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ON THE EXISTENCE OF A WEAK SOLUTION
TO A VOLTERRA - SKOROHOD EQUATION

MARICA LEWIN

In (6] we proved the existence of a weak solution for the
equation

T t
g5 BTt ['R(tr s, x )as + [Co(t, s, X )aw +

+ JI bty s x,v)alds, av)+  [[  n(e, s, x,, v)p(ds, dv)
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in a real separable Hilbert space, where w is an abstract Wiener
process and p(ds,dv) is the measure of "saltus" of a homogeneous rd
valued process Y(t) with independent increments.

We are dealing with the existence of a weak solution for a
modified form of (1), equation which appears in the so-called mild
solutions of stochastic evolution equation, that is, we consider the
equation

< T
o By S ut, o)x  + IO Ut, s)k(s, X, w)ds + [ U(e, s)g(s, X, w)dw

+ If ‘ U(t,s)h(s,xs,v,aﬂq(ds,dv)+ [l U(t,s)h(s,xs,v,nﬂq(ds,dv)
10, tixlvis 1 10, tixlvib 1
We shall make the following notations:
-A={(t,s), O0Ss<t<T})
- (Q,F,P, (Ft),te [0,T]) is a filtering probability space
satisfying the usual assumptions:
-(i,K,H) is an abstract Wiener space with Py the Wiener

measure, K,H being both, real, separable Hilbert spaces.
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- we denote by || lly the norm in H and by <¢, °*> its inner
product; and by ||| the usual norm in Rd-
- W is the Wiener process corresponding to the Wiener abstract
space (i,K,H), so its state space will be H.

- L(H) is the space of the bounded linear operators on H, and

its norm is denoted by |l

- The Hilbert Schmidt operators on H are endowed with H.S. norm
[I* Ml
- Let p(W,ds,dv) be a time homogeneous Poisson point process

dt, d
5¥% and q(w,ds,dv) = p(®,ds,dv) - zv v

v v

with Levy measure a(dv)=

€ RA-{0}, that is p(ds,dv) is the measure of "saltus" of a R4 valued
process Y(t) with independent increments. Y(t) is supposed
independent of W(t),ahd Ft adapted

-D([o,T],H) will be the space of functions on [o,T] with values
in H, with discontinuities of at most the first kind, endowed with
the Skorohod 3ji, topology.

-U(t,s) is a mild evolution operator exponentially bounded on
[0,T)], [see(2],(3],(10)], that is, there is a b >0, such that
3) I utt,s) llua S eP(t-S), for all 0 < s £t £ T.

First we prove the following:
Lemma 3, The function U(t,s)x, from D to H is Lipschitz in
the first coordinate t, that is, for amy x € H,
4) Il U(t+h,s)x-U(t,s)x |ls € Lhjlu(t,s)x|ly, L a positive constant
not depending on t, s,| x [l

Proof Let {tk} be a monotonically decreasing sequence of
positive numbers tending to 0 and let L > 0 be such that
5) Il Ultk+t,t)x=x |lu £ Ltillxlly for any xe H

It is possible to get such a relation from the strongly

continuity of U in A.
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Let h > 0 and let nk be a nonnegative integer such that 0 < h-
nktk < tk.
Then

|| U(t+h,s)x=-U(t,s)x|lg = || (U(t+h,t)=-1)U(t,s)x |lgx, U(t,s)x =y is
an element from H, so the previous relation becomes
6) lU(t+h)x-U(t,s)x |l = || U(t+h,t)y-yllz=

= || U(t+h, t+nktk)U(t+nktk,t)y-U(t+nktk, )y

+ |l Utt+nktk, t)y-y Il

Using the property of semigroup of evolution, and (5), we get

n
X
Il U(t+nxtk, ) y-vila = I Zu (t+itk, t+(3-1)tx) UL+ (J-1)tk,t)y=
j=1

Ue+(3-Dtk, )y lln < Lot | y e < Th Il ¥ -

The first term of the right-hand side of (6) converges to 0
when
n, = o, so finally we get the relation (4).

We prove now the following:
Theorem. Suppose, we are given (wJ , an abstract Wiener

te [o,T]

process, on K, a time-homogeneous Poisson point process, an
exponentially bounded mild evolution satisfying (3).

-X0 is a Fo measurable, H random variable

=k:{0.T) x H — H measurable

-g:(0,T] x H = L2(H) strongly measurable

Assume that:
I) there exists a positive content L and a symmetric
positive and compact operator S on H such that s-1 commutes
with U and

Ell s71 X0 lly < =

I) || s7ik(s,X) ll; + Tr(Ss~2g(t,x)Wg(t,x)] +
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S

Jo, tixlivik 1 v

" ds dv < L(1+ || x I12g),

for all s,x,v € [0,T] x H x R4 - (0}
I1I) for every s € [o,T], k(s,x), g(s,x), h(s,x,v) are continuous

with respact to the norm |||y (respectively | |2, and measurable

in s, or (s,v)).

' “h(s, x,v)-—h(sl,xl, v) ”
AT E " i

X = x
1

Then, the equation (2) possesses a weak Cadlag solution.
Remark: The form of the equation (2) and the properties of U(t,s)
allow to give up the Lipschitz condition of the coefficients of the
equation (1).
Proof: For every n, define by induction the successive intervals
[k%,(k+1)§], and the approximate process

{x "=x ost= %

Q
7) *

s I
1x : = U(t, %)XO + J: "u(t, s)k(s, x:)ds + j: "u(t, s)g(s, x:)ciws “+

* ] U(t, S)h(s, x : ’ V)q(ds, dv) +
10, © = = 1qplik1
+ ) u(t, s) h(s, x: " v)p(ds, dv) .

10, t = < paflvib 1

Since (8) sup “U(t, s)” <e, it follows by standard calculation
t,s €A Ln)

that (9) supEHxnllz<=°.
t t |H

For the simplicity of the notation, we write
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x'=a,@W+8 O+c ©+p B+, (©),

A,B,C,D,E representing the 5 terms of the right-hand side of (7).
In [9] it is proved that A(t), B(t), C(t) have a continuous
version in the hypothesis of the theorem.
We intend to prove that D and E have Cadlag versions. Because
a Hilbert space possesses the Radon-Nikodim property (see [7]), and

the relation (9) takes place, it will be enough to prove that for

any sequence t, € (o,T], we have
10) %E(n(on(tﬁl) /) —Dn(tt)nﬂ) SKT.

We prove (10) by induction. Obviously, for tre[o, %], (10) happens,

taking into account (7).

For any increasing sequence t, belonging to [k;’,(k+ 1)%], we get

%‘E(“E(Dn(t” ) /F:r) - () ]H) =

TelE If u(t,, s)h(s, x: ,v)q(ds, dv) -
oo - Zyxlvlis 1

/] U(t s)h(s, x: ; v)q(ds, dv) /FE,HH
ot -k 1

sgzls oo, ps)n(s ] v)

1 0.e vl 2

- U(t o s)h(s, X : v)};(ds, dv) / F, 'H +

+ %35 f Ut , s)h(s, x'S , v)q(ds, dv) /F_

T T
e R ;)x“v“s 1

H= Dl+ D2

9

The first term of the last side is denoted by D;, and second by

D,.
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Using the result of the previous lemma and the fact that the

- _d_s_zgg , we obtain

measure g(ds,dv) = p(ds,dv)
v
p,s ZE "

r

10t xlivils 1

o E(lo,tr{{dlvlk 1(0(t b S)h(s' x: ’ v) B h(s' x: ’ v)) dsv?v / Ftr)“u

Tl bl s

’ gE:E ol C e L CEN EL CRDLICENE)] Mt ]

e (e B P SEL PN (s o) atas, av+

T
0ssst -4 1.t - 7xlvlis

n ds dv

+ 2L %(t cay =8 sup Ju(t .. s)| . ] “h(s, X_ V)N H—VZ
0ssst_-—= L(# 10.t = ixlvlls 1

Taking into account that E {f ”h(s, x: ’ V) ” Hq(dS. dv)=0

T
Jo,t =~ 7ixlilk 1

and the hypothesis II) of the theorem, we get

D,<2L,T b luce, S)[[L(H)“XOHH .

For t.,; fixed, D, = 0, because the integral appearing in its
expression is a martingale.
We conclude that (7) has a Cadlag version. In [9] it is proved

that
-1
11)  1lim sup P(”S 2"

=)o n,t t

2:):0
H

[ 1 (v, sm(s %" v)-o(t, s)n(s, x , v))pds, av) /¥, :J‘

<Ide [ o, 9)n(s 0. v) - (e s)n(s %], v)| plds, av) /F, ]

H
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12) lim sup sup P('Z:—Z :”HZ E)=O

h=0 n |c-sfsh

for every € > 0, where Z, = Xo,An, Bnr CneDpeEy (Xp= Apt+Bo+ChtDp+FE,)
We have in mind to prove 1) also for Z, = Du,Ej,

First, we sketch the proof of 12) for D,.

13) E“Dn(t) - Dn(U“: = E@

If u(t, s)h(s, x: , v)q(ds, dv) -
lo, t — —:-]x"v‘k 1

2
If U(u, s)h(s, X_ v)q(ds, dv"H) <

)0, u— T xlivik 1
n

n 2
2 f J E4U(t, s)h(S. x V) - U(u, s)h(s, x , v) 9_3%’_
1 Mk s s oy
ot - =)
n 2ds dv
+2 I | E“U(u, s)h(s, X v) = K, +K,.

]x fiivils 1)

T T
]Ot—'g,u -

Lemma (1) and the condition II and I of the theorem, the assumption

T

that + <1, the form (7) of the approximate process result in K; <

=1 2
(T-u)2C, , C, a constant depending on T, L, || S {lLm HS X, W but not

on n.

The condition (8), (9), the assumption I and II of the theorem
implies K, £ (t-u)C,, C, a constant depending only on T, L, || S L.
I S=*Xolls-

So, finally, we get
2
Eﬂcn(t)—cn(u)”us(t—u)c, from which we get 12) for Z, = D,.

For Z, = E, we get (l1l2) using Lemma 1, and the Lemma 1, page 56

of (8] which gives the existence of a random number Y and random
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points zy, z,...,2zy on [0,T], which vy, vz,...vy €RY, ... Jlvy]l > 1,
for j=lIY

.r n
Fn=K§IU(t,zk)h(zK, % ,vk)

= K

(8), (9) and the hypothesis of the theorem implies (11) for
2y, = Dy, 2, = E,.
Now we continue using the same argument as in [9]. Applying

again a result of Skorohod (8], we obtain a system

n
(X ,An,Bn,Cn,Dn,Fn,xo,yn,wn) on D([0,T],H) and which converges in

probability pointwise to a system (S‘(. %,B,C D F X % W). The process

W is a Wiener process and Y is a RY9-valued homogeneous process,
with independent increments.

-~ -~

Y, had the same law as Y, so Y, are processes with independent

increments having the same law as Y, hence Y inherits the same
properties. We can think about the measures of saltus of the
process ?,5, d having the same law .(and properties) as p and gq
defined at the beginning of the paper. For details see [11].

The process W 1is an abstract Wiener process having the same
low as W. For details see [1] and [9].

The identity of finite dimensional distributions implies that

~ N
(A ) has a continuous version, hence, a.s.

~ N -~
At=x: for all t<

5l

If 1:>7T we deduce from Lemma 2.2 in (1]
~ n T\~ n
that for each t, A =0(t, 7)X w.p.1.

=~ n o .
Therefore, the process X ) may be considered continuous.
4

t<:

Also, we have (as in [9])

=]

i
1
P
IA

T
n s
A

n

[
o
~

=Nal

o
(

D+8 O+3 O+, ©+F (O, t<tsT.

>
]



Marica Lewin
Now, we shall show by induction on the successive subintervals
et 7w T (-n) ,
I(K,n)—[K—n-,(n+ 1)7] that X has a Cadlag version and that
Kn(t),ﬁn(t),én(t),ﬁn(t),En(t) have the same expression as

~ n n -~
An(t), Bn(t), Cn(t), Dn(t), Fn(t), X . playing the role of Xt , Wn(t) of

w(t), § (ds,dv) of q(ds,dv), B ,(ds,dv) of plds,dv).

Actually, the statement about f\n(t),gn(t),an(t), was proved in

[9)], we show only that

15) B (©= i/ ult, s)n(s,i : ,V)Ein(ds, dav) .

n
lost — %)x“vlk 1

16) F (U= i u(t, )n(s, X ", v)B,(ds, av) .

Jo,t = %x"vlb 1

-~ n
Suppose that (X s) has a Cadlag version and that 15),
s € I(K n)

16) hold, for teI(K n) Fix t € I(K+1l,n).

We have Sn(t)=a:(>~(:) with GE:D(I(K.n),H)—)Hf the
s € I(K, n)

measurable function defined by

a (x)= | U, )h(s, X, v)& (ds, dv) .

Jo.t — ;]xllv“s 1

n =~ n
The process (X’) ; (X . have the same low in
s € I(K, n) s € I(K n)

D(I(k,n),H), hence by Lemma 2.2 from (1] 15) follows and we deduce
-~ o (|
that D _(t) has a Cadlag version on I(K+l,n), hence also X .

From (7) and (14) we conclude

67
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T

Vo
§"=U(t, %)i:+ [ ue, s)k(s,i: ,u)ds+
c 0

{ T- %

+ [ ule, s)g(s,i :)dﬁ :+ [fu(t, s)h(s,i : ,v)an(ds, dv) +
0 jo. £ = =i xllls 1
+ ”U(t,s)h(s,i : ,v)f)n(ds, dv) .

Jo,t = ?'r) xlMll> 1

Using the hypothesis of the theorem it follows from (17), by

taking the limit in probability that (i:) is a solution of (2).
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