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THE MULTICOALITIONAL BARGAINING SET M0 VERSUS THE

ONECOALITIONAL BARGAINING SET M.

Irinel Dragan

Some combinatorial aspects of the theory of the bargaining sets for coo-
perative n person games, initiated by R.J.Aumann and M.Maschler in [1] , have
been considered in two previous papers [2,3] . In fact, we have tried to obtain
a characterization of the payoffs belonging to a bargaining set defined by means
of multicoalitional objections and counter objections, starting from the charac-
terization of the payoffs belonging to Mii) given in [4]. However, we have
been led to very complex combinatorial structures and we have remarked that few
changes in the basic definitions may simplify very much the corresponding combi-
natorial structures. To emphasize the fact that we did not use simply extensions
of the concepts of objection and counter objection, we have also introduced new
terms like: bargaining proposal, bargaining distribution, bargaining counter pro-
posal, bargaining counter distribution. In [2], a characterization of the payoffs
belonging to the bargaining set Mo has been obtained. The bargaining set MO
has been defined as the set of stable payoffs with respect to multicoalitional
bargaining proposals and counter proposals. The case of convex games has been
considered in [3], where it has been shown that for convex games the bargaining
set Mo coincides with the bargaining set M; the bargaining set M has been

defined as the set of stable payoffs with respect to onecoalitional bargaining
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proposals and counter proposals. This was an expected result, taking into account
the results given in (51. In general, we have C(G) C M0 C M, where C(G) 1is the
core of G. The fact that MO =M for convex games is rising the questiqn whether
we may have C(G) C Mo and/or MOCfM for some class of non convex games. The
present paper is showing such a class of games. Obviously, This result justifies
the study of the multicoalitional bargaining sets. Some definitions and previous
results from [2] and (3] will be given in the first section. In the second sec-
tion we shall show a class of games for which C(G) C MOCZ M.

1. Definitions and previous results.

Consider G = (I,v,F) a cooperative n person game with coalition structures.
We have II[ =n and v(f) = o and F 1is the union of all if =§ X \ xe;Rn,
x(8) = v(S), \/S e S } , for all .coalition structures of . The core of G is
C(G) =-§ b'e \ xeF, e(x,5)<o, Vs eP(I)g . Consider any XC:F;, for some coali-

tion structure Sf . As in [3] , a generic coalition structure will be denoted

, =19, o, k=l

stand for the coalitions with positive, negative and zero excesses, respectively.

by </ = (Py,..»B 3Ny, N 50,,..,0,), where P, i=1,¥, N

Denote by P the union of all Pi’ i=1,T" . Suppose that x & C(G). Then, there

exist coalition structures o with P # f.
Definition 1.1: Any coalition structure O with P # @ will be called a

bargaining proposal w.r.t. (x,¥). A bargaining proposal with no negative excess

coalition is a trivial bargaining proposal.
As in [2] we suppose: (A) there is no trivial bargaining proposal w.r.t.(x,3).
o
Definition 1.2: If ~/ is a bargaining proposal w.r.t. (x,$), then any y<5€7‘
such that yh>/xh , VheP, and yh>xh for some hé'Pi ,V i=1,5 , will be cal-

—
led a bargaining distribution of the gain provided by </ . The set of bargaining

—~
distributions for will be denoted by D(J)

~
Let «/ be a bargaining proposal w.r.t. (x,§). Consider any other bargaining
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*

proposal v = (PI,..,%J;...) w.r.t. (x,¥) . We suppose: (B) PN P # 0 ,

where P is the union of all P;* i =1,% . We can suppose without loss of

*
generality that there is an integer r, 1<r<% such that

£}

P
X —

Je ) — * *
(1.1) Pi*nPsée,i=1,r; Pi*qP=q5,i=r+1,ﬁ‘ , if r<T .

-+

* * *
We suppose: (B ) at least one of P1 FRFN Pr is different of all P1 s ey BT .
Consider yg D(7) . The double excess of any S&P(I) w.r.t. (x,¥) and (y,7)

is defined by
(1.2)  e(x,8:7,9) = e(x,8) - [ y(5nP) - x(snP)] ,
which is the amount available to S after paying the players of SAP as in vy
and the players of S - P as in x.
* *

Definition 1.3: Any bargaining proposal T subject to (B) amd (B ) that

satisfies
* * —

(1.3) e(x,P.*;y,T) 2 o, i=l,xr ,

for all yeD() , will be called a bargaining counter proposal w.r.t. (x,5)

and :7‘.

~% *
Definition 1.4: If is a bargaining proposal subject to (B) and (B ),

then any z€F_* such that

i

2,2 Yy, ¥ hepne
(1.4) % for yeD@)
zhz X s v hep - P

will be called a bargaining counter distribution w.r.t. y.

These two concepts are related as follows:

Theorem 1.5,([2],Th.2.4): Consider a pair CT:?ﬁ) of bargaining proposals
subject to (B) and (B*). Then, 7 * is a bargaining counter proposal w.r.t.
(x,) and g , if and only if for every y€D() there exists a bargaining
counter distribution ze Er* w.r.t. y.

A combinatorial characterization of the bargaining counter proposals has also

been proved:
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Theorem 1.6, ([2],Th.2.7): Consider a pair (3153) of bargaining proposals
* —
subject to (B) and (B ) , where r 1is defined by (1.1). Then is a bar-
- —_
gaining counter proposal w.r.t. (x,33 and < , if and only if
©  e(Ev) > Z* e(x,By) , i=lr,
ieI(Pi*)
* * — _*_'—
where I(Pin) =§ i l Pin{\Pi #0, i=1,% } , 1=1,r .
Definition 1.7: The multicoalitional bargaining set M0 is the set of all
stable x&F . Some x&F is stable, if either x€C(G), or for any bargaining
~ ~%
proposal J w.r.t. (x,J) , there exists a bargaining counter proposal J
w.r.t. (x,d) and 57-.
From this definition and Theorem 1.6 follows a combinatorial characterization
of the payoff vectors belonging to Mo - C(G):

Theorem 1.8: Some xéF;P, x € C(G) , belongs to Mo , if and only if for
each bargaining proposal 3> w.r.t. (x,J), there exists another bargaining pro-
—% —— *
posal J w.r.t. (x,¥), such that the pair (J,Tﬁ) satisfies (B) , (B ) , (C).
Definition 1.9: Any bargaining proposal of the form J = (P,I-P) will be
called an onecoalitional bargaining proposal. Any bargaining counter proposal of

* *

the form J = (P ,I-P ) will be called an onecoalitional bargaining counter
proposal. Va may counter a multicoalitional bargaining proposal.

Definition l1.lo: The onecoalitional bargaining set M 1is the set of all
c-stable xeF ., Some Xx€& F;f’ is c-stable, if either x&C(G) , or for any one-

—
coalitional bargaining proposal J  w.r.t. (x,¥) , there exists an onecoalitio-
L. — % —

nal bargaining counter proposal w.r.t. (x,8) and U .

Obviously, the above definitions show that C(G) < M0 C M . It has been
shown in [ 2] that Theorem 1.8 still holds if we confine ourselves to onecoa-

litional bargaining counter proposals. Then the natural question is whether or

not MO = M . Such an equality would show that we can confine ourselves to one-
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coalitional bargaining proposals and counter proposals. Moreover, it has been
proved in (3] that:

Theorem 1.11, ([3],Th.2.4): If G 1is convex, then Moo= M.

The main result of the present paper is that there exists non convex games
such that C(G)C:MOC.M . This fact is motivating the study of the multicoalitio-

nal bargaining proposals and counter proposals.

2, A family of non convex games with C(G)C;MOCLE_.
Consider the family of 6 person games G defined by:
(a) v(®) = o ;
(b) v(12), v(34), v(13), v(24) any numbers subject to
(2.1) A =2 vaz +vas) - va3) - v@s | > o
(¢) v(5), v(6), v(23) any numbers;
(d) wv(123) and v(234%) given in terms of the above numbers by:

v(123)

1/2{ 2v(13) + v(23) + v(24) - V(34)] + 27,
(2.2)

v(234)

1]

1/2 [2v(24) + v(13) + v(23) - v(lZ)J + 27
(e) v(l), v(2), v(3), v(4), v(14), v(124), v(134) and v(S) with I S§> 3,
any numbers small enough to satisfy some conditions imposed below.
Consider the coalition structure S? = § 13, 24, 5, 6 } and the set of
admissible payoff vectors for ;f :
(2:3) FJ, =§; b d \ x(ER6 R x1+x3=v(13) R’ x2+x4=v(24) . x5=v(5) ” x6=v(6) } .

Consider the admissible payoff Xe& Fj’ given by:

~
X

w2
]

L= 1/2 [v(12) +v(13) - v(23)] , , = 1/2 [v(23) + v(24) - v(34)] ,

(2.4) %

5= 1/2 [v(13) + v(23) - v(1z)] , 1/2 [v(24) + v(34) - v(23)] ,

»
~

;5 = v(5) |,

ek
]

v(6)
The values of the excesses are

(2.5)  e(%,13) = e(X,24) = e(X,5) = e(X,6) = o ,

because QQF then

j 5
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(2.6) e(%,12) = e(%,34) = e(x,23) = A > o

3

follow from (b), then

(2.7) e(%,123) = e(%,234) = 22 > o

follow from (d); the excesses e(X,1) , e(X,2) , e(X,3) , e(x,4) , e(x,14) ,

e(g, 124) , e(;,134) and e(Q,s) with ‘S ()-3 , will be negative, if the va-
lues of v mentioned in (e) are small enough. In fact, the negativity of these
excesses and the conditions (2.1)

, (2.2) define the family of games G .

From the identity

e(x,SAT) + e(x,SUT) - e(x,S) - e(x,T) =
(2.8)

= V(SAT) + v(SUT) - v(s) - v(m) , ¥ =xer®, Vs, trern) ,

and the inequality

(2.9) e(x,123) + e(%,2) - e(x,12) - e(x,23) = e(x,2) < o ,
that follows from (2.6) and (2.7) we get
(2.10) v(SNT) + v(SUT) - v(S) - v(T) < o for S=12 , T=23 ,

hence any game of the family is not convex.
As there are positive excesses, we get X ¢ C(G)
There are 6 possible bargaining proposals, namely:
5 onecoalitional bargaining proposals: :71 = ?12 , 3456 } 5 j>; =; 34 , 1256 },

7 T
J3=§23,1456}, 5;4123,456} , J5=§234,156§;
1 multicoalitional bargaining proposal: :7; = ;12 , 34, 56 }

By using Theorem 1.6 we can show that all these bargaining proposals can be

blocked as follows: /. by J. ; ., by <, 3 J. by I I,
ocked as follows: 1 by 5 3 5 by 4 5 by , ot 9 3
-/4 by V/S ; :7; by v/4 : oy by either J/ 4 O°F J-S . Therefore, we

get Q'EIMO . As X & C(G) , we have shown that for our class of 6 person games
the strict inclusion C(G)C:MO holds. We have proved the following:
Theorem 2.1: There exist non convex games such that C(G)CMo :

Consider the same class of games, the same coalition structure &f , but
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another admissible payoff x e Fj,:

x"=;—a, xj‘::; ] 3 X*=; + a ,
(2.11) L 2 e 3 o <a<2
X, =X, -8, Xg = X , Xe = Xg 5
The excesses are:
* * * *
(2.12) e(x ,13) = e(x ,24) = e(x ,5) = e(x ,6) o,
because x*e Fyp, then
* *
(2.13) e(x ,12) = e(x ,34) = A ,  e(x,23) = A- 2a ,
follow from (2.6) and (2.11) , then
(2.14) e(x ,123) = e(x ,234) = 2} - a ,

follow from (2.7) and (2.11). We may choose a subclass of our class of games
such that all the other excesses are negative, let us call it G*.

As there are positive excesses, we have x*<£ C(G)

There are again 6 possible bargaining proposals, the same as above. The
same Theorem 1.6 with the new values of the excesses, shows that all 5 oneco-

%

alitional bargaining proposals are blocked as mentioned above, hence x € M,

However, now :7; can not be blocked by any other bargaining proposal:
* * * —~

e(x ,23) =A- 2a Ce(x ,12) + e(x ,34) = 2 hence “/3 does not block;
* * *

e(x ,123) = 20 - a <e(x ,12) + e(x ,34) = 2) hence ?Z does not block;
* % * —

e(x ,234) = 2\ - a < e(x ,12) + e(x ,34) = 22  hence does not block.

w

—

=
Further, V/l and 2 can not be taken into consideration, because both do

* %* *
not satisfy (B ). Hence, x €& M . As x €M , we have shown that for our

(o]
*
class of games G the strict inclusion Ma:.M holds. We have proved:
Theorem 2.2: There exist non convex games such that the strict inclusion

MOC M holds.

*
In fact, the class G is included in G , therefore we have obtained:

Theorem 2.3: There exist non convex games such that the strict inclusion

Cc(G) C M C M holds.
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The last result motivates the study of the multicoalitional bargaining propo-
sals and counter proposals done in [2 ] and [3] . On the other hand, the same
result shows that the modified bargaining set defined in [2] has a real mean-
ing, i.e. at least for some games Mo is not empty. Obviously, the existence
problem for any game is an open question.

REFERENCES

[ 1] Aumann,R.J., and M. Maschler, "The bargaining set for cooperative games',
in Advances in Game Theory V , (M.Drescher, L.S.Shapley, A.W.Tucker, eds.),
Annals of Math. Study, No.52, Princeton, N.J.,1964, 443-476.

[ 2] Dragan,I. "A combinatorial approach to the theory of the bargaining sets",
Libertas Math.,5,(1985), 133-150.

[ 3] Dragan,I. "The bargaining set MO for convex games', Libertas Math.,6,
(1986), 175-181.

[ 41 Maschler,M. "The inequalities that determine the bargaining set Mii)”,
Israel Journal of Math.,4,(1966), 127-134.

[ 51 Maschler,M., Peleg,B., and Shapley,L.S., '"The kernel and the bargaining set

for convex games', Int. Journal of Game Theory,l,(1972), 73-97.



