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PROPERTIES OF WALLMAN TYPE SPACES
Carmen Vlad

1. INTRODUCTION. Let X be an abstract set and & a lattice of
subsets of X. Associated with the pair X, & are the general Wallman
spaces IR(Jﬁ) and ngdi) (see below for definitions). In section 3
we briefly review the fundamental properties of these spaces and
interconnections between these spaces when a pair of lattices 5
3:2 of subsets of X is given with QfaCZ:CE. We then turn attention
to the space ngds) and the lattice WG(df). If &£ is disjunctive,
then Wg(L) is replete as is well-known. We consider conditions
equivalent to Wgl(L) being prime complete as well as Wg(L) being
Lindeldf.

Finally, we investigate the preservation of some of the pro-
perties introduced for the case of a pair of lattices Z,, éfz with
LS L.

Throughout, we adhere to standard lattice and measure termi-
nology (see [1],[33,[5],[7] and {9]). We summarize these for the
reader's convenience in section 2. In section 3, we consider the
space IR(éﬂ), while section 4 is devoted to the space Ig(df) and

the associated lattices therein.

2. BACKGROUND AND NOTATIONS. Let X be an abstract set and &
a lattice of subsets of X. It is assumed that 0,X€&. We denote by
Q(L), the algebra generated by & ; (L), the C-algebra genera-
ted by o€ ; d(ol), the lattice of all countable intersections of
sets from £ ; t(e€), the lattice of arbitrary intersections of
sets of&f; 5(&5), the smallest class closed under countable in-
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tersections and unions which contains &; s(&£), the lattice

derived Souslin sets. The lattice <& is called:
(2.1) delta lattice (c‘f-lattice) if &£ is closed under

countable intersections.

(2.2) complemented if L& implies L'€ £ (where prime de-
notes complement).

(2.3) complement generated if L€ implies L= ﬂL’, L e.,l‘,’,

(2.4) separating (or T ) if x,yeX and x£¢ vy mel.l.es t:here
exists L€& such that xeL, y €L.

(2.5) disjunctive if for xeX and L, €& such that x éL
there exists L,€& with x€l, and L ﬂL 0.

(2.6) Ez—lattlce if for x,yex, x,‘-y, there exist Ll,Lze.f

such that x€L;, y€L) and LiNL)=0
(2.7) regular if for xox and L €L such chat: X€E L there
exist L,, LyeLwith x €Ly, L;CLy and L) r\L
(2.8) normal if for any Ll,Lzeo‘C thh L nL2=¢ there exist
L,eL with L,c Ly, L,cL; and LyNL;=0.
(2.9) compact if for any collection fL‘} of sets of &£ with
ﬂL‘=0, there exists a finite subcollection with empty intersection.
(2.10) countablv compact if for any countable collection

{L,J of sets of £ with f\lf(d, there exists a finite subcollection

with empty intersection.
(2.11) Lindeldf if for any collection {L }of sets of & with

AL =@, there exists a countable subcollection with empty inter-

L3,

section.

We give now some measure terminology which will be used
throughout. M(&€) denotes the set of finite valued bounded finite-
ly additive measures on A(L ) .Without loss of generality may
assume throughout that all measures are non-negative. A measure

€M( L) is called:
(2.12) G-smooth on &L if for all sequences {Ln} of sets of

£ with L § 0, ,u.(Ln)---;.O.
(2.13) G'-smooth on A(L) if for all sequences fAnf of sects

of QUL) with A0, (A )--30.
(2.14) f-smooth on £ if for every net {L fof sets from &

with L @, m(ly)--30.
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(2.15)ZL-regular  if for any AeQ(L),
YSE sup{/u(L)/Lc:A, LesLt

In addition we denote by:

MR(J:), the set of £ -regular measures of M(L);

Mg(Z), the set of G - smooth measures on & of M(L);

ML), the set of 7 -smooth measures on £ of M(£L);

M®(L), the set of G -smooth measures on Q<L) of M(ZL);

Mg(x), the set of 2 -regular measures of Mg(ef);

ME(L), the set of £ -regular measures of M(&) which are

? - smooth on &£.

HL), 1K), [(L), 12(&L), 1r(L) are the subsets of the
corresponding M's which consist of the non-trivial zero-one
valued measures.

For /uéM(.é'C J, the support of /4~ is

(2.16) S(p)= N {LeL ) piL)= ,u-m\(

(2.17) &L is replete iff for any ﬁélg(o‘ﬂ), S(/-f-)#@.

(2.18) £ is fully-replete iff for any x€I®(L), S(pe)4.

(2.19) ZL is prime complete iff for any /L«.GIG'(.Z), S(f-)40.

The following results are not difficult to prove:

(2.20) &£ is compact iff S(/‘a)#ﬁ for every /(&IR(o'C).

(2.21) 1f &£ is countably compact, then IRtof):Ig\(.'C).

(2.22) Z is normal iff for each /ueI(-‘C), there exists a
unique ))GIR(of) such that /u‘? on L.

(2.23) &£ is regular iff whenever /-(l, Ko € I(L) and

L 5/42 on &£ , then S(/11)=S(/“2).

(2.24) £ is strongly normal iff whenever /Jl, /RZ’/“ € 1(£)
and /U.‘/‘lz, /“S/ul on Z then /415/42 on &£ or A S/al on&

Our final set of definitions concernsrelationships between
two lattices Zl, <L, of subsets of X, such that IIC,‘CZ.

(2.25) -_z_l semiseparates 0552_ if Aeefl, BGJC’Z and A(\B=¢
implies there exists Cef1 such that B&C and ANC=0@.

(2.26) él separates Z?__ if A,Bé-‘fz and A/\B=@, implies
there exist c,De::.’1 such that AcC, BED and C/N\D=4d.

(2.27) £, _is &L . -countably paracompact if for Anéxz,
n=1,2,... with Antw, there exists Bnéefl, n=1,2,... such that
A SB.L and B! (0.
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(2.28) 522 is countably bounded Jfl lattice if for A, € 2:2

n=1,2,.. and A @, there exists B €Z|, n=1,2,... with ALS B

and Bn¢¢.

3. ON LATTICE SEPARATION AND THE WALLMAN SPACE IR(‘Z)‘ In
this section we briefly summarize some known facts ( see e.g. (2],
and[7]) about the Wallman space IR(J:).

Let X be an abstract set and let &£ be a lattice of subsecs
of X. If xeX, then qu is the measure concentrated at x:

L if x €A
Flar= ] Lf x & A where A € Q(Z)

and [ € Ip(&L) iff L is disjunctive.
Therefore there exists a mapping w:x--azk(éﬂ), where Q(x)= X«

o

for xe€X, if &£ is disjunctive. L[f &£ is separating, 0 is one-to-one.

If & is separating and disjunctive and if X is given the topology
t(&L) of closed sets and if IR(:ﬁ) is given the Wallman topology,
then @ is a homeomorphism of X into IR(J:).

The Wallman topology is obtained by taking all

WL)= fperg(2) /psif , LeE

as a base for the closed sets. IR(JC) is called the general Wall-
man space associated with X and &L . Since 0(X) is also dense in
IR(Jﬁ), IR(J:) is a compactification of X, the general Wallman
compactificacion of X.

We assume that &£ is disjunctive. Then if A €(X), let
W(A)=fu€lo(L) / p(a)=l]. The following statemencs are true:

al W-(AUB)= W(A)U W(B) '

b) WANB)=W(A)N\W(B)

c) W(A')=W(A)'

d) A>B iff W(A)DW(B)

e) QAIW(L))=W((L))

It is known that w~(oC) is disjunctive and that the topologi-
cal space (Ip(&L),tW(L 1) is compact and T); it is T, LEE L is
normal (assuming as we nave that &£ is disjunctive).

Next consider cna:z X L5 an abstract set and ;fjf 352 are
two lattices of subsecs I X with JfIC:QfZ. We note here some re-
sults on extensions and -2strictions of zero-one regular measures
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Theorem 3.1 Let éflczlfz be two lattices of subsets of X
such that 2:1 semiseparates éfz. The restriction map

W I W) -=>1,(L)  defined by WD) == "/a(x;) , Vel (&)

is onto and is one-to-one iff ifl separates jfé.
( Note that semiseparation implies that /cis Jfl-regular and that
the result is equally true if YGMR(&fZ) ).

Theorem 3.2 Let ;flc::fz be two lattices of subsets of X.
Then the following are true:

a) Any €lp(Z£) can be extended to a yéIR(ﬁfz) and if sz
is :fl countably paracompact or &fz is countably compact,or ;:2 Ls

a countably bounded JfL—LaCtice then any /LGIR(J:l) can be extendec

to a ve1Z(X,).
b) If Jfl semiseparates sz and J:Z is Jfl countably para-
compact or a countably bounded Jﬁl lattice, the restriction map
Vo Ig(;fz)—-y Ig(°f1) is onto.
c) IE ;:1 separates éfz and sz is éfl—countably.paracom—
pact or éfz is a countably bounded J:l lattice, then the restric-

tion map WV : Ig(éfz)—-algtifl) is one-to-one.

Theorem 3.3 Let Jflc:J:Z be two lattices of subsets of X. If
Jfl semiseparates sz, the restriction map Y : IR(af7)--> IR(Jfl)

is onto and continuous with respect to the Wallman topologies.

Y is one-to-one (and therefore a homeomorphism) iff &fl separates

Z,.
4. THE WALLMAN SPACE IR( ) AND THE LATTICES wg(J:) AND CWG(J:).

Here we turn attention first to the general Wallman space Ig(lf) in the
case where £ is again a disjunctive lattice; this space is the genera
lization of the usual realcompactification and the N-compactificaction
We investigate when ngéﬂ), WG(Jf) is prime complete. In parti-

cular we give necessarv and sufficient conditions for Ig]J:),

th(J:) to be Lindellf generalizing therebv results of [6] for the

realcompaccification.
First, we summarize sume known results about zero-one measures and
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" filter correspondence:
a) There exists a one-to-one correspondence betwean all ele-
ments of I (L) and all L -ultrafilters.
There exists a one-to-one correspondence between all elements of
fgké:) and all L -ultrafilters with the countable intersection
property. The correspondence is given by the following rule: with
each L-ultrafilter F we associate the zero-one measure defined on
Q (L) by:
1 if there exists AeF, ACE
{0 if there exists AeF, ACE'

/"F(E) =

b) There exists a one-to-one correspondence between all ele-
ments of I(L) and all prime £ -filters, given by the following
rule: with each/kel(éf) we associate the prime L -filter given by
F= fAe): //L(A)=1} . This correspondence induces a one-to-one
correspondence. between prime &£ -filters with the countable inter-
section property and IG(JC).

Consider an abstract set X and a disjunctive lattice of sub-
sets of X, L . Let /«C-IR(#C) and define &' on Q(we(x))=w6(c2(,z:))

by ' (Wy(A))=A(A), AEQ(L) where

Wg(A)=fwetZ(L) mar=1]  and  Wg(L)= fH (A)/aeQuL)]
Clearly for A,B€l(&L) the properties a)-e) that we stated in sec-
tion 3 are still valid. Note also that %3(éﬂ) is a disjunccive
lattice.

Theorem 4.1 If AEI () then welf(L) iff x'e BlugL)),
(More generally: if K€I(X) then '€ THs (L)) and kel (s2) iff
€ IgWg(Z))).

Proof. See(?].

Theorem 4.2 Let L be a disjunctive lattice of subsets of an
abstract set X. Then ws(éﬂ) is replete.
Proof. Let/u'é Ig(we(df)),fa'éo, dgfined by
/L'(wa(L))=/¢(L), LeZ¥ , /ueIR(,t).
S(/&')=ﬂfw5(L)//L('(w5(L))=l, LeZL}
But /x'(WG(L))iﬂ(L)=L implies /4éSSA')£¢ and therefore Wz(L) is
replete.
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A lattice satisfies condition:

(1) if for any /LAéIG-(JC) there exists vslg(i) such that
fSY (L) (i.e. p(L) <Y (L) for all Le€L).

(2) if for every Jf-filter with the countable intersection
property _7ZETI'G.($C), there exists /&élg(cz) such that .7[5/“;()
We note that F is an oL -ultrafilter with the countable intersec-
tion property if A, €F for all i=1,2,... implies [ ‘AL#Q.

(A 3
(3) if for every we IB,(Z') there exists vexg’(:c) such that
/usv (£).

Theorem 4.3 Let X be a disjunctive lattice. Then £ satis-
fies condition (1) iff Wz(sL) is prime complete.

Proof. Sufficiency: Let p+€l5(ZL) and the associated
P '€ IgWe(L)) defined by w'(Wy(L))= &(L), LeL . Since Wgl(L) is
prime complete, S(/u.' )#® and then there exists )Jés(/u.') and /-LSV(SC)

Necessity: Let u'e€lg(Wg(L)) and the associated /‘(Gls(ct)
such that /('(WG-(L))=/M(L), LeL. Since L satisfies condition (1),
there exists YeIS(£) such that <Y (£). But then ¥'e IF(WglZ))
and /u'SV" (wg(.t)). Therefore S(y')CS(/‘-') and since Wg(L) is
replete S(¥')#¥. Then S(/L'),l-(b which proves that WG(OC) is prime

complete.

Theorem 4.4 If £ satisfies condition (2) and if £ 1is re-

plete then &£ is Lindeldf. &
Proof. Let 7Z€TTG.(=“C). Then there exists /RGIR(et) and .7245/4(&3)

&L replete implies S(,u)=n2L,‘ el //"(L,4)=1} #0  and since T

L " aen , ,
S(fe) C S(JL)#@. But Z has the countable intersection property

“ -
and then m{L_(G.C [FE (L) =1 } 48, i.e. L is Lindelsf.
ole
Theorem 4.5 If  is a countably compact lattice then &

satisfies condition (2).
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Proof. Let h'-tk.(.. be a collection of subsets of X such
hald
that Q {Le] #0. since XL is countably compact,ﬁfhél} 40

and then-. fl“}.‘is a filter base which generates an L -filter
with the countable intersection property,yze Tre.(ef-). We enlarge
ic to F, an L-ultrafilter with the countable intersection proper-
ty. To F it corresponds uniquely /uélg(ot). Now from a filter- ul-

trafilter argument it follows that JZs/q;t:).

Theorem 4.6 If &L is disjunctive and Lindeldf then < satisfies
condition (2).

Proof. Let Xe Tle (L) and let fL,‘}“,\ be a family of subsets
of X. Then [\ {L /(L )=1} ## and since & is Lindelsf

ML/ T La=1] =sTT)49.

Let x€S(T), and consider [+ Clearly Z-—‘ﬂx(x-). From the coun-
table intersection property of T it follows that /tlxe ]G.(JC)
and since <C is disjunctive k€ IR(”C)‘ Therefore /&xélg(gt) and
L satisfies condition (2).

Theorem 4.7 If X is disjunctive then &L satisfies condition
(2) iff (IGR(.ﬁ),ch.(QC)) is Lindelsf.

Proof. Necessity: First we show that Wg(sl) satisfies condi-
tton (2). Let LeTTy(L). There exists xel3(L) and LS4 (L),
Corresponding to X and oz ~we have (by Theorem 4.1) z'ewe(%(.ﬁ))
and Iu'é Ig(ws.(.t)) with /o's/u.' (WG(JC)), therefore NG(.I.) satis-
fies condition (2). Since & 'is disjunctive, wg(at) is replete.
Then by Theorem 4.4 it follows that Wg(L) is Lindeldf and
Wglel) C tWg(eL) implies that tWs(L) is Lindeldf.

Sufficiency: tWg(sL) Lindel&f implies that Wz(eL) is Lindeld:
and since wg(oﬁ) is also disjunctive, by Theorem 4.6 it follows
that Wg(L) satisfées condition (2). Therefore for Z'GTTG(WO,(SC))
there exists u'€ I (W5(eC)) such that £'< A '(We(L)). To T
and M' correspond .ZGTTG(L) and /cetg(ef—) such that 7C£/t(=t).

Theorem 4.8 I[f &£ is regular and Lindeldf then £ satisfies

condition (1).
Proof. Let HE [57£ ). Since L is Lindel&f, S(/)#@. Let then

xeS(‘/u.) and consider « which is L -regular since £ is regular

and therefore disjuncc:uve.
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Nel

/h"x is also G’-smooth, hence /“x € Ii-(ot) and /“'Sf‘-x (L).

Theorem 4.9 If £ satisfies condition (1) and is replete
then £ is prime complete.

Proof. If ket Iz(L ), there exists Y€ Ig(at) such that
/usv (L) .Therefore S(p#)D S(Y ) and since X is replete S(Y)#9.

Remark If 2L satisfies condition (3) and is replete L'
is prime complece. Note that if J£ satisfies condition (1) and is
replete then &£ is fully replete. Therefore in this case replete-
ness is equivalent to fully-repleteness.

Lemma Let Lbe a lattice of subsets of X. Then:

a) If £ is complement generated then £ is countably para-
compact.

b) If L is countably paracompact then I5(L') C Ig(L)

Proof. a) Let A €L , A {f, A= [)\B ane‘.‘t_ :

]
J'nl nj ’

Then AnCBr'lj .
b) Let w€I5(L"') and B_€L, B |P. There exists A €L
such that B <A'lf and HB ) = /c(Aé)--»O.

Theorem 4.10 1f XL is complement generated then L satisfies
condition (3).

Proof. Let Aéi,,\:ﬂAr'\, Anéaf; and let K€ IS(JZ'). Then
o =9 (L) for any YE€IL,(£). Suppose that 4(A)=0 and Y(A)=1
and that A'}. By the L-regularity of ¥ it follows that je= V(L)
therefore IO.(J:')CIR(SC). By statement b) of Lemma we have cthat

LG(.t'yczs(.t) and therefore /uerg<i).

Theorem 4.11 Let L be a disjunctive lattice of subsets of X

a)If L satisfies condition (3) then wo_(.I)' is prime com-
plete.

b)IE WG('I)' Ls prime complete then X' satisfies condition
(1).

Proof. a) Let w'e Lstwc.(at)') with the associated I/AGI(,—(I').

J(Z 1 such that us¥ (L), Then w's¥' (UglL))

and since Wg(L ) is raplece, S(¥')4@ which implies S(/u.')#@.

There exists Yel
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b) Lecuels(L') and consider the associated L'e€ Lg(WzWl)')
Iu')M, since Wg (L)' is prime complete. Therefore there exists
yes(k'), velst.‘C') and  pes¥ (L),

Theorem 4.12 Lect Ilcxz be two lattices of subsets of X.
Suppose that Il satisfies condition (1). Then the following are
true:

a) If zl is sctrongly normal and if -rz is Qfl countably
bounded then :2 satisfies condition (1);

b) If Il is normal and semiseparates :Iz and if sz is
XL 1 countably bounded then sz satisfies condition (1);

c) If c‘il is normal and semiseparates IZ and if otz is
XL 1 countably paracompact then .‘Cz satisfies condition (1).

Proof. Let Y€I . v = M6 [~(L d si

roo e e(efz) Then fa‘m/u G-IG 1) and since
L 1 satisfies condition (1) there exists ZéIthl) such that
s (£,). Let Yelp(L,). Then ¥s2(L,) and /‘SZ/CZQ?(: ).

a) Since ’fl is strongly normal 53(21) and then

?laa
ZJ‘QG,' Is(.t . Since I is .2_'_1 countably bounded Z‘GIG(IZ)

Hence e I"'(Jf

b) Sane .;fl semiseparates I 2” E Ie (ot . But since
£ | is normal we must have 2’) = A and therefore ’?:f €lgiL, ).
aex) Qaa,)

As in a) it follows that ’(‘:’eIG(I

c) As in b) we get chac (L

g

). Since &£ , is &
t,ac.r, 1 2 1

countably paracompact it follows then chac ZGIG(I , hence

re I8 IZ)

Theorem 4-13 Let o lC.IZ be two lattices of subsets of X
and suppose that X,, satisfies condition (1l). Then the following
are true:

a) If 5(’1 semiseparates ‘IZ and if "{2 Ls il councably
bounded then £, sacisfies condition (Ll);

b) If Qfl is J and G(l’l)Cs(;‘fl) and if IZ is Il coun-
tably bounded then &£ . sacisfies condition (1).

.

Proof. Let ME 15 £ ) and exctend it to 2616(&’2) since

i
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o\fz is ’rl countably bounded.
£ 2 satisfies condition (1), therefore there exists Ye IG'

If II semiseparates IZ (or if IJ. is é- and G(Il) < s(&'l))

(6(2)

G
then y'cza,c)-IR(Jl) and /‘Syaa,)(zl)'

Therefore :ﬁl satisfies condition (1).
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