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ON THE EXISTENCE OF A WEAK SOLUTION TO AN EQUATION
OF VOLTERRA-SKOROHOD TYPE
Marica Lewin

We denote by [0,T] a bounded interval of the real line, by R the real line
and let Eo =R - {0}. We denote by (Q, F, (Ft)téT’ P) a fixed stochastic basis,
and by B(R), B(Eo), B(T) the class of Borel sets, respectively from R,E and T.

We suppose the following elements given:
- A (Ft)tET real Wiener process w(t)’téT’ with independent increments with
respect to Ft.
- A real (Ft)tET adapted process {(t) with independent increments with respect
to (Ft)tET’ homogeneous, with {(0) = 0, with the characteristic function,

du

Elexp iz Et] = exp{t [ [izu - = 3 (1)
u

R

lIlu|£1 zu]

_ ¢1 xeA ’
where IA = {O o The process {(t) has a cadlag version [11].

- The random measure {p(w,dt,du) w € Q} is the measure of "saltus" of the
process {(t), that is for all w € Q

p(w,dt,du) = SEO IACS(w)¢O G(S,ACS(N))(dt,du) (2)

where 6(s,u) indicates the Dirac measure concentrated in (s,u),
AE ) = L) - L, ).
It is proved in Skorohod [9] and Jacod [6] that p results in a F_ random

Poisson stationary measure whose Lévy measure is defined on EO by a(du) = du.

=] |~ o
[\

Let A be the product measure of the Lebesque measure on T and o on Eo’ then

the measure q is defined by

q(w,ds,du) = p(w,ds,du) - A(ds,du)
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It is well known that for a large class of functions, the integrals with
respect to the measures p and q may be considered [9].
We consider the following stochastic equation.

t t t
x(t) = £(t) + [ k(t,s,x(s))ds + [ g(t,s,x(s))dw(s) + [ [ h(t,s,x(s),u)q(ds,du)
0 0 0 Jul<1

t
+ [ h(t,s,x(s),u)p(ds,du) (3)
0 |Jul>1

where f(t) is a real, Ft adapted, cadlag process, k(t,s,x), g(t,s,x) are real
functions defined on A x R, A = {(s,t) - 0 <s <t <T}. The function h(t,s,x,u)
is defined on A x R x Eo with values in R.

We are interested in proving the existence of a weak solution to the equation
(3), when the coefficients satisfy conditions of Carathéodory type, that is the
functions are continuous in x and measurable with respect to (t,x), (t,s,u)
respectively.

This paper is based on Zonzotto's work [13], which is dealing with the same
problem for differential stochastic equations.
Remark. The same problem may be studied in R". We are working with real valugd
functions for simplifying the exposure.
Definition 1. A system (Q,F,P,Ft,x(t), w(t), q(dt,du), p(dt,du))t>0 is said to be
a weak solution (without explosion) of the equation (3), if

i) w(t))tzo is a Ft Wiener process on [0,T]

ii) p(dt,du), q(dt,du) are random Poisson measures with the associated Lévy

du

2
u

measure do(du) =

iii)  x(t) is a Ft cadlag process which verifies the equation (3) w.p.l in

all its points of continuity.
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Theorem If:

a) f(t) is a real, stochastically continuous Ft-adapted cadlag process

b) k(t,s,x), g(t,s,x), are real functions defined on AxR, measurable with

respect to (t,s) and continuous with respect to x.

c) the function h(t,s,x,u) if defined on A x R x E, continuous with respect

to x, measurable with respect to (t,s,u). If u takes values 1in a compact of R,
h(-,-,*, u) is uniformly bounded with respect to (t,s,x). It is supposed
. du
lim [ |h(t,s,x,u) - h(t,, s., x., ul — =0
1 1 1 2
X-’x1 lul<1 u
s7s,
>
ttl

d) A growth condition takes place, that is, there is a positive constant M, so

that

2
h(t,s,x,u)| lh(t,s,x,u))
2 ’ 2
u u

<K+ 1x1P),

TIk(t,s,%) 12 + |g(t,s,x) 1% + max(

for all (t,s,x,u) € A x R x E.

e) The functions g,k, satisfy the condition: there is a Ll’ L1 > 0, for
1/2

which Ik(tl,s,x) - k(tz,s,x)l < L1 | £ - tzl

Ig(tl,s,X) - g(tz,s,X)I < L, |t, -t 1/2 for all t

< Ly 5| €[0,T]

1) tz’

f) There is a L, < 0, lh(t1 s,%X,u) - h(tz,s,x,u)l <L, |t
¥

2
2 - t2|u , for all

2 1

tl,tzé[O,T) Then, the equation (3) has a weak solution.

Proof. The idea of the proof is to comstruct a sequence of approximate solutions
xz(t) which makes us able to apply Skorohod theorem of representation [12] for
the Polish spaces C(0,T],R), (The space of continuous functions endowed with the
topology of uniform convergence), and D([0,T],R), the space of cadlag functions

endowed with Jl’ Skorohod topology [2]. After that, we show that the limit of the
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sequence ;n(t) on the new probability space (ﬁ,f,ﬁ) satisfies the equation (3) in

all the points of continuity of ;O(t), w.p.1l.

JT

We use the Tonnelli's approximation procedure [3]. Let t_ = o J

J
partition of the interval [0,T].

We consider the following sequence of approximate solutions, formally

O,n-1, a

(4)

p
_ T
xn[t,w) = f(t,w) telo, H]
1 T
n n
x [(t,w) = f(t,w) + [ k(t,s,x (s))ds + J g(t,s,x (s))dw(s)
n 0 n 0 n
I I
n n
+ [ h(t,s,xn(s),u)q(ds,du) + [ h[t,s,xn(s),u)p(ds,du)
0 |ul<1 0 |ul>1
= f(t,w) + n(t) + n(t) + n(t) + n(t)
for tE(gI, ££ill] , J =1,n-1
n n
“
1 [x|< N
Introducing the function wN(x) = |x|+1-N for |x|€[N,N+1]
0 |x|>N+1, N&R

We denote by kN(t,s,x) = k(t,s,x)mN(x); gN(t,s,X) = g(t,s,x)¢N(x);

f(t) for |£(t,w)|<N

(t,s,x,u) = h(t,s,x,u)d (x) [P (u); £.(t) =
hN S,X s,X,u N N u N . £ ) |55

We shall use the following "truncated approximations"

= T
£ (t) te0,= 1

£.(0)

X

t et
n

n
fN(t) + g kN[t,s,gn(s))ds + g gN(t,s,gn(s))dw(s)

£ (6
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L
n
+ J [ hy(t,s,E (s),u)a(ds,du)
0 |ul<1
T
n
+ I hyg(t,s,E (s),u)p(ds,du)
0 Jul>1
L = fN(t) + An,N(t) + Bn,N(t) & cn,N(t) + Dn,N(t)
_JT  (J+1)T
tE(n e ) (5)
Lemma 1 En(t) makes sense for all t€[0,T], En(t) is a random element of the

space D[0,T].

Proof. For tE[O,%], Egi(t) < N and moreover Egi(t) is a continuous function of t.

Using the conditions of the theorem, we get Egi(t) is continuous on [l, ZI], which

n’ n
TZ
implies P{w, [ En(t) < ®}, so all the integrals of the second side of (5) make
0
_.2T 3T . X . 4 .
sense for tE[H—, H_]' We continue in this way by induction.

Let's prove that gn(t) is a cadlag process, also by induction. Using a
result of C. Corduneanu [4], the measurability of k(t,s,x) in (t,s), its con-
tinuity in x and the growth condition (d) imply the continuity w.p.l of Au,N(t)'
B

N satisfies the condition of Kolmogorov's theorem [9,pg3), so has continuous
b

T 2T

trajections w.p.l for té[;, E_]' We continue by induction.
We have to prove that Cn(t) is cadlag on [%, %l]. Let S c T, a set at most

countable, and a < b, a, beR.

T 21

Let §_ = {Sl’ Syt sm} cS c [n’ -

], a finite set from [g, %I]. We denote

by A (S,a,b) the number of upcrossings of the interval [a,b] by the family t)

T n,N(
t.._
n

relatively to S. Using the fact that J f hN(v,s,fN(s),u)q(ds,du) is F_
0 Jul<l
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s

k
martingale for every fixed v, we get E[ [ I hN(Sk’s’f (s),u)q(ds,du)/FS =0
s Jul<1 k-1
k=1 -
The previous relation and the condition (f) implies
*k-1
E((c (s,) - C (s, _.))/F 1= 7 I (hy(s,,s,f.(s),u)
o g o, NP1 s 5 il Bglsgsms iy
- hN(sk_l,s,fN(s),u)q(ds,du) (6)
and finally
EIC, n(si) = Co n(Sa) | € osp  (spmsy ) (7

By a similar reasoning like in [11,pg 34-35, 47] using (6) and (7), we prove

that A ¢(S,a,b) < ®» w.p.1.

AC(S,a,b) < o« implies that (% N(t) does not have discontinuities of saltus
b

T 2T

on s C [H’ H_] for any s countable, dense in [%, ZL

n

1.

The stochastic continuity of Cn N(t) or [g, %I], results in the existence of
?
%I]. D (t) may be considered as the sum of

. T
a cadlag version of Cn,N(t) on [5, 0, N

two integrals,

T
n

I
n

duds
D ()= S [ h.(t,s,f (s,u)q(ds,du) + [ [ (t,s,f . (s,u)——
n 0 |<u<N H 0 |§u|zNh-N H u2

Taking into account the proof of a cadlag version of C 0 N(t) and the
I

continuity of the second integral of (8), we get the existence of a cadlag ver-

; T 2T
sion of IL,N(t) on [E’ H_]'

Applying the induction, we obtain finally a cadlag version for the processes
JT:  (J*1)T T s
Cn,N(t)’ Dn,N(t) or [H_’ ﬁ__El_] for all J = 1,n-1. Hence, using Jonescu-Tulcea

theorem of adhesion [11], we prove the existence of a cadlag version of En(t).



Marica Lewin 113

Lemma 2 If the hypothesis of the theorem are fulfilled, then

(i1) lim 1lim P(sup |A N(t)l >c) =0
c=® n 0<t<T o,

(i2) lim 1im P(sup |B g1 >ce) =0
c-® n 0<t<T e

(i3) 1lim lim P(sup |C g1 > ) =0
c-® n 0<t<T s

(i4) 1lim 1im P(sup D, y(t)l >¢C) =0

c-® n 0<e<T ?

uniformly with respect to n,N.

We consider the process En(t), defined exactly like gn(t), with the only
difference that fN(t) is substituted by fN (t). By induction, it is easy to show
o

Elgn(t)l2 < KNiT, using the Gronwall inequality. Then, taking into account the

growth condition, we get

£-L oL
n n 2 2
E( sup | [ kN(t,s,Zn(s)ds)l <ET sup [ kN(t,s,g (s)ds < ETK™ sup
0<t<T 0 0<t<T 0 t 0<t<T
-
i 2 9
J E°(s)ds < K°TN (8)
0 n = o

Relation 8) implies il)
Taking into account the properties of the Ito integral, and the hypothesis
e), we get
E[1B. (t) - B (s)1*] < Blt-s|? for 0<s<t<T 9
n,N n,N - ===

B depending only on T and No.

The continuity of Bn N(t) with probability 1 and 9) enables us to apply

b

the result of Strook and Varadhan [15, Corollary 2.1.4 p. 49], which leads to
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(iz) uniformly with respect to n and N.

For proving 13) i4) we need to show first, that for any simple Ft Markov

time T < T,
E| Cn N(I)I < MNiT, M not depending on N and n (10)
Because T is a simple Ft Markov time,

T
o i
in

ley, y(OI <2 T S hy(syys,E (s),u)p(ds, du)
s, i 0 |ul<1

i duds
+ 3 I _ 0 Ihg(s,s,E (5),u)]
s 0

1 2
[ul<1 u? ) CH’N(t) +(:“’N(I)

The positivity of the measure p(ds,du) and the assumption (d) leads to

S.i=—
in

g th(Si,s,gn(s),u)Ip(ds,du) <K 5 It=s

i

1
lcn,N(t)l <z Lo )
S. i i

S

=]

T
‘[_—.

i Do n 252
[ f u%E%(s)p(ds,du) =K [ [ u"E(s)p(ds,du)
0 Jul<t 0 Jul<i ™

Hence, due to the postivity of the measure p, we have

T
't——.

a 252 T 252
< KE [ [ v En(s)p(ds,du) <KE[ [ I u En(s)p(ds,du)

1
Elct (D1 <
’ 0 J|uj<1 0 |ul<1

Isl<t-%
=" n
L 2 2
<K J [ E En(s)dsdu < KNOT
0 Jui<l
Now, it is easy to deduce 10).

The continuity to the right of the process gn N(t) allows (10) be true for
’

any Markov time T<T.
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If we denote by T the exit time from Sc = {x,x€R, |[x|<c}, of the process
Cn,N(t)’ the continuity to the right implies,
C .
fw, sup 1€, (6} > ) €u {lw, C \(£) > ¢} cu fw,T <t3,0 (11)

0<t<T t &Q tréQ'
representing the rationals from [0,T] [5].
The relation (10) leads to lim P(Ic < t) =0, uniformly with respect to n and
>0
N and because (tc < tr) may be cgnsidered an increasing sequence with, respect to

r, of F measurable sets, we have likewise

lim P(U {t <t }) =0, (12)
e trEQ‘ c r

uniformly with respect to n and N. Relations (11) and (12) imply (iB) holds true.
In a similar way, we prove iA)'

Lemma 3 The process xn(t) has a cadlag version and An(t), Bn(t)’ Cn(t), Dn(t)

satisfy the relations (1), (2), (3), (4)

Proof The previous lemma results in lim Iim sup P{ sup |€ (t)| > c} = 0.
c>® - N 0<t<T
Hence, we can choose on increasing sequence NK’ such that

P{ sup |En(t)| > NK} < lf for all n, and N > NK.
0<t<T K

The Borel-Contelli lemma implies that En N (t) converges w.p.l to some process
’
K
nu(t) uniformly with respect to n,N. Then the process nn(t) also, will have no

discontinuities of the second kind, w.p.l.

Jr (DT

By induction, we show that for ta[a—, = , J = 1,n-1, xn(t) makes sense

and Zn(t) converges in probability to xn(t) for NO > ®,

+
So, xn(t) coincides on every [%I, Lgﬁllz

] with the process qn(t), and we con-
clude that xn(t) coincides with nn(t) [0,T]. The stochastic continuity of xn(t)

results in the existence of a cadlag version for xn(t).
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Because for every ta[%l, Ll%lll],
Pfw, sup | £ (t) - x (&) >0} <Plw, sup & ()] >N},

O<t<££illI 0<t:<£EI

e 4 - n

We have

P{w, sup I xn(t) > C} < P{w, sup Ign(t)l > G}

O<t<£iTillI 0<t<££illl

- = n - n
+ P{w, sup l xn(t) - En(t)l > 0} < 2P{w, sup |§n(t)| > C} (13)

Relation 13) results in the boundedness in probability, uniform with respect to n
of sup |xn(t)| > ¢}

O(t. ﬂ

— n

Lemma 4 For any € and 8 these exists h > 0 and n, such that for all stopping

time of the filtration (Ft) with values in [0,T] we have

teT

sup sup P{|C(t+QAT-=-C(1)|>8} <¢ (14)
n>n0 Qe[0,h] " t

sup sup P{|C(t+QAT-=-C(1)]|>8} <« (15)
n>no Qe[0,h] n o

It's enough to prove

1 1
Bl 4qer! G n((THOAT - € (D] < Q (16)

n,
for a simple Markov time T.

For 1, a simple stopping time, we get

S.
1
B sqer 1Co n(THQ) - € (D1 < Sz EIsi+QsT Ir=si g |£I<|IhN’“(Si +Q,s,€ (s),u)
i —
si+Q

= hN,n(si,s,ﬁn(s),u)Ip(ds,dU) + SZ EIsi+Q5TIr=si i IhN,n(si+Q,S,En(S),U)Ip(ds,dU)

1
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S. s.+th
T2 togy
< LQE = It=s.Is.+Q<T J u"p(ds,du) + KE = It:s Is.+Q<T { u En(s)p(ds,du)
S. i i — 0 S . i — s.
i i i
T +HQ

2 2.2 2
LQE = IHQiTg u“p(ds,du) + KE IH_QST{ uE” (s)p(ds,du) < (L+KN))Q

s . 1 2
The continuity to the right of the processes Cn,N(t)’ Cn,N(t)’ Dn,N(t) and

the convergence of cn,N(t)’ Dn,N(t) to Cn(t)’ Dn(t), imply the result.

Proof of the theorem

An’ Bn obviously are random elements of C([0,T],R). The comnstruction of

An N’ Bn N and the relation 13), result in the fulfilling of hypothesis of the
9 b

Kolmogorov's tightness criterion [2,6], by An’ Bn .
So, if we denote by pAn, HB ~the laws of An’ respectively B, on c([o,T],R),

Kolmogorov's criterion implies the relative compactness of p o’ o in the weak

topology of probability measures on C([0,T],R).

The relation (3) and Lemma 4 show that cn(t) satisfies the condition of

Aldous' theorem [13,18], hence the law of Cpr W o on D([0,T],R) is relatively

compact in the weak topology of probability measures on D(0,T],R).

Applying the Skorohod's theorem of representation [3,p6; 13], it follows

that the process (f, An’ Bn’ Cn’ Dn’ w, (), which has values in the Polish space

D([0,T] x R) x C([0,T] x R)2 X D([O,T]R)2 x ¢([o,T],R) x D([0,T],R), possesses a

~

Skorohod version, (fn, An’ Bn’ Cn’ Dn’ Voo E) and the last converges w.p.l to

a limit (£, 4, 8, C, D, w, ).
Because the uniform and Skorohod topologies coincide, when relotivized to
C[1,p.150], likewise we can consider An. on Bn random elements of D([0,T],R).
We define the mapping A: f(w) x An(w) X Bn(w) X Cn(w) X Dn(w) > D, by

A) = £(w)+ A () +B_(w) +C (W) +D_(w)
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where by G(w), usually we denoted the trajectory of the process G corresponding

to w.

Using Bafico's lemma [1], we conclude that ;n has the same probability low
as x_, hence ;n is a random element of D([0,T],R) and moreover
x (t,w) = £ (t,w) + Kn(t,w) +B (t,w) +C (t,w) +70 (t,w), w.p.l

for all t€[0,T].

~

Also, because the Skorohod version (?n’ Kn’ % y Cn’ 5n) has a limit w.p.1l

n

in D, ;n also will converge to process ;0 belonging to D, w.p.1l.

Taking into account the properties of the natural projection n_ : D > R,

t

defined as usual nt(G) = G(t), we get that the converges of ;n to ;o in D, implies

lim ;n(t,w) = go(t,w), w.p.1 for all t, points of continuity of X [2,13].
n=-o

The coincidence of probability laws of w, ;n in C([0,t],R) implies that
;n(t) is a Wiener process in the new space (5, ﬁ, g)), En(t) is a process with
independent increments having the characteristic function (1). a » Py has the

st

usual meaning, referring to the process Zn(t).
: ~n .
Following the same arguments as in [19,p. 89], we define Ft the completion

~ ~ ~ F =n
of G(Xn(s), wn(s), En(s),f(s), s<t). Obviously, from the comstruction of F_

~ . =~n
xn(t) is F

- adapted and being cadlag, ;n(t) is progressively measurable with

respect to %t.

We need to prove that in (6, %, P)

g-L
n

J)) A‘n(t) = g k(t,s,’in(s))ds
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1
~ n ~ ~
J2) Bn(t) = g g(t,s,xn(s)dwn(s)
I
~ n ~ ~
Jy) ¢ (&) = [ [ h(t,s,x (s)u)q_(ds,du)
" 0 lul<1 R n
T
~ n ~ ~
J[&) Dn(t) = [ h(t,s,x (s)u)p_(ds,du)
0 |ul>1 o o

For proving (Jl) we use the same argument given in [13].
The conditions (b)(e),(d) of the theorem enable us to find a sequence of

step functions gr(t,s,;n(s)), such that

T
lim [ |g(t,s,x (s)) - g (t,s,; (s))l2 ds = 0, uniformly with respect to t and
gy n r n
n, w.p.1 ([12],[17,[8]). (16)

Using a similar proof like {15], [1], we get (JZ)’ (J3), (JA)' We now have
to prove that ;o(t) verifies the equation (3) in (6, f, 5), w.p.1l, for all t,

points of continuity of ;O(t).

t
We have to prove that Kn(t) converges in probability to [ k(t,s,xo(s)ds
0

t
Bn(t) converges in probability to [ g(t,s,;o(s))dwo(s), Cn(t) converges in prob-
t N E - t
ability to [ [ h(t,s,xo(s),u)q (ds,du), and Dn(t) to [ f h(t,s,xo(s),u)
0 |ul<1 ° 0 |ul>1

So(ds,du).

We prove that En(t) converges in probability to | [ h(t,s,;o(S),u)
0 |ul<1
qo(ds,du). We know that for any € > 0, there is N > 0, such that

F{w, sup Ifn(t) - f N(t)l} < £, so which implies, taking into account that
0<t<T T

;n(t) and xn(t) have the same finite-dimensional distributions,
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lim Pfw, sup X (t) - T _ §n(t)| > 0} < & (17)
n-o 0<y<T 2 IxnlﬁN

Taking into account the hypothesis (c) we have for h a relation similar to

(16), that is, for all (t,s,x,u) in D x R X E, there is a continuous function

hN,p’ for which

T
2 ~ 2 duds
lim [ [ |h.(t,s,x (s),u) - h, (t,s,x (s),u)| === =0 w.p.l (18)
p>e 0 |ul<l hN o N,p o u2
Then
I
n - - t - -
Y=L 0 h(es,E (s),wd (ds,dw) - [ [ h(t,s,X (s),0)q_(ds,du)]
0 |ul<1 0 |ul<1
I T
n " . n - N
SIS he,s, X (), WA (ds,dw) - [ [ hy(t,s,% (s),w)q (ds,dw)|

0 |ul<1 0 Jul<1

i t
oS (t,s,x_(s),u)q (ds,du)| + |f J (t,s,x_(s),u)q_(ds,du)|
gk Iulgth . " 0 OglulgehN o o
n

t
[ S (hg(t,s,x_(s),u) - h (t,s,X (s),u))q (ds,du)|
0 e<lul<l hN n N o n

t
HL S (s, X (8),u) - by ((8,5,% (s),0))q, (ds,du) |

0 e<|ul<1

t t ~ ~
IS by (s,x (s),w)q (ds,du)- [ f by o (E5,x,(s),u)q, (ds, du) |

0 e<lul<1 0 e<lul<1 ™’

t
H S (hy(t,5,%,(5),u) - by (€,5,X (s),u))q,(ds,du)]

0 e<|ul<1
t _ . t
HI S (t,s,x (s),u)q (ds,du)| + | [ f (t,s,x_(s),u)
0 05|u|55hN ° ° | 0 Jul<1 B °

- h(t,s,% (5),u))q, (ds,du) |
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=¥, v ¥, + 4, + X, + Yo + Yo + ¥, + Y + ¥, (19)
E1)?< f J E hﬁ(t,s,g (s),u) s 2T o limE@)Z =0 (20)
2 n 2 = n 2
0 | u<1 u n=-o

E(hy(t,5,% (s),u) - hy(t,s,% (s),u))?
2

2 t
lim E(IA) < lim [ f
n-o n-® 0 g<lul<1 u

duds = 0

because hN is measurable in (t,s,u), continuous in x and bounded, and ;n(s)
converges to ;O(S) w.p.1l, almost everywhere in s (in all s, points of continuity
for ;o(s)).

The continuity of hN’p(t,s,x,u), the fact that ;(s) is cadlag imply,
applying Skorohod's lemma [9,p. 20], that

eI

E

n
I, = [ (t,s,x (s,u)a (ds,du) - [ (t,s,x (s),u)a (ds,du)
6 0 ewa N0 © B 0 sglulgth’p e °

converges in probability to 0, when n>®,

Because ;n(t) converges to zo(t) in the J1 Skorohod topology [[2],(17)] using

(13) we get

P{w, sup I ;o(t) -1 - ;o(t)l >0} <€ (22)
0<t<1 Iz |<N

The properties of the stochastic integral with respect to E implies

P(I; > 0) < lim P{w, sup | ;n(t) -1 §n(t)| > 0}, and
0<t<1 |x |<N
<t< oS
P(Ig > 0) < Pfw, sup | X_(t) - I _ x,(£)] > 0}
0<t<1 Ix <N

We have lim E(IS)2 = 0, and lim E(I7)2 = 0, for all n, N, €. We have also, that

p-cn p—)on
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) t E(h;(t,s,;n(s),u)duds 5
lim E(IB) < lim [ 7 = 0, and also lim E(Ig) = 0
€-0 >0 0 0<|ul<e u €0

Taking into account all these consideration, taking in (19) the limit for n»® in
probability, after that the limit for p»®, the limit for &0, and finally the
L
n

limit when N»®, we get that [ h(t,s,;n(s),u)an(ds,du) converges in probability
0
t

to [ h(t,s,zo(s),u)ao(ds,du), for all t, points of «continuity of the process
0

;o(t).

~

As Ft we consider the completion of 0(;O(t), ;O(t), fo(t) Eo(t)).
It gives me pleasure to extend my gratitude to Professor Corduneanu for his

valuable indications and advice.
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