7).
That this solution is bounded one can easily see from the fact that (5) converges absolutely.
One obtains from (7) and our assumptions:

1 B B
(8) |=HISH(B+A_{'+M;+ 9B n € Z; — {0},

which leads to

B
(9) | Zn |< () =

wiow ) S uo1r "€

If we take B = sup | b, |, then (9) can be also written as

(10) sup |z, |< sup [ bn | -
neZy M-1 nE ~

This estimate provides the necessary tool in order to carry out the discussion from the linear
case to the nonlinear one represented by the equation (1).

If instead of n € Z, in the equation (2) we consider the case n € Z, still assuming that
{bn} is bounded on Z and M > 1, then a similar discussion can be conducted and we obtain
instead of (10) the inequality

1
(11) SUp | Zq |< e sup | bn |-
nez M- nGZ

It is important to notice that in either case (n € Z. or n € Z), the solution given by
(7) is the only bounded solution of equation (2).

Indeed, formula (3) provides an arbitrary solution of (2) on Z,, where za is the (arbi-
trary) initial value. It shows that for any choice of zo, excepting that value given by (6),
the solution of (2) is unbounded on Z, (because M™ — oo as n — oo, while the parenthesis
tends to something different of zero). This discussion obviously covers the case of equation
(2) on Z.
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2 Case of Nonlinear Equations on Z,

We consider now the nonlinear discrete equation (1), under the following assumptions on
f(n,z):
a) The sequence {f(n,0)}, n € Z,, is bounded.
b) For every n € Z,, the derivative f.(n,z) does exist for any = € R, and satisfies the
inequalities (12), where m and M are constants.

(12) l1<m< fe(n,z)< M

The following theorem can be proven by using the Banach contraction mapping theorem.

Theorem 1 If the map f : Z, x R — R salisfies conditions a) and b) stated above, then
equation (1) has a unique bounded solution on Z,.

Proof. We will choose as underlying space for our proof the space of all bounded maps
(sequences) from Z, into R. This space, say X, is a Banach space if the norm is chosen as
the supremum norm, i.e., for z = {zo, z1, 2, ..., Zn, ...} € X, one denotes

(13) | z |=sup{| zx |;k € 24 }.

On the space X, the following operator U is defined as follows: forany z € X, let y € X
be the unique solution of the discrete equation

(14) yn+1:Myn+f(nyxn)"M:ny nGZ+'

We agree to set yo = z9. Then we say that y = Uz.

Of course, it is necessary to show that b, = f(n,zn) — Mz, is a bounded sequence, for
any z € X (i.e., for any bounded z). In order to show that b = {bo, b1, ... bn,...} € X, we
notice the fact

| f(nyzn) 1<) f(ny2a) = (7, 0) | + ] f(n,0) | .

Hence,

lanSM':nl""lf(ntO)l:

which shows that b € X. Consequently, the discrete equation (14) has a unique solution
y € X, for every z € X, which means that the operator U is defined on the whole space X.

It remains to be shown that U is a contraction mapping on X. Indeed, let =, £ be
arbitrary in X, and let y = Uz, n = UEf. We easily obtain from (14) and

(15) 77n+1:MUn+f(n1£n)—MEnv no = &o,

the equation

(16) Yn+1 — nn+1 = M(yn == r]ﬂ,) + f(n,:z:,.) - f(nyfn) - M(zﬂ. - €n)-
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This means that y — n satisfies an equation of the form (2). As seen above, the following
estimate, derived from (10), holds true:

(17) Sup | yn — Mn |< sup lf(n’:ﬂ)—f(nvén)"M(zn—fn)l-
nezZ, M-1 nez,

If we take into account condition b), (17) leads to the inequality

18) sup | yn — M I< sup | zn —&n |-
( 2 |y = |S 77 sup

In other words, we can write

M-m
et

(19) | Uz —UE |<
The inequality (19) holds true for any z,{ € X, and condition (12) in b) implies A;‘:T <1
Therefore, the operator U is a contraction mapping of X into itseif.

The unique fixed point of the operator U obviously satisfies the equations (1).

This ends the proof of Theorem 1.

Corollary 1 If we assume, besides a) and b), that
(20) nlirl:o f(n,z) = folz)

does ezist uniformly with respect to  in any bounded set R, then as shown in (3], the solution
of (1) whose ezistence has been proved is such that lim,_ o =, ezists.

Remark 1. The condition b), particularly the inequality (12) imposed on the derivative
fz(n,z), can be somewhat relaxed. If we assume only f-(n,z) > m > 1, as well as the
boundedness of f.(n,z) in any strip Z4 x I, where I is any finite interval of R, then the
existence and uniqueness of the bounded solution of (2) on Z is still assured. The proof
goes on the same lines, with the difference that Banach fixed point theorem must be applied
into a sufficiently large ball | £ |< r, instead of the whole space of bounded sequences. There
is also a price to pay for this, namely one must assume sup | f(n,0) | small enough, to
have a solution in | z |< r.

Remark 2. A similar situation to that encountered in Theorem 1 occurs when the in-

equality (12) in condition b) is substituted by
(21) —MSfx(n,I)S -m< -1,

forall n € Z, and z € R. The discussion of this case can be conducted exactly in the
same way, first showing that the linear equation zn4; = — Mz + b has a unique bounded
solution on Z., for b, bounded there.

Remark 3. We also notice the fact that a condition of the form

(22) -l<—-m< fz(n,z)<m<1
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on the derivative, implies the Lipschitz type condition for f(n,z) :
(23) | f(n,2) = f(myy) IS m iz ~y],

foralilne Z, and z,y € R.

It can be easily seen in this case that the usual iterative method is convergent to the
unique bounded solution of equation (1). In other words, the fixed point method has to be
applied to the mapping y = Uz defined by

yﬂ+l = f(ny zn), n Z O, 0 = Zo-

3 Case of Nonlinear Equations on Z

We have remarked at the end of §1 that the equation (2), considered for n € Z, has also a
unique bounded solution on Z, provided {b, }n¢ z is bounded. This unique bounded solution
satisfies the estimate (11).

We shall now consider the equation (1) on Z, under the following hypotheses:

ay) The sequence f(n,0), n € Z, is bounded. )

by) Forevery n € Z, the derivative fz(n, z) exists for all z € R, and satisfies the inequality

(24) 1<m< fz(n,z) < M,

for some constants m and M.
The following existence result can be proven for the equation (1).

Theorem 2 .issume that the map f : Zx R — R satisfies the hypotheses a, ) and b,). Then
the equation (1) has a unique bounded solution on Z.

Proof. This time, the underlying space .X consists of all bounded sequences on Z, with
values in R, and with the supremum norm. The operator U is formally defined by means of
equation (14), this time without initial condition, and for all n € Z.

The remaining part of the proof can be conducted on the same lines as the proof of
Theorem 1.

Corollary 2 If besides ay) and b;) one assumes that the map n — f(n,z) from Z fnto
R, ts almost periodic, uniformly with respect to = in any bounded set of R, then the unique

bounded solution (on Z) of (1) is aimost periodic.

The proof of almost periodicity has been given in [3].

4 Case of Vector Valued Functions

In concluding this paper, we want to indicate the procedure to follow in order to cover the
case when f(n,z) is vector valued(say, f € R™).
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The only real difference which appears, in comparison with the scalar case discussed
above, is the condition on the derivative f.. Actually, we do not need the existence of the
derivative and a monotonicity condition of the form

miz-yP<(fme) - flnyhz -y S Mlz-yf,

in which m > 1, will suffice to obtain the estimates that show the convergence. This
procedure has been amply used in [3], where various estimates have been obtained for proving

the almost periodicity of a bounded solution.
Finally, let us mention that existence of bounded solutions (on Z; or Z) can be obtained

for the second order equation
(25) Zat2 = f(NyZny Tas1).

In [3], we have shown that bounded solutions of (25), if they exist, satisfy also various
qualitative properties, in accordance with the properties enjoyed by (25).

In a forthcoming paper we shall discuss the second order case.
It should be mentioned that various topics related to discrete processes are treated in

(2]
The author acknowledges help from Professor C. Corduneanu, who has proposed this
subject and provided necessary guidance in order to obtain the results contained in this

paper.
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