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SINGULAR BOUNDARY VALUE PROBLEMS
ON THE SEMI-INFINITE INTERVAL

Donal O’ Regan

Abstract

This paper examines the existence of solutions to the nonlinear boundary value
problem };(py’)’ = f(#-’- 0 <t< 2, y(0) = a, y(t) bounded on [0,0). In addition
we deduce possible values for limi—o y(2) if such a limit exists.

1 INTRODUCTION

This paper establishes the existence of a bounded solution to singular and nonsingular second
- order differential equations on the semi-infinite interval of the form

1 vy _ L& y(1)
;(-5'(?(*)1/ (1) = T

,0<t< oo
with the solution satisfying a specified boundary condition at ¢t = 0 and at infinity. Here the
function f: [0,00) xR — R, p: [0,00) — [0,00) and ¥ : [0,00) — [0, 00) are continuous.
The theory on boundary value problems on the semi-infinite interval to date is not very well
developed. Most of the results concern the nonsingular second order problem (p =1 = y) ;
see [1.2.3.6] for discussion and references.

Our discussion of existence will be in two parts. Section 2 will specifically discuss the
singular nonlinear boundary value problem

Lipy'y = Lty
{p(py) =2, 0 <t <20, (L.1)

y(0) = a, y(t) bounded on {0, >0).

By placing a monotonicity condition on f and integrability conditions on p and ¥ we will
show that (1.1) has a bounded solution y € C[0,20) N C*0, ). We remark here as welil
that the linear problem
{y”:y—M, 0<t<oo
y(0) =a

with VM and a constants, has exactly one bounded solution y(t) = (e — M)e™* + M. For this
solution we have lime—s y(t) = M. In section 3 we will use results of section 2 to deduce
possible values for im;— y(t) if such a limut exists. The results reported in this section were
motivated by the nonlinear singular Thomas-Fermi equation 5],

y”=t'le%\ 0<t<
subject to the boundary condition corresponding to the isolated neutral atom
y(0) =1, im y(t) = 0.
t—c0

Finally in this introduction for notational purposes let BC?/0,0) denote the space of
bounded. continuous functions u on (0. >) with u” continuous on (0, ).
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2 GLOBAL SOLVABILITY

This section exarmunes the semi-infinite interval boundary value problem
P

[ Hpyy =42 0 <t < x, 1)
| y10) = a. yt) bounded on 0. 20) o
with /: 0.) xR —=R. p: 0.1 — 0.20) and w: 0.30) — [0.c) continuous. By a

solution to (2.1) we mean a function y £ BC*0. =} with y satistying the differential equation

on (0.20) together with y(0) = a. To show that (2.1) has a solution we begin by examining
rhe family of two point boundary value problems

[ Lpy)y =L 0<t<n,
L y0)=a. yn)=0

(2.2%)

for each n € ¥ = {1.2.....}. We remark here that by a solution to (2.2"), n fixed, we mean
a function y £ C{0,n] N C?*(0.n| which satisfies the differential equation on (0,n| and the
above stated boundary conditions.

The following existence principle is needed: see {7] for a proof,

i

Theorem 2.1 Fizn € V* and suppose f: [0,20) X R — R is continuous. Assume

peC0.x)NCY0.x), we C0,) together with (2.3)
p(t) > 0 and w(t) >0 on (0,20) -
and y o s o(s)
/ ’,s 0 and | —— | B2 dsdu < 20 for any b > 0. (2.4)
o p(s) Jo plu) Ju wis)

Now suppose there is o constant J, independent of \, such that SUPro ) 1Y(¢)| < J for each
solution y to
Ligy') = A2y <t
Lpy) = A= 0 <t < n. on
{ (2.3%)

y(0) =g, y(n) =0
for each A € (0.1). Then (2.2") has at least one solution in C[0,n] N C?*(0,n].

This theorem immediately produces an existence result for singular boundary value prob-
lems on the finite interval.

Theorem 2.2 Suppose f : [0,3) x R — R is continuous with conditions (2.3) and (2.4)
being satisfied. [n addition
suppose there is a constant M > 0 sucn chat yf(t.y) >0 (2.6)
for ly| > M and for all t € [0, >). A

Then (2.2™), for each n. 5 at least one solution y, < C[0,n| N C¥0.n| with |y.(t)| <
max{\M, |al} = My fort < U.nj.
[f in addition

p is nondecreasing on (0, ) and L nonincreasing on (0, 20) (2.7)
w
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b
2ls) ds < oo for any b > 0 (2.8)
o w(s)
for anyn € N*, there ezists a constant Q 2.9)
independent of n with 31:—) <Q (2.
and
for 0 <t < 20 and u in a bounded interval f(t,u) is bounded. (2.10)

Then there ezist constants My, M, and M3 independent of n with

o ML MM pae)
lya(?)] £ —(t—)+wfp(t) by 50a] ds + |a| (2.11)

fort € (0,n).

PROOF: Fix n € N*. To show that (2.2") has at least one solution we will apply Theorem
2.1. Let y be a solution to (2.5%). We claim |y(t)] < Mo for t € [0,n]. If |y| achieves a
maximum at 0 or n then the claim is trivially true. Suppose now that |y| achieves a positive
maximum at ¢y € (0,n) with |y(to)| > M. Then y'(¢9) = 0 and y(to)y” (o) < 0. However the
differential equation yields

Ap(to) f(to, y(ta))
¥(to)

and this together with (2.6) yields p(to)y(t0)y”(to) > 0, a contradiction. Thus |y(to)| < Mo
and our claim is established. Existence of a solution y, to (2.2") follows immediately from
Theorem 2.1.

Also since y,(0) = a and yn(n) = 0 there exists z € (0,n) with y/(z) = =*. Now for each
t € (0,n) with |y, (2)| > '%l there exists (g, v) C (0,n) with t € (g, v) and y, has a fixed sign
on (u,v) with |y4(p)| and/or |y4(v)| equal to L:-’ There are four cases to consider
CASE(a). Suppose y, > 0 on (g, v) and y,(v) = 2.

Then with K = sup|f(t,u)|, where the supremum is taken over [0,0) x [— My, My|, we
have (py,)’ < % since |(py,)| = |2£&=)|. Multiplying by py, yields —pys(pys)' < ZEfHL
so integrate from ¢ to v to obtain

p(to)y”(to) + P'(t0)y'(t0) =

2(v)a®  4p* () KMy _ pP(n)a®  1p*(t) K M, . 4p*(t) KM,
’ 2 < p < | < 2.2
PRt s =+ = STt 9 T T
using assumptions (2.7) and (2.9). Consequently
, Qlal KM, .
) < =—+2 B 2.12
Bl € 2o = AT (2.12)
CASE(b). Suppose y, >0 on (u,v) and y,(p) = 2.
Now (py,)' < “-‘y—" so integration from g to ¢ yields
.y p(n)a = K rtp(s) Kt p(s)
)yl (t) < s — [ Ellgs< +—/ =
PR < = = S w0 = QT 5 b uts)
Consequently
, a K ¢ p(s
lya(t)] < Qlal | K_tela) (2.13)

=20 v o w(s) ©
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CASE(c). Suppose y, < 0 on (g4,v) and y,(v) = =,
Then (py,)’ < 22 so multiplying by —py/, and integrating from ¢ to v yields (2.12).
CASE(d). Suppose v, <0on (4,v) and y,(p) = =2

Then (py,)’ < 2 so integrating from 4 to ¢ yields (2.13).
Consequently (2.12) and (2.13) will yield (2.11).0

The above results together with the Arzela-Ascoli theorem will now imply the solvability
of the boundary value problem (2.1).

Theorem 2.3 Let f: [0,00) x R — R be continuous with conditions (2.3), (2.4), (2.6),
(2.7), (2.8), (2.9) and (2.10) satisfied. [n addition assume

o ds
_ - < o for any b > 0. (2.14
/0 (w(s)7 :
Then (2.1) has at least one solution y € BC?[0,00) with |y(t)| < max{M,|a|} = My for

t € [0,0).
PROOF: By Theorem 2.2 there exists a solution y, € C[0,n] N C%(0,n] to (2.2%) with
lya(t)] € My for t € [0,n]. In addition there exist constants M;, M, and M3 independent of
n with o Iy (

/ i 2 BLs)

n t S Ty + y i ‘ +

B S o+ T / a

for t € (0,n). Consequently for t,s € [0, n] we have

|yn(t) = Un(s vm/ dz le[ (d)::) |/ 5 "(“ D dudel + lallt = ol

Now define functions u, on [0,0) by ua(z) = ya(z), = € [0,n] and ua(z) =0, z > n. Then
u, is continuous on [0,0). In addition |us(z)| < My, z € [0,0) and for t,s € (0,00) we
have

¢t dz ¢ dz = p(u)
[un(t) = un(s)] < I4] | TR [ === T / 5 o Sy dudst +lalle = sl

Let § = {ua}®. By the Arcela-Ascoli theorem there is a subsequence V; of N* and a
continuous function z; on (0, 1] such that u,(z) — zi(z) uniformly on (0, 1] as n — oo through
M. Applying the Arzela-Ascoli theorem again guarantees the existence of a subsequence V,
of Ny and a continuous function z; on [0, 2] such that u,(z) — z5(z) uniformly on (0, 2| as
n — oo through V,. Note z; = z; on [0.1] since N2 C V7. Proceed inductively to obtain
for k = 1,2,.... a subsequence N. C VT with N, C Vi_; and a continuous function z;
on {0, k] such that u,(z) — z«(z) uniformly on (0,k] as n — oo through Ns. Note since
.Vk C Ny,_l, Zk = Zk-1 OO0 [0 k- l]

Now we define a function y as follows. Fix z € [0,00) and let k € N* with z < k.
Define y(z) = z¢(z). Then y is well defined with y € C{0,0). Now fix z and choose and fix
k >z, k€ N*. Then

_ p(s)f(s.ua(s)) ‘ kods _ [Tds
ua(2) —{0 = /———w(s dsdv—al([ =) [,;(—3-)

_/opw/p aun P(s)f(s. unls) .o 0
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for n € V.. Since u, converges uniformly to zx on [0, ], let n — oo through V, to obtain

o1 = p(s)f(s,ze(s)) fds _, [*ds

E = 4 P cal i L s - —_

d(z) = axi)] o) w(s) d a}(/o p(s) /0 p(s)

z ] v{s)f(s zk(s))
- /op(—v)/; —T—dsdv.
Thus

. O 11) 1 v [F 85 [

yz) = /0 plv)/ w(s) ds dv a}(/o p(s)) /OP(SJ

: /’;/ Holflos) 4, 4,
o plv) w(s)

plz)f(z.yiz))

and so (p(z)y'(z)) = ==
> and in addition y(0) = a with |y(t)| £ My, 0 <t < 2.0

. Consequently y € C*(0,20) with %(py’)' =49 gctc

v

[n many situations. for example the Thomas-Fermi and generalised Emden-Fowler equa-
" tioms. we can improve the results of Theorem 2.3 by replacing (2.6) with a more restrictive
condition.

Theorem 2.4 Suppose f : [0.2) x R — R is continuous with conditions (2.3) and (2.4)
being satisfied. [n addition

suppose yf(t,y) >0 for all t €0, 20) and |y| > 0. (2.13)

Then (2.2™), with a > 0, has at least one solution y, € C[0,n| N C*(0,n] with0 < y(t) < a
fort = 10,nj.
Mloreover if conditions (2.7),(2.9) and (2.10) .old, then there ezist constants My and M,
independent of n with jort € (0,n),
VI, M,

-yt =yt £ — —- -+ a.
Unlt yaltll < pit)  (w(t))z

PRC OF: Now (2.13) impiies (2.6) is satisfied with M = 0. Consequently (2.2") with a > 0,
as at least one solution y, £ C{0.n] N C?*(0.n| with |ya(t)| < a for t € [0,n]. [n fact y, >0

on {0.n], for if aot then y, would assume a negative minimum on (0,n), say at z. Then
y.(z) =0 and y7(z) > 0. However the differential equation yvields
p , Yn(2)p(2) f(2, yn(2))
p(2)ya(2) = [p(2)yn(2) + P'(2)yn(2)lyn(z) = ) >0,

a contradiction. Consequently y, > 0 on [0, nl.

Also we claim p(t)y,(t) < 0 for t € (0,n). To see this notice (2.15) and the differential
squation together with the fact that y, > 0 on [0,n] implies (p(t)yL(¢)) > 0 on (0,n) i.e
plt)yL(t) is nondecreasing on (0.n). Now if there exists a tq € (0,n) with p(te)y,(to) > 0 then
p(t)yl(t) > 0 fort > ty which contradicts the fact that y,(n) = 0. Consequentlv p(t)yL(t) <
for t £(0.n). Now since y,(0) = a and yn(n) = 0 there exists a z € (0, n) with y.(z) = T“

> 0 we have p(t)y,(t) > p(z)y.(z) for t > = and so —y4(t) < olrte < a, using

Since (pyl,) < e

assumption (2.7). _3aus
DS -yt Sa t ezl (2.16)



114 Boundary Value Problems

Now for each point ¢ € (0, z) with -y, (t) > 2 there exdsts (p,v) C (0,z) with ¢ € (p,v) and

yn S 0o0n (p,v), yo(v) = 2. Let K = sup (f(t.u)| where the supremum is computed over
[0,00) % [0,a]. Then (py,)’ < % and so —py/ (pys)’ < pz—'(fu"—’-lﬂl [ntegration from ¢ to v now
yields

, ., ‘(v)a®  4p*(t)Ka

() < T2+ 2

ne w(t)
and so 2 X
/ a ia. . / -
—yi(t) € 2=+ 2A—=)F te (0.2 (2.17)
plt) w(t)

Now (2.16) and (2.17) yields the required result. 3
Similarly we have the following.

Theorem 2.5 Suppose [ : 0.20) x R — R is continuous with conditions (2.3),(2.4) and
(2.13) satisfied. Then 12.2"), with a < 0. has at least one solution y, € C[0,n| N C?*(0,n]
with 0 < —ya(t) < —a fort € 0.nj.

Moreover if conditions (2.7),(2.9) and (2.10) hold, then there ezist constants My and M,
independent of n with jor t £ (0,n),

; . M, M,
yalt) = lyo(t)| £ — = y
Ynl Ynl 0 (et

The above two theorems now give a new existence theorem for problems on the semi-infinite
interval.

Theorem 2.6 Let f: 0.20) x R — R be continuous with conditions (2.3), (2.4), (2.7),
(2.9), (2.10), (2.14) and (2.15) satisfied.

(1). If a > 0 then (2.1) has at least one solution y < BC*[0,20) with 0 < y(t) < a for
t €0.0).

(1t). Ifa <0 then (2.1) has at least one solution y € BC*0,00) with 0 < —y(t) < —a for
t0.2).

PROOF': Essentially the same argument as in Theorem 2.3 yields the result. O

Remark. [f 2 =0 and (2.15) holds then y = 0 satisfies (2.1). This foilows immediately since
assumption (2.13) implies f(¢,0) = 0.

Examples.
(1). Consider the generalised Emden-Fowler equation

{ y' =ty =a’y’, 0 <t < x,

- r’;
y(0) = a >0, y(t) bounded on [0, x0) (2:13]

with 0 < 7 <1,¢>0.¢g>1,r>-2and 2j +r < 0. Then (2.18) has a solution
y € BC?0,20) with y >0 on [0, x).
To see this look at

(Y)Y =catyjy*~t 0 <t < .
y(0) =a > 0. y(t) bounded on [0, ).

—
o
—
(=}

—
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Let p(t) = t?, f(t.y) = cyly|"~" and w(t) = t7". Then clearly (2.3),(2.4), (2.7) since 2j +r <
0, (2.9) with @ = 1, (2.10),(2.14) and (2.13) are satisfied. Thus (2.19) has a solution
y € BC?[0, ) with y > 0 on [0.20) by Theorem 2.6. Consequently y is a solution to (2.18).
(ii). Consider the boundary value problem

f S(tyY =1 f(ty), 0 <t < .

. (2.20)
{ y10) = a. y(t) bounded on 0. 0)
with f(t.y)=y—-lory+lory’ =1 D<) <l.r>=2 j+r>-land2j+r<0.
Taking p(t) = t/, w(t) = t7" we see that (2.3).(2.4 ),\3-0) with M =1, (2.7),(2.3)
since j = r > —1. (2.9),(2.10) and (2.14) are satisfied. Consequently (2.20) has a solution

y € BC*0, >) by Theorem 2.3.

3 SEMI-INFINITE PROBLEM

The resuits of section 2 are aow used o =stablish existence results for the semi infinite
problem
( 1

L9 9 <t < .
v

Spy) =< : (3.1)
710) = a. Umi— y(t) exists. '
Theorem 3.1 Let /: 0.) x R — R be continuous with conditions (2.3), (2.4), /2.7),
(2.9), /2.10), 12.14) and (2.13) satisfied. [n addition assume
~u o(s) T d4s
[ lime—moiAd ¥ u_\u_wb Smdsdu — B [ ;”] = ~co for (3.2)
l any constants A > 0. B>0 and >0
41Tld
for all u > 3 >0 with u < a (as defined in (3.[)) and £ > ¢ > 0 there ezists 33
a constant £ > 0 /which may depend on J) such that f(t,u) > K. )
Then the nonlinear houndary value problem
Yy} = L69) ‘
>(py") S 0< < =0, (3.4)
y(0) =a >0, im_oy(t) =0 '

has at least one solution y € BC*[0,20) with 0 < y(t) < a for t €0, 0).

PROOF: Theorem 2.6 implies there exists y € BC?(0, >) which satisfies (py y =4 g
t < > with y(0) = a. [n addition 0 < y(t) < a on [0, ). We now cla.lm that Um,_, y(¢
exists. o see this notice (2.13) COgether with the differential equation and y > 0 on [0, o)

umplies (p(t)y'(¢))’ 2 0 for ¢ > 0 i.e. py’ is nondecreasing on (0, 30). There are two cases to
consider.

Case(a): Suppose y'(t) # 0 for ¢ € (0. ).

Then y is monotonic and this together with 0 < y(t) < a on [0, >0) implies lim,_, y(t)
exists.

<
)



116 Boundary Value Problems

Case(b): Suppose y’(z) = 0 for some = € (0, 00).

Then since py’ is nondecreasing on (0, 20) we have p(t)y’(¢) > p(z)y’'(z) =0fort > z ie
y'(t) > 0 for t > =. Consequently y is monotonic for ¢ > = and once again lime—n, y(t) exsts.

Thus lime—o y(t) = @ with a £ {0,a]. It remains to show that @ = 0. To do this we
assume that 0 < a < a.
Remark. Notice assumption (2.13) implies f(¢,0) = 0 and lim,—~ f(t.q) # 0 for ¢ < (0, q]
by xssumption (3.3).

Now since lim,— y(t) = @ > 0 there exists a ¢ > 0 with y(z) > 3 for z > c. Then
assumption (3.3) guarantees the existence of a constant X > 0 with f(z,y(z)) > K for

z > c. Consequently for £ > ¢, (py') > ’K and integration from c to z vields
alc) K = ps)
Jio s 2enle K mpls) o
plz) plz) e wlis)

Another integration from ¢ to z gives

, (T . B3] 5 @
y(z) > yc) —-p(c;y(c) 2. / Mcls du. (3.3)
c p(s) p(u ¢ w(s)

Assumption (3.2) together with (3.3) implies y(z) is unbounded on [0, 20), a contradiction.
Thus im,— y(t) = 0.C

Similarly we have the foillowing.

Theorem 3.2 Let f : O x R — R be continuous with conditions (2.3), (2.4), (2.7),
(2.9), (2.10), (2.14), (2.15, d 3.2) satisfied. [n addition assume

{ Jor all u < 3 <0 with u > a (as defined in (3.7)) and £ > ¢ > 0 there ezists (3.6)

a constant ' > 0 (wnich may depend on 3) such that f(t,u) < —K.

Then the nonlinear boundary value problem

HY Ly 9 <t <, -
y(O)—a<0, llrn,_,x,y() 0

has at least one solution y € BC*'0,0) with 0 < —y(t) < —a for t € [0,00).
Remark. If u =0 and (2.13) holds then y = 0 satisfies the boundary value problem (3.1).

The resuits of Theorem’s 3.1 and 3.2 can be used to discuss the more general situation.

Theorem 3.3 Let f: [0,00) x R — R be continuous with conditions (2.3), (2.4), (2.6),
(2.7), (2.9), (2.10), (2.14) and (3.2) satisfied. [n addition assume

flty) >0 for =M <y < M and for all t € [0, ) (3.3)
and

fa > =M then for all u withu~M >3>0andu<aandz>c>0

there ezists a constant K > 0 (which may depend on 3) such that

f(z,u) > K, whereas if a < —V assume for all u wmithu + M < 3 <0 and
u2aand z 2 ¢ >0 that there ezists a constant K > 0 such that f(t,u) < —K.

(3.9)

Then the boundary value oroblem
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[ Hoy)y =AM 0<t <=,

3.
1 y0) =a = —-M, lim—o y(t) = =W (3.10)

has at least one solution y £ BC*0.x0). [fa > —M then =M < y(t) < a, t € [0,0)
whereas if a < =M thena < y(t) < =M, t €[0.20).

PROOF: Notice assumption (2.6) and (3.8) imply f(¢t.— W) =0 tor ¢t £ [0, ). We will
show that the boundary value problem

1 /. Jltw=M) — Gitw) )
{ ;l\pw/\ = = . ==y 0 <t <, 1311)
[ w0)=a~+ V. lim—ww(t) =0 ;

has at least one soiution w = BC*0. ). Then y(t) = w(t) — M satisfies (3.10). To show
(3.11) has a soiution in BC*'0, ¢} we will use Theorem 3.1 or 3.2. First we claim that (2.13)
is true for G i.e. we will show that vG{t.u) = vf(t.u— W) > 0forallt € {0,2) and |v| > 0.
To see this notice (3.3) implies

tv=M)>0fr0<v<2Mandt <0 x) (3.12)
and (2.6) vields
(w=M)f(t.ov=M)>0forv>2M orv <0 and for all ¢t € {0, ). (3.13)

Now if 0 < v < 2.V then (3.12) implies vG{t.v) > 0 for ¢ € [0,20). On the other hand for
» > 2.\ then (3.13) implies vG{t,v) = (v =M f(t, v = M) =M f(t,v=M) >0 fort € [0, 20).
Finaily for v < 0, {3.13) implies vG(it.v) = vf(t.v — M) > 0 for t € [0,0). Consequently
12.15) is true for G. If 2 > — . then all the conditions of Theorem 3.1 are satisfied for our
function G. Thus (3.11) has a solution w € BC?[0, %) with 0 < w(t) <a+ M, ¢t € [0,)
and so (3.10) has a solution y € BC?[0,>) with =W < y(t) < a, t € [0,00). On the other
hand if 2 < =M then all the conditions of Theorem 3.2 are satisfied and so (3.11) has a
solution w = BC*0.2) with a = W < w(t) <0, ¢ = [0,00) and so (3.10) has a solution
y € BC*0.20) witha < y(t) < —M, t £0.2).0

Remark. If a = —W and (2.13),(3.3) hoid, then y = — W satisfles the boundary vaiue
problem (3.1).

[n addition we have the foilowing.

Theorem 3.4 Let f: [0,0) x R — R be continuous with conditions (2.3), (2.4), (2.6),
(2.7), (2.9), (2.10), [2.14) and (3.2) satisfied. [n addition assume

fltyy) <0 for =M <y< M and for all t € [0,>) (3.14)
and

ifa < M then for allu withu — M < 3 <0andu>aandz>c>0

there ezists a constant K > 0 (which may depend on 3) such that

flz,u) < =K, wnereas if a > M assume for all u withu — M > 3 >0 and (3-15)
u<aand T 2 c >0 that there emists a constant K > 0 such that f(t,u) > K.

Then the boundary value problem

1 //=,’(‘-U)‘D<t< .
{ PV = > (3.16)

y0)=ax W, lm_oylt) =M
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has at least one solution y & C”O ). Ifa < M thena < y(t) < M. t €[0,00) whereas
Fa> M then M <y(t) <a, tel0, oo\.

PROOF": Essentially the same proof as in Theorem 3.3 implies

Ypw) = Le=f) 5 <t <,
wlO)—a— V[ limy o w(t) =0

has at least one solution w € BC*M0. >). Then y(t) = w(t) - M satisfies (3.16).0
Remark. If a = W and (2.13),(3.14) hoid, then y = M satisties (3.1).

Examples.

(i). Consider the generalised Emden-Fowler equation
Lipagy = cttryd +
Ulkt ¥ ct ZJ‘., 0<t < 2, (\31,‘_)
y(0) =a >0, im—_,y(t) =0

withd < j<l,c>0,¢g>L, r>=227=r<0andr+;-+1>0. Then (3.17) has a
solution y € BC?0, 20) with y > 0 on [0, ).
To see this look at
{ (YY) = ctyly*t, 0 <t< o, (3.13)
y(0) =a >0, lmi—s y(t) =0

and with p(t) = /. f(t.y) = cyly|?"" and w(t) = t~" we see that (2.3), (2.4), (2.7), (2.9),
(2.10), (2.14) and (2.15) are satisfled. In addition (3.2) holds since r +; +1 > 0 and (3.3) is
true with K = cJ9. Consequently Theorem 3.1 implies (3.18) has a solution y € BC?(0, x0)
with y > 0 on {0.20) and so y is a solution to (3.17).

(ii). Consider the boundary value problem

( = t’y/\’ =t{y—-1), 0 <t < 0, (3.19)
1 y(0) = a, lim_y(t) =1
with0<j<l, r>=227+r<0andr+;+1>0.
Then with p(t) = ¢/, f(t,y) = y — | and w(¢) = ¢t~ we see that all the conditions of
Theorem 3.4 are satisfied (here M = 1) and so (3.19) has at least one solution in BC?*[0, ).
(ii1). Consider
LityY=t(y°+1), 0<t<
o \ ’ ’
{ ¥(0) = a, Lim_, yt) = ~1 (3.20)

with0 <) <1, r>-2 2j+r<0andr+;+1>0. Then Theorem 3.3 implies (3.20)
has at least one solution in BC?0, x).
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