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It is generally true that the study of nonlinear problems is rather a col-
lection of ad hoc methods depending in a natural manner on the structure of
equations and the investigator’s ingenuity. However, in the past two decades, many
of these procedures have been evolved in unifying theories by introducing
appropriate classes of nonlinear mappings. A powerful tool in proving the
existence of solutions to operator eguations is the topological dearee which may
be a pivot for other topics in nonlinear analysis, (see eg. K Deimling’s book (3D.
The extenmsions beyond the Leray-Schauder degree to cover succesively
wider classes of operators started with an axicmatic scheme of its basic
properties. The fixed point index appears as a natural generalization of the
degree for vector fields (perturbations of the identity) and turns out to be
useful for applications.

On the other hand, various problems in mathematical physics are modeled by a
parameter-dependent operator equation
) TOww =0 w € R X X,
on a Hilbert space X over reals R. Once the existence of solutions is positively
solved, the second step in the gualitative study of the last equation will be the
behavior and branching of solutions with respect to change of value of parameter
X invelved in problem. This is certainly the case in bifurcation theory where

values of parameters are sought for which the number of soluticns changes.

*) Supported by NSF Grant DMS-86010335.
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1. INTRODUCTION

Suppose now that a branch (X, us{\)} of =solutions of eguation (1) is known.

Without loss of generality, we may assume that u,(d) =0 and the eguality
TX,0)= 0O WY AER

holds. Otherwise, we can replace the initial equation by the equivalent one
T, ueW+uw) = 0 and later we refer to ux{\) as a trivial branch of <olutions.
Thereby, we suppose that eguation (1) has the real line X ={\0IXER) as
trivial solutions and denote B=CONWERXX | TOW=0, uxd} the s=set of
nontrivial soluticrs of (). Thus, (&0 is a bifurcation point with respect to
the real lire of trivial solutions if every reighborhood of W,0) in RXX

contairns rontrivial solutions of (1),

Later on we chall restrict ourselves to the operator T:RXX ~ X in-

volved by the equation

2 T, w = (I-Au - GXu =0 vy € RxX,

where the principal part L is a bounded linear operator and the nonlinear
perturbation G is a higher order map in the sense that oflul) uniformly in X
as u - 0. Denote b MN(T and R(M the kernel and range of T, respectively. In
that case, the equivalent equation u= XLu + GO\,W can be regarded as a
perturbation of the linear eigenvalue problem u = \Lu, so that our approach is
rooted in the spectral theory of linear operators.

Let L X » X be a closed, densely defined linear operator with
resolvent o) and cspectrum ofl). For any X € o), we define

YOO = dim L] N{ - 0
=1
as the algebraic multyplicity of ). The essential spectrum ogll) is the set of
all points % € o) for which R{ - A\L) is not closed or X\ is infinity or X\ is
a limit point of ofl). The set o) is close and rel) = max{Ixl | X€oel)l the
radius of essential spectrum of L. HMoreover, we consider
T(L) = { \€R | x'ie o), D ¢ reWIh

the set of characteristic values of L For X\ € 7(L) we dencte by BN the
component of B U {(\,02 containing (10). By a component we mean a closed
connected subset maximal with respect to inclusion. A point (4,0) is a bifur-
cation point for (20 if and only if, given any ¢ > 0, there exists an element

(N, UWEB such that Hull +1Xx-a 2 <e2 In that case, ®BW) is called the
bifurcating branch emanating from (u,0).
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It is easy to prove (see [1]1 or [(14]) :
-1
PROPOSITION 1. Let (4,00 be a bifurcation point of @) with Il < [PE(L)] .
Then & 1s a characteristic value of L.

However, this necessary condition is not sufficient for bifurcation to

occur.

The purpose of the paper is to establish a local and global bifurcation
theory for solutions of the equation (2) involving A-proper operator components.
These mappings have a prevalent role because of their appropriateness in the
study of infinite-dimensional problems wvia the Galerkin finite-dimensional
reduction method. Following R.D.Mussbaum’s approach [10], we substitute the solving
of the eguation (2) by finding the fixed points of the sum XL + G(\e). First,
we construct a fixed point index for A-proper mappings, developing an idea of
K. Scholz (131 This definition using the theory of retracts, we believe to be more
intrinsecally linked to our goal than that derived from the generalized topological
degree (2] and exploited by F.EFitzpatrick and WWV.Petryshyn (7] in nonlinear
eigenvalue problems. Our treatment is based on the compactness of bounded
branches of <solutions to the eguation (2), established by JF.Toland [151
To prove the existence of bifurcation points and the bifurcation alternative we
adapt the technigues given by S.Ackermann [1] and RD.Mussbaum [10], respectively.
Finally, it is worth pointing out that our results refer to operator equations
involving a wide class of A-proper mappings which includes compact operators,
ball k-set contractions, condensing maps as well as perturbations of strongly

monoctone operators by ball k-set contractions.

2 FDED POINT INDEX
In our approach, we rely on the following definition of the fixed point
index in finite-dimensional Euclidean spaces. Let U be an open set of R™,
FU » R™ be a continuous function such that K = fixtF,U) = ( u € U | Flw=u )
is compact. Denote by O € Hp(U, UNK) the fundamental class around K, where
Hy stands for singular homology with coefficients in Z, the ring of integers.
The fixed point index of F is
@ ix(F, O = (0 — F)g0k € Hy(R™, R™ ) = Z.
here (I - F):(U, UNK ) = ¢ R™ R™ 0) is the map (I - FXx) = x - F() (see eg. [4],

p.202). One can see that this definition agrees with the analytical



50 BIFURCATION THEORY

one: if a point xg € U is an isolated fixed point of F and YV an open subset
of U such that V N K = {xg}, then the analutical index iy(F,xg) = deg(l-F,V,xg)
of F at xp and the fixed point index ix(F,V) are egual.

On the other hand, a set M of a topological space Y is called a
neighborhood retract in Y if there is an open =zet U of VY containing ™
and a retraction of U onto M, ie a continuous map rU = M such

that I"M = 1d the identity map on M. Thus ang continuous mapping f:M = X can

be extenciec:1 by foriUpm X, where X is another space. Moreover, a
metric space X is said to be an absolute neighborhood retract (ANR)
if, whenever it is homeomorphic to a closed set M of <some Banach space VY,
then ™M is a neighborhood retract of Y. Closed convex sets in a Banach

space are obviously ANRs.

Given now a topological pair (X,\V), VAR ¢ and a continuous map
F:V = X, consider its fixed point szet fix F, W=(u€V| Flw=ul By
U and 3V we mean the closure and the boundary of V), respectively.
A triple (X, F, V) is admissible if X is a metric ANR space, U 1is a
bounded open set of X  such that fix (F, U) is compact. An admissible
homotopy is a continucus map H [0 11 X X » X such that the
uniorn of the fixed-point sets of H(t,®) for t € (041 is compact.
Let U denote the class of all admissible triples and Z =72 U (£ o3
The (possibly multivalued) map
S ) Y A

is called a fixed point index if the following axioms are satisfied :

(1) Normalization: iy(F, U) =1 for every constant map F whose image lies in U;

(ii) Existence: if iy(F, U) # (0} then F has fixed points in U;

(iii) Additivity: For every pair of disjoint open subsets U; and Uz of U such
that fix(F, W C U, Y U, C U then

ixtF, U © ixtF, Up + ix(F, Up ;

with equality holding if either of iy(F, Uj), i =12, is a singleton set.

(iv) Homotopy : If H is an admissible homotopy, then

ix( Ht, @), U) = constant for all t € [0, 11,

(v) Commutativity: Let F:UC XY and G:V Y = X ba continuous maps on
then open sets U and VYV inthe ENRs X and Y, respectively I[f one of the
composites

GoF:FiV)m X and FoG:GiwmyY
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ie admiseible, then so is the other and, in that case,
ix(GoF, Fiw) = iy(F oG, GLwn).
Now if U is unbounded, we choose a bounded open subset V € U <o that

X,F,\V)  be admissible and (U\V) N fix(F, U) = @ and define iyx(F.U) = iy(F, V).

Using the Leray - Schauder degree, R. D.Nussbaum [10] extended the fixed
point index to locally compact functions. Let X be a metric ANR, U an open
subset of X and let F:U = X be a continuous map such that K = fix(F,U) is
compact and there is an cpen neighborhood V of K for which F‘V is compact.
According to the Arens - Eells theorem (5], p. 158 ), we may assume, in
addition, that X is a closed set in & normed linear space. Because X 1is an
ANR, there 1is an open neighborhood ¢ of X and a continuous retraction r
of @ into X. Then Forr W m X and we define

y -1
iytF,U)= deg (l-Fopr, r~WU)
% LS
By means of this, RD.Mussbaum (8] extended the glcbal bifurcation alternative for

eguations defined by locally strict-set-contraction perturbations of the identitu.

On the other hand, we can prove that the neighborhood retract have an
intrinsic character in Euclidean spaces. ie if Up C R™ is a neighborhood
retract and  Un € R™ is homeomorphic with Ug, then Un is alsc a neighborhood
retract, ([5], p81). So, X is called an Euclidean neighborhood retract (ENR),
if it is homeomorphic with a neighborhood retract U in R™ The set U is
locally closed ( U = € N 0, where ¢ is closed and O is open) and locally
compact f{(every point of U has a compact neighborhood).

A couple of seauences I' = ( Xp, rp 3 is called an approximation scheme
for a separable Hilbert space X with norm I « I provided there exists an
increasing seguence of ENR topological subspaces ( Xp ) of X and (rpd the
corresponding retracts rp @ Xp 2 Xp such that UXn is dense in X and
rRv v foreach vE€X as n-oa o For F: X+ X, define Fp:Xp B Xp

by FR= rpo F'Xn'

Amap F : X m X is said to be A- proper with respect to the scheme I' if
each Fp: Xp # X is continuous and whenever xp € X is a bounded seaquence
such that, for a subseguence (xj), with  Fj (xj) - XM 0 in X, there exists a
further subseauence (xm3 converging to some x € X and F(x) = x.

This definition actually corresponds to the usual A-properness of [-F. For

other details of the above topics we refer to the G Eisenack and C.Fenske book [41.
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We consider now a bounded cpen set U in an EMR Hilbert space X, F : U RX
an A-proper map such that (X, F, U) is an admissible triple. Set Up = U N Xp
and it is easy to check Xn , Fn , URp) 1is also admissible for n  large enough.
An index for triples (Xp,FUR) is defined by (3). Then, we define ix(F,U) to
equal the set of limit points

( ixn-:' Fr.Un) | (Xpn,Fp,Yn ) is admissible 3.
It follows that ix(F,\) is a non-empty set in Z' and the above axioms are

easily verfied.

Im the seaquel, on the Cartesian product E =R X X we take the nor‘m.

3
el = [ IFR o+ IMIE)2

Let f3 = R be contiruous, where 1§ is an interval of R and A:U A X
a continuous map such that (X, A, U) is an admissible triple. In this case, the
product map f X A:IXU R R X X, given by f X A )Xr.w) = (F0,W, Alr, V), is
also admissible and
(4) IECF XA IXX)= deg ( f,3) X ix(A ),
where deg deroctes Brouwer’s degree.
Moreover, we replace axiom (iv) by the focllowina generalized homotopy
invariance, which is easy to establish:
Let A be a set in 041 x X and Ay = (x € X | &x) € A its t-fiber.
A homotopy H: (0,41 X X » X is admissible provided Hie,v) : [0,41 » X is
continuous, uniformly on bounded closed sets of X, and Ht,e) : X = X is
A-proper for each t € [0,4] such that the union of fixed point sets of H(t,s:)
over all t € [0,4] is compact. Then ix(Ht,), Ay)  is indepedent of t € [0,4]
By a fixed point in the case of a homotopy H:I0,11XX » E we understand

a fixed point for its projection onto X and its index is given by formula (4).

Finally, we recall two useful results in the computation of the fixed point
index for linear operators [151:

LEMMA 1. Let U be a neighborhood of the origin in X and let L U = X
be a bounded linear A-proper operator with |[Alrg(l)<i but X € 7L). Then
ixGl, U = 18 where B8 is eqgual to the sum ZI;xO\p) of the algebraic
multiplicities of all of eigenvalues AN > 1 of AL. [If there are no

such eigenvalues, then let g = 0.
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LEMHA 2 Let TOue)»U = X be an A-proper map with T\,v) = v whose
Frechet derivative at v is of the form L, where L fulfills the hypotheses
of the previous lemma. Then Vv is an isolated fixed point of T\,e) and

ix(TOV @) v) = 1(T'On w0
3. BRANCHING OF SOLUTIONS.

We turm now to the bifurcation of solutions of =guation (2) on an open
interval T of the real line containing (——[r-E(L)]‘L, [F‘E(L)Ti). In the framework of

A-proper mappinas, we make the following assumptions con the components of T:

D L: X p+H X is a bounded linear operator;

(D G:J %X X = X is contiornuous with G(X\,0) =0 for all A& J and

(la) GO, W

TRE] — 0, uniformly for )\ in bounded intervals and

dlb) (e v):J = X is continuous for u in bounded sets of X

I Both XL and XL + G(\ , @) are A-proper mappings for all X € 7.

For any X €J we define henceforth the map Fy:X B X where
Fyw = FOLu) = Abu + GO\,
and F(t,x,u = ALu+tGh,u) for t€[0,1]l As in [10], we replace LT U B by
S =0T X0} U (OQWeETIxX | us0, FOW=u

Given deETL), let S“ be the comporment of S containing (u4,0).

It is not difficult to establish

PROPOSITION 2 (151, Th23) I[f assumptions () - {ID hold, then any
closed bounded subset of S N (J X X} is compact.

This proposition allows us to handle the fixed point index defined
above. It followsthat S; is compact whenever it is bounded and denote
Ay = UXeETLY ] OLDES, I
Since T(L) has no accumulation points, S“ meets Au at the finitely many
points 3,00, i=1,.,m, including (u&,0). After a suitable renumbering, we

may assume that >‘j <A i=1,.,m-1.

+
Further, Br(v) denotes the ball of radius r about v while [IA-BIl

is the distance between A and B in X or E.
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The crucial tool is aiven by

PROPOSITION 3. Suppose the hupotheses () - () are fulfilled. If S is

bounded, then there exists a bounded open set O C J ¥ X such that

D Sy < O}

G 0 NSsS=92;

{3i ¥ contains no points (x,0) with X = 7{L) other than SLL H

(jv) Set d=m ; noil Ggd - (rIONGG3 L Then Xy is the single characteristic
number of L in BgO\y |

(v) For evera ¢ € i0,d] there is a w() > 0O such that whenever
Ou) £ O is a solution of Fit,a,u) = u  with  Jull € wle), N\& Be(xj) and
t €00,41 it follows that u =0

The proof is similar to the case of compact operators, ( [B], pp. 78-79 )./

For the sake of simplicity, set JO\) =(w-d,X+d) and get TN N 7L = (X3

for €Ay By using properties (iii) -{iv), we establish at once:

LEMMA 3 ([10], p. 98) To amy AEJW), I#u, there corresponds a
PN >0 such that FO.,uw £ u  for |lull<o(h). Moreover, iX(Fﬂi'BO(ui)) is constant
for iy <M. K4g€IW), and iX(FU-z:B/J(LL23) is constant for Wohl, MoETW).

Cornsequently, we may define the index jump of F at & bu

B = ix(FusBoo) - xFuyBog)
which is independent of the particular choice of uiEJ’(u,) with Ly < 4 < Uo.

Moreover, p(u,i) can be replaced by any number r>0 such that F()\i,u) #* u

for |lull€ r.

In particular, for any linear operator L satisfuing assumpticns (D) and (D,

we have
ix(+PIL, B0 = LX) iyu+rL, BrOD,

where jes is a characteristic value of L of alagebraic multiplicitu  x(Q)
In that case,

n] when X&) is even,
A (W) ={

+2 when X(U) is odd

The proof proceeds as in [17], p. 619.
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We row proceed to state and prove our main results:

LOCAL BIFURCATION THEOREM. If (Hyp - (Hy) are satisfied and U is a

characteristic numer of L of odd multiplicity, then (u,0) is a bifurcation point of

the eguation
(3) FOLU) = AL + G\u) = u NUWET XX,

Proof. By the last conclusion in Proposition 2, there exists w=w()»0
for all ¢€(0,d] with property that |ull{w(e) and Flt,ute,u) =u imply u =0
Now, on the open ball M) =TO\WETIXX] v-w2+lulP<e?+w?), we define a
homotopy between AL and Fi(\,e) by
HE W = (LIulP=w®) = (L=txO—w2=e?, Fit,aw),
Proposition 2 guarantees that HI0,11xXMg() = X is an admissible homotopy.
Indeed, as u€dM, means O—=rP+ulP=e®+0?  or  ulP—w?= —O—w?,  the
assumption H(t,\,u) =u on 3aMg would imply that
LUl + 0H 4t =)W == = uif—w¥=e? —O=w? =0 and FAW = u,
thus X=p+e, lull=w>0 while Flt,ude,u) =u entails u =0, a contradiction.
Therefore, HO,u) = (2 —(h—g Y%, \Lw) = (O,u) has exactly two fixed points
Pi= (W£e,0) on ML) and we have
ig(H0,@,8),M) = ig(H(O,8,8),P,) + ig(H(D,8,0),P_).
We consider the F-derivative
H(O,P4.0)Xa,v) = (F2av,(utellv)
and, by using Lemma Z , we aet
ig(HQ,0,8),P1) = ig(H(0,P),(0,0).
Define g i(V) = ¥2¢v, apply formula (4) and obtain
ig(HO,P4)(0,00 = deg(g:t,O)x ip(r£ell,0) = Figlutell,0).
These relations uield
ip(H(O,0,8),Mc (W) = iy((L—e)L,0) — iy((p+ell,0)
Because x() is odd, we note that ig(H(O,e,e),M L) = —4A (L) = F2.

On the other hand, the homotopy invariance implies that
ig(H(D,0,0), Mc(W) = ig(H(1,e,8),Mc ().
Thus H{L AW = (Ilullz— wz, Fih,u)) has at least a fixed point in M) for all
e€(0,d], i e FO,uw =u with [N=gl<e and |lull = we)>0, hence (¥,0 is a

bifurcation point of eaquation ). 0

Degree theoretic arguments provide not only existence criteria for bi-
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furcation points but also information regarding the behavior of solution branches.

GLOBAL BIFURCATION THEOREM Assume that hypotheses () - (I hold

Then either 3y is unbounded or Sy is compact, Ay is a finite set and
() > ApO0 = 0.

AEA
Furthermore, if Sy is compact and Ap(W) = 0, then Sy contains a point (QON
with & # XN € Ay .

Proof. Assuming that Sy is compact, it suffices to prove ).
Let O N J =(a,b) where a,b are finite real numbers and Oy = (WEX | (L, VIED 3.
First, we celect positive numbers § and o, with & < d, such that
[X-8X+8) X Bp@® C O for all K€ Ay,
and remark that Ft,u) # u for u€d0 implies u = 0 and |t - \[K&
for some XMEAy,.  With k€A, and  re€l0,0), we associate the open set

U= GWVEIN-§X+81 X X | (t,VIET or |VIKr ).
The construction insures that F(t,u) # u on 3U and we take Up=(vEX|t,VEU].
By appluirg the generalized homotopy property, we find
Ix(FyiaUnes) = ixFya-a Un-g)
while U C 0 U Br(0) and the additivity properties give
&) ix(Fg,Up) = iy(Fy,0¢) + ix(Fy,Br(ON with t=X+%86
The last two eauations uyield

BN = ix(Fy_5:0%.8 — ix(Fy4500+8)

On the other hand, let » and X be two consecutive elements of Ay
As WM M Ay = @ and Ft,u) # u for (t,u) €30 and tEM+8,N-8],

the homotopy property implies

(@2 ixlFygs Oyeg) = ix(Fye8:9%4+5"
Apply repeatedly (&) and (7) and obtain for 1 € j<k <m that
k
> ARy = ix(Fy g, Oy, 8 — ixtFy 4600 48"
i=j o j k k
Choose j=1 and k=m and deduce
E ApON) = ix(Fy, - 503, -8 — IX(F\ 48 N\+6"
“ERy S e
Finally, the generalized homotopy invariance implies that iy(Fy.0¢) is constant
when t<{X;-8 and when t 2kp+8. As Oy =9 for t€la,bl, we infer that
ix(Fg,O0¢) =0 for t = )\1-8 or t = A\m+8,
and (5) follows. O
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In conclusion, we mention some other results related to our subject. The first
investigations concerning bifurcation theory for A-proper mappings were carried
out by WNV.Petrushun (411 and JF.Toland [15]), a decade ago, independently. They
used the generalized topological dearee and outlined some implementations
to semilinear elliptic eigenvalue problems. A suggestive example is when
Gh,e) = RO.,e) + S(he). To obtain a global alternative, we may assume for
instance that *L is a ball k-set contraction, R(\,e) is compact and S(\,@) is
strongly monotorne, iLe. (S(\u) - S(\,v) chlu-vuz with k-c € 1. In particular,
the bifurcation results are extended to the cperator eguation

Lu - »Ku +G0\,u) = 0O
where L is an A-proper linear map and K is a linear compact operator. Ap-
propriate characteristic values for the couple (F,K) are defined.

On the other hand, JR.L.Webb and S.C.Welsh [(16] gave a global alternative
for solutions of nonlinear eqguations in the form '

u-TOu + Glu =0
under the assumptions (ID-AdID. Here T(\) is an odd degree polyncmial in X
with operator coefficients. Their approach is based on the multiplication
property of the degree mapping on a direct sum of spaces.

Due to the importance of bifurcation theory in the interpretation of
physical phenomena, a areat rumber of sophisticated pure mathematical technigues
have been developed, some of them belonging to the algebraic topology or group
representation theory. However, to proliferate the bifurcation principles, simpler
approaches based only on elementary point set topology and basic results of
operator theory has been recently revealed. By exploiting the concept of
essentiality, the structure of global solution branches to multiparameter
operator equations are obtained in [8] These results apply to 0O-maps and in
particular to any class of operators which have reasonable degree theoru.
P.Milojevic [9] introduced a corresponding approximation-essential mapping and

established new fixed point and surjectivity results.
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