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AN AVERAGE PER CAPITA FORMULA FOR THE SHAPLEY VALUE

Irinel Dragan

A new formula for the Shapley value is given which does not require the
storage of the 2" -1 values of the characteristic function in the computer, and

avoids the search in the memory for such data.

1. In computing the Shapley value of a cooperative TU game, the 2"—1
values of the characteristic function should be introduced in the computing
tool anyway. Therefore, if these data should be kept and retrieved, the
computation may become impossible for large n. We give a formula for the
Shapley value which is allowing the computation of the value by manipulating
two n+1-dimensional vectors; each value of the characteristic function is given
as an n+l-dimensional vector which is immediately used and deleted. In this
way, the difficulty of computing the Shapley value reduces to the correct
typing of data. We give a simple combinatorial proof in the next section, then
a more elegant one using the Hart/Mas-Colell potentials and an example. The
list of references contains papers devoted to the applications ([1] and [5])
and papers in which the interpretations of the Shapley value as a sound fair
allocation are emphasized ([4] and [7]); the computational aspect is discussed

mainly in two papers ([2] and [6]).

2. The Shapley value introduced in [8], for a cooperative TU game with
the set of players N and the characteristic function v, is given by the well-

known formula
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where s=|S|. Some notations are needed: for k=1,..,n—1 denote

<1
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In words, v, is the average worth of coalitions of size k and v is the average
worth of coalitions of size k which do not contain the player i; it is natural

to denote v, =v(N) and convenient to take v), =0.

Proposition 1: Th~ Shapley value of a cooperative TU game v with the set

of players N is
k=n X

(3) ®,(v)= ) k(v —v}), ViEN.
k=1

Proof: We rearrange the terms in (1); therefore, we consider those terms

in (1) corresponding to coalitions T of size k, where k is fixed k€N —{n}.

Any coalition T containing i will give a term v(T) with the same coefficient
k—1)!(n—k)! =3 .

(—)T;(-;r-l-—) equal to lc'l-(2> , so that the part of the sum corresponding to such
coalitions of size k is lc_l-(;:) . Z u(T). The terms collected in

T/€ET,|T| =k
this sum are provided by the first numbers in the brackets. Any coalition
T which do s not contain i will give a term v(T) with the same coefficient
kl(n—k-1)! . . . .

ey because this term corresponds to S=TU({i} which has the size

k+1. Obviously, these coefficients equal to —(n—k)'l‘(Z) , so that the part

of the sum corresponding to such coalitions of size k is

—(n—k)_l-(">'l- Z v(T). The terms collected in this sum are provided
T/igT,|T| =k

by the second numbers in the brackets. So, all terms in (1) for coalitions of

size k give the sum
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(4) r‘-(:) v(T)—(n—lc)‘I-(:)'l -y o(T).

T/ieT, |T| =k T/igT,|T| =k

Now, the sum of worth of coalitions of size k which contain i equals the
difference between the sum of worth of all coalitions of size k and the sum of
worth of coalitions which do not contain i. If this change is made in (4), we

get

(5) k‘l-(;c‘) I-Z v(T)—nk“(n-k)-l-(")“ -3 oT).

T/|T| =k T)igT,|T| =k

-1
Now, the coefficient of the second sum equals —k'l-("zl) and we got from (5)

exactly k‘%vk—zi). Obviously, for k=n we have in (1) the unique term n~ly(N),

which can be written as n (v, —0!), hence we proved (3).

Note that by the same kind of reasoning (3) can be obtained from the
Kleinberg/Weiss formula given in [4] or from a Rothblum formula given in [7].
A more elegant proof can be done by using the Hart/Mas-Colell potentials

introduced in [3].

3. The potential, as introduced in [3], is a function P defined on the
space of cooperative TU games with the set of players N, which associates a
real number P(S,v) with each subgame of a game v defined by a coalition SCN.
It is shown in [3], that for a game v the potential function can be computed by

the recursion formula
(6) P(S,v)=(|S])'w(S)+ Y_ P(S-{i},v)], VSCN,
i€S

where by definition P(¢,v)=0. It is also shown that the Shapley value ®(v) is

given in terms of potentials by
(7) ®,(v) = P(N V= P(N —{i},v), VieN.

However, a game usually being given by the function v, the computation of the
Shapley value by formula (7) is as difficult as the computation by formula (1).
The potential function will allow us to give another proof of (3); some

notations are needed: for k=1,...,n—1 denote
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=, 1

(8) Pk=(2)s/~[;=k!’(5,v), p;;=(";1)- P(S,v), ViEN.

S/igS, S| =k
In words, p, is the average potential associated with coalitions of size k and
pL is the average potential associated with coalitions of size k which do not

contain the player i; it is natural to denote p, = P(N,v).

Proposition 2: The potential averages and the worth averages are related
by formula
(9) pkzk_l-vk-f-pk_l, E=2 0

Proof: Sum up the recursion formulas (6) for all coalitions of size &k,

2<k<n, to get

(10) S PGS =kT Y w4kt {ZP(S-{;}J)}.
s/|s S] =k

| =k S/|1S| = S/ JES s

Note that a coalition §—{j}, ~hich has the size k-1 if |S| =k, is a subset of

n—k+1 coalitions of size k, those obtained by adding to S—{j} each of the

remaining players; therefore, the double sum equals
(n-k+1) - Z P(S,v). By dividing to (:) and using the equality
S/1ST = k-1

(n_k+1)/k'(2)=(k21)_l’ we get (9).

Proposition 3: For any i¢€N, the averages of potentials pL and the

averages of worth v, are related by formula

(11) p;;:lc"l-u;"+p};_1, k=_..n=1.

Proof: Sum up the recursion formulas (6) for all coalitions of size &k,

2<k<n-1, which do not contain i, to get

(12) Y PGS =k sk Y {ZP(S—{j},v)}.

S/igS S/igS S/igS €S
/I§I=k /'|§|=k /|§|=k J

Note that a coalition S—{j} which does not contain i and has the size k-1 if
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|S| =k, is a subset of n—k coalitions of size k which do not contain i, those
obtained by adding to §-{j} each of the remaining players different

of i; therefore, the double sum equals (n-k) Z P(S,v). By dividing
S/igS, |S| =k-1
-1

to (";1) and using the equality (n—k)/k(n;1)=(::i> , we get (11).

Proof of Proposition 1: For any i€ N, sum up all equalities (9) given by

Proposition 2 for k=2,..,n-1, and subtract the sum of all equalities (11) given

by Proposition 3 for k=2,..,n—1; after simplification, we have
(13) Proi—Pa1 =3, kK lvg—vi)+p, —p}, VieN.
k=2

The last two terms can be included in the sum to make it from k=1 to k=n-1,
because P({i},v)=v({i}), Vie N. By using the Hart/Mas-Colell result (7), then the

recursion formula (6) for S=N and formula (13), we get

(14) ®;(v) = P(N,v) = P(N = {i},v) =n"" o(N)+n"! . 3 P(S,v)+
S/|S| =n-1

k=n

—P(N={i}, ) =n"N v, vl + Py~ Phy = O kN (v—vk), ViEN,
k=1

hence (3) is proved.

4. Discussion.

a) .he algorithm. To compute the Shapley value & for a game v with the
set of players N by using formula (3), notice first that each term of the sum
is independent of the others, so that the computation can be done in parallel.
If a sequential approach is used, then the computation will be done in n cycles
of steps, each cycle k computing the term k_l(vk—v;;) for all ie N. To outline

the operations of a step h in cycle k denote

S B R LIS T D!

S/iS| =k S/iES,|S| =k

so that our formula (3) for the Shapley value becomes

k=n 1
(16) o)=Y (lj—:-l:—:> VieN.
k=1
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Note that a;=n, b =[l-(k/n)]a,, and ay ., =[(n/k)~1]a,, for k=1,..,n-1, a fact

which helps in updating a; and b.; so, the numbers w, and w;;, Vie N, are the

ones to be computed from the data.

Before starting the cycle k we have the current n-vector Ql‘, which

terms of the sum (16) and the number a;

contains the partial sums of k-1

obviously, ®!=0 and a;,=n. Before starting the step h of cycle k we have the

current n+l-vector (wg; w}c,...,w;") which contains the partial sums of h—1 terms
The step h will consider a

this is a zero vector for h=1.

|S| =k and v(S)#£0,

of the sums (15);

new coalition § with if any; the following operations will

be needed:

(A) Choose a coalition § with |S| =k and v(S)#0; if

none can be found,

Computing the sums:

51y.-48,), where

The computer will

go to (B), otherwise am n+l-vector (v(S);
(sq)..+5,) is the characteristic vector of §, will be typed.

do: Return to

wyi=wp +v(S) and for each i=1,..,n, if s5;=0, then wh:=w) + v(S).
(A) for the next step.

(B)

i=1,...,n, find wi::wi/bk, w;‘::wk—wz, go to (C).

Computing one term: Compute wj:=wy/ay, by:=[1-(k/n)la,, and for each

(C) Updating: For each i=1,..,n, compute Qf::¢f+w2, and check whether

k<n. 1If yes, find ay:=[(n/k)—1)b;, make k:=k+1, wy:=0, wi:=0, Vi€ N, and go to

the next cycle; if no, stop, ® is the Shapley value.

b) Example: Consider the 3-person game v(1) =100, v(2) =200, »(3) =300,
v(12) =400, v(13) =500, v(23) =600, and v(123) =900. The data are given in
Table 1:
h 1 2 3 1 2 3 1
k 1 1 1 2 2 2 3
v(S) [ 100 200 300 [ 400 500 600 | 900
ss |1 0 o1 1 0|1
s, 10 1 0o |1t 0o 1|1
s; |0 0o 1|0 1 1|1
Table 1: O0On each column the step number, the cycle number and the vector

of data in that step are given.
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The computation of the Shapley value is shown in Table 2:

h 1 2 3 a;=3, b=2 1 2 3 a,=6, b,=2 1 a3=3, by=arb.
k 1 1 1 2 2 2 3

op. A A A B B C| A A4 A B B C A B B C
wy, 100 300 600 200 --- --- 400 900 1500 250 --- --- 900 300 --- ---

uz}c 0 200 00 250 -50 -50{ 0 O 600 300 -50 -100f O O 300 200
w? 100 100 400 200 0 O | O 500 500250 O O | O O 300 300
wi 100 300 300 150 50 50({400 400 400 200 50 100/ 0 O 300 400

Table 2: 0On each column the step number, the cycle number, the operation
ot that step and the current vector (wk;wi,...,wz) or (—;w,‘—w}c,...,w,‘—w,’:), or

= :‘le,...,@ﬁ) are given.

The Shapley value of the above game is ®, =200, ®,=300, and ®;=400.

c) Other Algorithms: As [6] is presenting an algorithm which requires

the presence of all the values of the characteristic function in the computer,
the difficulties arising in the use of the algorithm are the same as those
occurring in applying formula (1). The method proposed in [2] is based on a new
formula for the Shapley value which is allowing, like in our method based on
formula (3), the use of each value of the characteristic function only once and
independently of the other values. In our notations, the Gambarelli/Zambruno

formula is:

k=n -1

(17) <I>.-(v)=v({i}wkzrl-(z) >3 [v(S)—Zv({j})]+
=2 )

S/1S| =k 7€
k=n- -1
—Zlk‘l-(”‘l) .
k=2 k S/igS, |S| =k

»

JES

u$)- > v({j})} VieN.

Notice that this formula is approaching in a different way the worth of the
singletons, namely from each of the 2"—n-1 numbers v(S) with |§| >1 we should
subtract |S| numbers and this again makes the formula inefficient for large n.
Therefore, formula (17) is usable only for zero-normalized games when (17)

reduces to formula (3).



o

-~

An Average Per Capita Formula

References

Callen, J. L. (1978), Financial cost allocations: A game theoretic
approach, 7'¢ Accounting Review 53, 303-308.

Gambarelli, G. and G. Zambruno (1979), Analytical reformulation of the
Shapley value of a game, in Atti del Primo Convegno A.M.A.S.E.S., G.
Giappicheli (ed.), Torino, 197-211.

Hart, S. and A. Mas-Colell (1988), The potential of the Shapley value,
in The Shapley Value, Essays in Honor of L. S. Shapley, A. E. Roth (ed.),
Cambridge Univ. Press, 127-137.

Kleinberg, N. L. and J. H. Weiss (1985), A new formula for the Shapley
value, Economics Letters 17, 311-315.

Littlechild, S. C. and G. F. Thompson (1977), Aircraft landing fees: A
game theoretic approach, Bell Journal of Economics 8, 186-204.

Maschler, M. (1982), The worth of a cooperative enterprise to each
member, in Games, Economics Dynamics and Time Series Analysis, Physica
Verlag, Wien, 67-73.

Rothblum, U. G. (1988), Combinatorial representations of the Shapley
value based on average payoffs, in The Shapley Value, Essays in Honor
of L. S. Shapley, A. E. Roth (ed.), Cambridge Univ. Press, 121-126.

Shapley, L. S. (1953), A value for n-person games, in Contributions to
the Theory of Games II, H. W. Kuhn and A. W. Tucker (eds.), Ann. Math.
Study No. 28, Princeton Univ. Press, 307-317.




