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ELLIPTIC EIGENVALUE VARIATONAL INEQUALITIES

DAN PASCALI %)

Since their inception by G.Stampacchia and G.Fichera in the mid-sixties,
variational inequalities have become a rich source of inspiration both in
pure and applied mathematics. Their real founder is H.Br;zis, who in his
thesis [4] provided a general operator setting for the investigation of
solutions of stationary and evolution 1inequalities. Today variational
inequalities are an indispensable tool in a large variety of models in
science and engineering.In particular,eigenvalue problems for variational
inequalities have been first approached by Cl1.Do [18] in connection with
the buckling of thin elastic plates subjected to unilateral conditions.

Nearly over three decades, the theory of mappings of monotone type have
turned out to be an efficient operator support to investigate variational
problems. A particular case of maximal monotone mappings easily handeled
in applications is the subdifferential of a convex function. Nontrivial
implementations of subdifferentials in the study of nonlinear partial
differential equations have been pointed out, begining with H.Brézis [5].
These applications state the reason for extensions of the subdifferential
concept beyond the class of convex functionals.

It is the purpose of the paper to draw together our contribution in the
critical point theory [24] and the recent results about lower stationary
points in the nonsmooth subdifferential analysis developed by M.Degiovanni

and A.Marino [10]-[16], and their collaborators [6]-[8],[20],[21]1,[25].
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4N VARIATIONAL INEQUALITIES

Let X De a real reflexive Banach space, X* its dual space and
(s,2) denotes the duality. Assume two Fréchet differentiable functions
F,G: X — E and a proc T.s.c. function » : X —— R U {+x} are
given. We look for eigensolutions, i.e. eigenvalue - eigenfunction pairs
(hn,u) € R = X, ue D(g) for the variational inequality
(F'u = xG’u,u = v) +o(v) —n(u) 20 VY vebdew), (EVI)
where the constraints are determined by
D(s) =4 veX | &lv)<+xb,
the effective domain of . The nondifferentiability is needed for Von
Karman’s theory of a thin plate. We also suppose that [»,0] 1is a solu-
tion for every A = R. Such a pair is a trivial solution. A sufficient
condition for this to occur is that F’(0) = G'(0) =0 and #(0) £ (V)
for all v = X. Below, we are interested in nontrivial solutions [Xx,u]
in X« R with u# 0 and we will also investigate the bifurcation
points (ko,o) accumulating nontrivial solutions of (EVI).
As a special case, ©» may be the indicator function IK of a closed
convex set K < X, i.e. IK(v) =0 if v e K and IK =+ o oOtherwise.
In the latter case, we consider EVIs of the form
(F'u,v = u) =2 A (G'u,v = u) for all v e K. (1)
Such eigenvalue problems often arise in elasticity theory,when the plates
are constrained by rigid obstacles. With the inequality (1) we associate
its linearization at the point u = 0, that is
(F"(O)u,v = u) = & (G"(Q)u,v —u) for all ve KO, (2)

where K) is the convex closure of |J tK in X. This is a quadratic var-
( tho
iational inequality and the goal is the following basic result: EVI (2)

has a greatest positive eigenvalue X , and X is, at the same time,the
o [s)

greatest bifurcation value of (1).The only known result concerns the case

in which 1 s the smallest positive eigenvalue or the greatest negative

(8]
eigenvalue of (2) and the set K is a cone;this amounts to tackling only

constraints of the form u 2 O on some region and u =< 0 on some other
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region. A detailed treatment of guadratic variational inequalities (1) as
well as pertinent references may be found in [29], Chap.64. Another study
of the local behavior of branches of solutions of inequalities (1),related
to the so-called conical 1: _.arization, turning and transition points, is
performed in a more recent approach [9].

In concrete situations, the constraint K is defined by a pointwise

relation,such as { u

im

Hlu< -} or {ueH/||Dul <¢ },where ¢ 1s
an assigned function. The lack of smoothness is noticeable by two facts.
First when the searched critical points of F’ are restricted to the sets

K i {v} (G’v,v) = = rZ}, which are nonconvex. The second difficulty comes
from the fact that the convex set K and the manifolds (G'v,v) =% 2
may be tangent in a sense precised below. If K 1is a convex cone, these
sets are never tangent. A way of overcoming these difficulties is by

means of critical point techniques for the lower subdifferential of non-

smooth functionals and a generalization of the Lagrange multiplier rule.

1. Subdifferentials and deformation techniques
We assume for the time being that the convex 1.s.c. function g is
subdifferentiable, i.e. the set of subgradients

dp(w) = { feX | - (fu) <o) - (f,v) ¥Yvex)
x

is nonempty and, so, the mapping dp : X— 2x is defined. In parti-
cular, aIk(u) = 4 fe X*| (fu-v)20 YveK } is the outward normal
cone to K at u. Denote J=¢ +F. Then 8J = 3dp + F’ and the (EVI)
becomes the parametrized inclusion
dJ(u) - » G'u = 0.

A basic procedure for u to be a solution with a suitable choice of X s
that J(u) = sup { J(v) | G(v)=r }, where r > o 1is a prescribed con-
stant. The level set &G = {veXx|Glv)=r} isa regularmanifold
if (G'v,v) # 0 for each v e éGr. The tangent space to cSGr coincides
with N(G’) and so it has the form

T=T(G) =4 veXx| (Guv) =0 |
u u r
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We say that u = éGr is a critical point of J restricted to éGr if
there is a subgradient h e dJ(u) such that (h,v) =0 for all v e Tu'
Therewith ¢ = J(u) 1is called a critical value of J. It is easily shown
that any local extremum of J‘iG is a critical point [24].

Using the Lagrange mu1tﬁp11e? rule, we can check that critical points

of J, constrained to regular éGr, are eigenfunctions of the inclusion

dJd(u) - A\G'u = 0, G(u) = r
for some real number X . More precisely, k—lh - GQ'u =0 with x = (h,w)
u
where = — .
W (G'u,u)

The well clamped elastic plate with obstacles. Let (I be a bounded
domain in Ez (the rest position of the plate) with boundary &Q consist-
ing of a finite number of arcs on each of which a tangent rotates continu-
ously and Tet ‘$ = Cz(ﬁ) be the initial Airy stress function. With the
1.s.c. obstacle @:Q)+— R+ we associate the symmetric constraint

K=4ve HO(Q) | —psvse ae.}.
The Von Karman’s problem with the obstacle ¢ Jlooks for triplets
(\,u,h) = R x Hz(m x H.(2)  such that
.f AU A(V = u)dxdy = J‘ Em@ + h,ul(v - u)dxdy V¥ v e K,
Q Q (3)
ah + [uul =0 in 2°(Q),
The function u represents the

where [u,v] = u - 2u

v vV +u u .
XX yy Xy Xy Yy XX
vertical deflection of the plate while the function h 1is the increment
of the Airy stress function, so that ,L¢ + h 1is the final Airy function
corresponding to the deflection u. Assume u =0 1is the position of
the plate when there are no forces. The eigenvalue parameter represents
a measure of the applied forces.

Now for every Vv e Hi(Q) we set G(v) = f (¢,vIv dxdy and
(
Q

J(v) = [ { % |av|? + i [ A% v, v,y ] v } dxdy, (4)

Yot

where A-Z:Li(Q) — Hi(Q). Let u be a critical point of J on KnN &Gr.
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Then there exists * = E such that (\N,u,h) with h = A-Z[u,u] 1s an
eigensolution of (3). We are interested in solutions bifurcated from
the undeflected state at each eigenvalue of a corresponding 1linearized
problem ([2], Sec. 4.3.8).
For another interpretation of the above eigenvalues, let
*

Nu:Nu(cﬁGr):{yexJ (y,z) =0 VZ;TU} )
be the normal space to err at u and define the mapping LI':cSGr;——> X
by setting Ju = Nu M dJd(u). Then (A,u) e R x D(8J) 1is an eigensolution
of (1) if there is h = Tu such that i = (w,h) and h = G’u. Thereby,
we derive a general form of eigenvalue corresponding to u

Au) e { LIS | hewu } .

- (G’u,u)
Define now on éGr the set-valued mapping

' f,u

ﬂ(u)={f——(——)—G’u | fedJ(u)}
(G'u,u)

and note that any critical point u of J, relative to aer, satisfies

0 = [1(u). Since [1 1inherits the properties of @3J, an element ﬂb(u) of
minimal norm exists and the following set-valued variant of the local
Palais-Smale compactness condition for a real c¢ = R makes sense:

(PSC) Every sequence {un} < éGr with J(un) — ¢ and ﬂcy(un) — 0
as n — w contains a convergent subseguence.

Let K be the set of all critical points of JI*’G , KC= { ueK| J(u) = c}
(9]
-
and let Jc= (v e éGr[J(v) < c } be the corresponding sublevel set of J.

The core of our minimax method is the extension of the:

Deformation Lemma 1. Let J & Ci(éGr,[R) satisfy (PSC) and let 50> o.
Then there exists £ < (O,go) and a deformation » < C([0,1] x 5Gr, rSGr)
with the following basic properties:

) p(t,u) =u if Ju) e lc-¢ ,ctel;
(o] o
c+e c—&

w) n(1,d ) J if Kc;t 0.
We construct the critical values of J in the form

c= inf max J(u)
FeR uer



VARIATIONAL INEQUALITIES

where & 1is a nonempty class of subsets of éGr which is invariant under
the deformation », i.e. »(1,) & & whenever J» < X&. An usual routine

proves that if c <« and (PSC) holds, then J has at least one cri-
tical point on iGr at the level c¢. A simpler and explicit form of such
a kind of deformation technigue is presented in [19].

In the following, a useful variant of the deformation lemma, for func-
tions F with locally Lipschitz continuous derivatives in a Hilbert space
H, i.e. F & CLl—(H;F), takes account the change of topologies on the
sets FC, (see e.g. [22],[28]).

Deformation Lemma 2. Let F <= C ' (H:R) and a <b be such that
[a,b] does not contain any critical point of F and F satisfies the

Palais-Smale condition on F—i([a,b]). Then there exists a continuous

a b
n:00,1] «x F —— F  such that

n(t,u) =u if (t,u) € [0,1] = Fa;
n(0,u) =u if use Fb;
b
n(1GF) = F
-1 -1
n(1;F "[a,b]l) < F "{a}
and f(n(+,u)) 1is decreasing on [O0,1].

Let A - B be sets in X. We say that A 1is a strong deformation
retract of B if there is a continuous map n:[0,1] x B —— B such

that =« (t,u) u for all (t,u) e T x A, n(0,u) =u and n(t,u) < A

a
for all u < B. Then, Lemma 2 proves that F 1is a strong deformation

retract of Fb.

2. Nonsmooth variational bifurcation
Let H be a real Hilbert space, W an open subset of H containing
the origin and F:W—— R U {+m} a function. The function F is said to
be Jower subdifferentiable at u e D(F) if there exists « « H such that
. F(v) = F(u) = (x,v = u)
Tim inf z
V— u Iv = ull

0

For every u = D(F) we denote by d F(u) the (possibly empty) set of such
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x’s and D(8dF)={ueDF)| dF(u) #@}. When F is 1.s.c., then the
domain D(d F) 1is dense in D(F). Of course, if W=H and F is convex, the
notion of @ F coincides with the usual subdifferential in convex analysis.

Moreover,for two lower subdifferentiable functions F,G:W —— R U {+w}
and u < D(@ (F + G)) we have

dF(U) +daGu) = 8 (F+a)u),
the equality holds if one of the functions is Fréchet differentiable.
It is easy to check that d F(u) 1is closed and convex in H. If
3 F(u) = @, the element of minimal norm of G_F(u) is called subgradient
of F at u and is denoted by grad—F(u). A point u = D(O—F) is called
critical from below if 0= @ F(u) , actually grad—F(u) = 0, and the cor-
responding real number ¢ = F(u) 1s called a critical value.

Let V be a subset of H and IV:H —— P U {+o} its characteristic
function. Here V plays the role of a constraint of the ¢ .olem. For u e V
and v = H, we say that 1 1is an outward normal to V at u provided
(ER= a;I(u). If ueD@F)n V, we also say that u 1is a Jower critical
point of F on V, provided 0 = d (F + IV)(u). This relation

3 F(u) + a_Iv(u) 20
extends in a certain sense the Lagrange multipliers rule.

Some classes of functions are needed, for which relaxed subgradient in-—
equalities hold. These classes include the functions of the form F + I
Thus, a lower semicontinuous F 1is said to be gq-convex of order r, r 2z g,
if there is a continuous function q:D(F) —— R’ such that

F(v) = F(U) + (a,v - u) = a1 + e IV = ull,? ¥ u,v & D(F)
for some o« = H. When r = ¢ the respective functions will be simply called
g-convex. We agree that the previous inequality holds whenever @ F(u) # @.
The function F 1is convex on convex open parts of W where q(u)=0.
Moreover, if F:H—— RU{+w} 1is convex and G:H—— R 1is of class CZ,
then F + G 1is g-convex for some suitable constant gq.

Now if M is a hypersurface in H of class Cz,then for every u e M, we

have a;I(u) = { A (u)|x € R}, where wv(u) is a normal vector to M at u.
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Besides, let A and B be two sets in H and ue A B. Then A and

B are said to be (outwardly) tangent at wu, if there is » # 0 such that
v ed T (u) and - v & d_IB(u).

If there are no such pointz 1n A M B we say that A and B are nontangent.

Suppose further that F 1 g-convex and M has a finite codimension. If

uoe D(F) ri M such that D(F) and M are not tangent in uo,then F+ IM

is a g-function of order 1 and
FU(F+ 1) = dF(U) +a ] 4.
More precisely, if for some u <= D(dF) MM and x = 3 (F + IM)(u) there
exists a unigue X = F such that x - \v(u) € & F(u) and )\ depends con-
tinously on these u and «x.
An appropriate Palais-Smale condition at level ¢ reads:
(PSC) For every seguence {un} < D(@ F) with F(un) — ¢ and
grad—F(un) — 0 there exists a subsequence converging to an element of W.
In addition, we can prove the following [10]:
Deformation Lemma 3. Let F be a g-convex function and - < a < b < +w.
Suppose that [a,b] does not contain any critical point of F, the set FC

is closed in H for every = [a,b] and F satisfies the Palais-Smale

c
condition on [a,b]. Then Fa is a strong deformation retract of Fb.

Now,we look for eigensolutions (i,u) € R x D(d F) of the inclusion

8 F(u) - us 0. (5)

Later on, we assume that F(0) = o and 0 e a~F(O). Then the pair ().,0)

satisfies (5) for every X « [R. Moreover, (x»,0) 1is a bifurcation point

for (5) if there is a sequence {(kn,un)} < R x (W\ {0}) of solutions

of {5) such that
Tim (A ,u ) = (»,0).
n' n
n -+ @
Assume henceforth that F is a 1.s.c. function only which does not sat-

isfy the usual regularity assumptions. For such functions it is possible
to define a generalized Hessian form and to show that certain eigenvalues

of this are bifurcation values of (5). We can state the first result
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Proposition 1. Let (»,u) be a solution of (5) with u = 0. Then
u is a lower critical point of F on the sphere Sr = {v € H[llull =r}
where r = llull.

For the converse additional restrictions are required. First,we recall
the concept of [ - convergence or epiconvergence, [1].

Let %n:H — ® u {+v} be a sequence of functions. We say that

I =T (W 1imE
¢! n
n - w
1f the following facts hold:
1) for every U = H and ev=ry seguence {un} < H converging to u,

D (u) £ 1im inf ¢ (u );
o) nn

jj) for every u = H there is a seguence {wn} < H converging to u,

]

such that

To(u) = 1im & (w ).
o n n

In order to characterize the bifurcation points of (5), we introduce the
functions F :H +—— = U {4}, with o > o, by F (u) = p‘ZF(pu), and we
Q s,
make the following assumptions on F :

A) F is l.s.c. and g-convex;

B) there is a function FO:H —— F U {+x} such that

Fo= CT(H) 14im F .
o 0 ~

Among some nice properties of Fj is the weak-strong closure: let {pn}
fa

be a sequence in ]0,1], {un} and {uh} two sequence in H. Let us sup-

pose that pn—~—+ o = (0,11, b3 u, X —= x and that x € a_F(un)

Then
x e dF (u) and F (u)=1imF (u).
= o n
n
The function Fo(u) replaces the role of the quadratic form % F"(0)(u,u)
in the smooth case. In the following it will be convenient to consider
also the "linearized” problem

a_FO(u) -xu=20 with (hL,u) e R x H, u#=o0. (6)

b
We note that if (A,u) is an eigensolution of (6), then Fo(u) = = (u,u).
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A first result concerns a necessary condition for having bifurcation:

THEOREM 1. Let us assume that A) - B) hold and for every sequence

{un} in W~xN {0} with
limu =0 and  sup lu I7%F(u ) < + ©, (7)
qo N . n n

u i
n

furcation point for (5), then * is an eigenvalue for a_Fc.
)

u
n ’ . .
the sequence { 1T } has a convergent subsequence. If (»,0) 1is a bi-

Some counterexamples prove that the converse is not true in general. A
sufficient condition requires the notion of essential critical value [16].
A real number ¢ is saijd to be an essential critical value for FO on

S if there is &£ » o such that
i

|
1

b) ¢ 1is the unique critical valueof F on S in [c-&, c + =&].
o 1

a) {v=S | FO(V)S c-=} is not a deformation retract of {veS | Fn(v)S c=g};
1

We can prove the converse statement:

THEOREM 2. Assume that A) - B) and (7) hold. If % is an essential cri-

tical value for F on S then » 1is a bifurcation point for a_F.
(B 4 i

Additional information,can be derived when F 1is an even function and
the associated F fulfils the following condition
)
F(u+v)+F (uUu-v)=2F (u) + 2F (v).
! o 0 o
For every eigenvalue X of @ F0 the set { u | (n,u) satisfies (6) }
is a linear space of finite dimension; this dimension is called the multi-
plicity of A.
COROLLARY 1. For every eigenv: ue 3 of a_F) which has multiplicity
(

k, there exist for o small, 2k distinct eigensolutions (x?p? u(p)),
i=1,...,k of (5) such that Hugp)H = o and xip)—m as o — o
Ffor 1= 1ss5us5Ke

We return now to the buckling of a thin elastic plate subjected to

symmetric constraints.

Let Ku be the closure of the set [ U tK ] in HZ(Q).
Lo

Since -K = K, KO is a closed linear subspace in HZ(Q) and
(o]
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{ (A,u) e R « K,
s (8)
2%u,v) = ik([cb,UJ,V), vV vekK,

8]

can be regarded as a linearized problem associated with (3). Every eigen-
value of (8) is different from zero and we can prove [12]-[13]:

THEOREM 3. A real number * is a bifurcation point for (3) if and only
if X 1is an eigenvalue of (8).

Let aer ={ue HZ(O) i f [¢-,uju dx = r}. Sufficient conditions of the

9

nontangency of sets K and ;7Gr at any point ue Kn 6(5r is one of the
following:

1) ¢ =+ i.e. there is no obstacle;

2) ¢ = HZ(K‘Z) and r is sufficiently large;

3) p e H(Q) and [¢,¢] < o, in particular, ¢ 1is constant;

4) for some & > o we have p = £ and there is a constant Kk > o such
that  (d"(x,¥)(,0) £ k| [2 whenever x,y € Q@ and [ e ®”.

Let r # o such that Kn 5Gr # @. If one of the above conditions of
nontangency holds, there exist ue Kn aer which renders J, given by (4),

stationary. Due to symmetry,there exist actually infinitely many solutions

(% ,u ,h ) of (3) with u = gG and sup A = + @.
n"n’n n r i n

3. Eigenvalue variational inequalities with symmetric constraint.

N
Llet O be a domain in R , g:0Q x R ——> R a perturbation satisfying as-

sumptioms (G), ¢:Q — [o,+w] a l.s.c.obstacle and o > o an assigned number.
t

Take H = LZ(Q) with the usual inner product. Set G(x,t) = f g(x,)d,
(e}

K={veH| |v|<e }, K :{veKﬁH;(O) | 6(+,v) e L'(Q) }  and

g
Sr= {v = H|livl = r}. Our problem looks for eigensolutions (A,u) such that
N eR . ues K ™S, glx,u)v —-u) e Li(Q),
L (9)

[ [Fu.V(v = u) + g(x,u)(v = u)ldx = X f u(v - u)dx VvV vekK,
0 @)
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du du

where Vu = [ 5;1,---, 3%

]. When ¢ = + ®, we have a nonlinear eigenvalue
N
for the Laplace operator.
Assumptions (G) upon the nonlinear perturbation are:
(G.1) gl(x,t) 1is measurable with respect to x, for all t e R, and

g(x,e) 1is of class c', for amost all x e Q;
(G.2) G(x,t) < a(x) + bt% Y (x,t) e 02 < F,

2 . ;
for a suitable a = L () and a constant b > k1 where KT is the first
eigenvalue of ( -A, H;);

(G.3) there is ¢ = R such that gL(x,t) < ¢ for almost all x € Q)

and for every t = [F.

M

Let us consider the function F:H —— R U {+w}, defined by
LT iwuiPax - [ elx,u) d £ K
5 f [Vu| “dx f X,u) dx if ue g’
F(u) = Q )

+ @ otherwise.

By assumptions (G), F is l.s.c. and D(F) = Kg while g(x,u)(u - v) and
g(x,u)u are integrable for every ue H and v & Kg. The set K_1is con-
vex and by a standard way we can chech that F is bounded from below, [17].

Also,1t is readily seen that Kg is convex and, for any Tte[o,1], we have
c z
Glx,t + 7(t-t))= (1 -71)Gx,t)+7G(x,t)+7(1-7) <z (t-1).
1 2 1 1 2 2 2 1
Then, for u,v € D(F) and te[o,1], F will satisfy the opposite inequality

FI = T)u+7v) € (1 = TF(W) + TF(V) + 701 = 7) 5 [ (u = v)¥ax.
. Q

Since

G(x,u + T(v = u)) - G(x,u) = 7{G(x,v) + G(x,u)) + (1 - 7) % (v = u)%
we can infer

im FUr Tl Z W) - B [ 7u7(v - u) dx - [ a(ud(v - u) dx
Ty o ‘ Q Q
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and
F(v) 2 F(u) + j 7u Z(v - u) dx = [ g(x,u)(v - u) dx
Q Q

whence g(x,u)(v — u) = LL(Q). We easily deduce [8]:

a) If ue D@ F) and x = @ (u), then F is - convex, i.e.

<< ™m0

F(v) = F(u) + (x,v = u) - % hu - vii? v e D(F);

b) If ue D@ F), then x e @ F(u) if and only if

f 7u.7(v = u) dx - f g(x,. v =-u)dx = [ x(v- u)dx ¥ veDF).
e 0
is equivalent to

O(F) = H;(Q) ALP@Q) and G Fu) =0

Furthermare,

g(x,u) = LI(O) and Au 3(x,u), taken in the sense of distributions, be-

longs to LZG)).
Now,an additional constraint yields an eigensolution for the problem (9),

when D(F) M Sr¢ @. Suppose further that D(F) and Sr are not tangent

. c
Then F 1is 3 convex of order 1 and

and define F=F+1
o Sr

a"FO(u) =3 FW+{u | NaeR 1} ¥V uebDd@dF).

Consequently, if u & D(d‘FO) then « = d-FO(u) if and only if

(v = u)ldx + Xf ulv - udx 2 J x(u=-v)d< ¥ ve Krs .
Q e r

j [Yu.9(v = u)=g{x,u)
' Q

Q
In particular, we have establised:
THEOREM 4. Assume that hypotheses (G) are fulfilled while D(F) and Sr

are not tangent. Then (\,u) € R x D(@ F) 1is an eigensolution of the prob-

lem (9) if and only if 0 & & F(u).
Moreover, let ¢ € HI(Q) and r > lol
g(x, - 1) =-g(x,t) ¥xeQ,VtelR.
(M,tu) of the problem (9).

and suppose the oddness property

Then there exist infinitely many eigensolutions
In our simple case, the nontangency condition can be specified for an
obstacle ¢ = C(Q) N H' (Q) in the following analytic way: there exists no
open subset ’ of (I such that ¢ <o on Q' and ¢ e H:(Q’). Then

D(F) and Sr are not tangent whenever r > llpll, (see, [20])
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~We specify now some facts regarding bifurcating solutions of the problem
(9).As above, let () be a bounde~ domain in EN and p ) — [o,+w] a l.s.c.
obstacle.We consider now the cc. .ex set K = {v e Hz(ﬁ)}u(x) < w(x) a.e in (U},
Upon the perturbation g:(? x B — R the following hypotheses are imposed:
(g.1) g(x,t) is measurable with respect to x, for all t « K, and g(x,¢)
is of class C', for almost all x e Q;
(g.2) g(x,0) = o and there is c e R 1 that {gl(x,t)§ Zcin = F.
In this framework, a corresponding lin=zarization of (9) is given by
(X,u) e R = K,

Q

0
f [(Tu.7(u - v) - g.(x,o)u(v -u)] dx =z A f u(v —u) dx ¥ v =K, (10)
2 ’ ie}

[¢)
Ll
‘ . - 4] . -1
where K 1is the closure in HO(,‘ of the set ({veC éQ)| us0 in g (a)}.
(6}
It is easy to see that Kc 1s a closed convex cone and to prove
)
THEOREM 5. Let (% ,0) be a bifurcation point of (3). Then there exists
uz 0 such that (i ,u) 1is an eigensolution of (10).

Moreover, the first eigenvalue of (10) has the form
. . 2 2 A
n o= inf { f [[Vu]” = g(x,0) uldx | ueKnS }
o t (0] 1

-or a more detailed study of the multiplicity of solutions of these
variational inegualities and for a sharp estimate of the number of the

solutions we refer the reader to [25].

4. Eigenvalue variational inequalities with gradient constraint.
. . . 5 . . N ;
As 1in the previous section,we consider on a bounded domain ( in B , N = 3,

a perturbation g:2 x R — R and a 1.s.c. obstacle ¢:(o,+x] — [F. As con-
N
N-2

straint we take K = {v e H:(Q)y [Iv(x)| < p(x) a.e. in Q}. Denote ¢ =
Upon the function g we impose the following assumptions:
(7) g(x,t) is measurable with respect to x, for all te R, and g(x,=)

is of class Cl, for almost all x = (;

(77) there are a = (Y and b,c « B such that
2ig-1)

=g & gl(x,t) < a(x) + b t| Y (x,t) € Q x F;

(777) g(x,0) =0 vV xe .
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The main problem looks for nontrivial eigensolutions (). ,u) such that

(11)
K.

M

f [(Fu.9(v = u) + g(x,u)(v — u)ldx = X J'u(v - u)dx v v
Q Q

To the problem (11) we associate its linearized problem called also the

asymptotic to (11) at zero: find the pairs (\,u) such that

N &
¢}
" 12
{ f Ju.7v dx + ] g (x,0)v dx = A J'uv dx Y ve H(@). {22
: ¢ G o

4
0 @]

Assume hypotheses (7)-(777) hold. Let C\n,un) be a sequence of eigen-
solutions of (11) such that ( ,u) — O(,u) n R x L*(Q). Then x
is an eigenvalue of -4 + gL(',o)I with respect to FQ(Q), ((161).

Let us introduce the functionals F, FD: LZ(Q) —— R U {+w} defined by

uix)

1 2 y
Etul =1 B J1 |7ul“dx + j:\[ f g(x,s)ds] dx for u e K,
0 @] e} 5
+ for ue L () \ K,
and
1, z . 2
=3 | S N
=t 5 [ 17ulax + J’gt(x,o) WFdx for uel-r;(m,
O Q 0 5
+ for ue L (02) \ #)(Q).
(
We can easily check that:
a) for O,u)e® x K : (\,u) is a soluton of (11) e Au= @ F(u)

b) for (,u) e R % H; : (O,u) is a soluton of (12) &< Xu € a—Fj(u).
Q

In addition, one may show that all eigenvalues of the problem (12) are
essential and therefore the reciprocity between the bifurcation points of

n

(11) and the eigenvalues of (12) stated in Theorem 2 works.

5, Other related approaches
An equivariant lower critical point theory, involving Ljusternik-Schni-
relman category and cohomological index as well as the stability under
epiconver: ce of homotopy type of lower level sets are presented in [13].

These techniques are used in [6] to study the existence and properties of
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closed geodesics on so called p-convex sets. Extensions to parabolic var-
iational inequalities on nonconvex constraints are recently treated [20].

Finally, we should notice S.I.Pokhozhaev’s fibration mehod [26]:

Let us consider a differentiable function f:X —— & on a real Banach
space with differentiable norm on X \ {0}. Set x = rv with r e F and
define on R+x X the function F(r,v) = f(rv) for (r,v) = (E\{0}) = Sx'
If (r,v) is a critical point of F restricted to (o,+w) = Sl, then u = rv
is a critical point of the function f. The spherical fibration is given by
the scalar equation fv(rv) =0 with respect r = r(v) for seSi. If f
is differentiable then the solution r = r(v) 1is of class Cl(Sl) for
every Vv £ Si. To each critical point vce S1 with rc= r(vc) Z o of the
function f(r(v)v), restricted to Sl, there corresponds a critical point
u = vaC of the original function f.

) T%e principle, described above in its simplest form, turned out to be

efficient for studying the number of solutions or the absence of solutions

of noncoercive semilinear eguations.

REFERENCES

[1] H.ATTOUCH, Variational Convergence for Functions and Operators,Applicable
Math. Series, Pitman, Boston, 1984.

[2] M.S.BERGER, Nonlinearity and Functional Analysis, Academic Press, 1977.

[3] Ph.BLANCHARD and E.BRUNING, Variational Methods in Mathematical Physics:
a unified approach, Monographs in Physics, Springer, Berlin, 1992.

[4] H.BREZIS, Probléemes unilateraux, J.Math.Pures Appl.51 (1972), 1-164.

[5] H.BREZIS, Monotonicity methods in Hilbert spaces and some applications to
nonlinear differential equations, Contributions to Nonlinear Functional
Analysis, (E.H.Zarantenello,ed.), 101-156, Academic Press, N.Y., 1971.




(6]

(71

(8]

(9]

(10]

(11]

(12]

(13]

[14]

[15]

(18]

(17]

(18]

A

G

G

=

N PASCALI

.CANINO, Local properties of geodesics on p-convex sets, Ann.Mat.Pura

Appl.(4),159 (1991), 17-44.

.COBANOV, A.MARINO and D.SCOLOZZI, Multiplicity of eigenvalues for the
Laplace operator with respect to an obstacle,and nontangency conditions,
Nonlinear Anal.TMA, 15 (1990), 199-215.

.COBANOV, A .MARINO and D.SCOLOZZI, Evolution equations for the eigenvalue

problem for the Laplace operator with respect to an obstacle, Rend.
Accad. Naz. Sci. XL Mem. Mat.(5) 14 (13990), 139-162.

.CONRAD, C-M.BRAUNER, F.ISSARD-ROCH and B.NICOLAENKO, Nonlinear eigen-

value problems in elliptic variational inegualities: a local study,
Comm.PDEs 10 (1385), 151-190.

.DEGIOVANNI, Bifurcation problems for ncniinear elliptic variational

inequalities, Ann. Fac. Sci. Toulouse X (1989), 215-258.

.DEGIOVANNI, Bifurcation for odd nonlinear elliztic variational ine-

qualities, Ann. Fac.Sci. Toulouse XI (1990), 39-66.

.DEGIOVANNI, On the buckling of a thin elastic plate subjecte~ to uni-

lateral constraints, Nonlinear Variational Problems, 161-180, Res.
notes 1n Math. 193, Pitman, 1389.

.DEGIOVANNI, Homotopical properties of a class of nonsmooth functions,

Ann.Mat.Pura Appl.(4),156 (1990), 37-71.

.DEGIOVANNI and A.MARINO, Bifurcation for some nonlinear variational

inequalities, Rend. Istit. Mat. Univ. Trieste 18 (1986), 40-48.

.DEGIOVANNI, A.MARINO and M.TOSQUES, Evolution equation with lack of

convexity, Nonlinear Anal.TMA, 9 (1985), 1401-1443.

.DEGIOVANNI, A.MARINO and C.SACCON, A pointwise gradient constraint for

the Laplace operator. Eigenvalues and Bifurcation, Quaderni, Nonlinear
Analysis — A tribute in Honour of G.Prodi - 190-203, Scuola .Norm. Sup.
Pisa, 1991.

.G.de FIGUEREDO, Lectures on the Ekeland Principle with Applications and

Detours, Publ.Tata Inst. 81, Springer-Verlag, Berlin, 1989.

C1.D0, The buckling of thin elastic plates subjected to unilateral con-

ditions, Lect.Notes Math. 503, 307-316, Springer — Verlag, 1976.



(19]

(20]

[(21]

[22]

[23]

[24]

[25]

[26]

[(27]

(28]

[29]

VARIATIONAL INEQUALITIES

R.S.KUBRUSLY, Variational methods for nonlinear eigenvalue inequalities,
Differential & Integral Equations 3 (1990), 923-332.

A.MARINO, The calculus of varijations and some semilinear variational ine-
gualities of elliptic and parabolic type, Progress in Nonlinear Diffe-
rential Equations and their Applications, Esasays in Honor of Ennio De
Giorgi, 787-822, (F.Colombini,...,eds.), Birkhauser, Boston, 1989.

A.MARINO and M.TOSQUES, Some variational problems with lack of ccr.zxity
and some partial differential inequalities,Lect.Notes Math.1446, 58-83,
Springer—-Verlag, 1990.

J.MAWHIN, Problemes de Cirichlet Variationnels Non Lineaires, Sem.Math.
Sup.104, Les Presses de L’Univ.de Montreal, 1987.

MEI—CH£ SHAW, Eigenfunctions of the nonlinear equation Au + wf(u) =0
in B, Pacific J.Math. 129 (1987), 349-356.

D.PASCALI, Nonlinear variational eigenvalue inclusior in Differential
Eaquations, Proc.EQUADIFF 87, Xanthi-Greece, (C.Defermos ed.),Lect.Notes
Pure Appl.Math.118, 543-551, Marcel Dekker, 1989.

D.PASSASOE, Moltiplicita di soluzioni per diseguazioni variationali non
lineari di tipo ellittico, Rend.Accad.Naz.,Mem.Mat.(5) 15 (1991),19-56.

S.I.POKHOZHAEV, The fibration method for solving nonlinear boundary value
problems, (in Russian), Trudy Mat.Inst.Steklov 192 (1990), 148-163.

V.I.SKRYPNIK, Methods for studing nonlinear elliptic boundary value
problems, (in Russian), "Nauka', 448 pp., Moscow, 1990.

A.SZULKIN, Critical point theory of Ljusternik-Schnirelmann type and ap-
plications to partial differential equations, Minimax results of Ljius-
ternik-Schnirelman type and applications (Montreal, PQ, 1986), 35-96,
Sem.Math.Sup.107, Presses Univ.Montreal, Montreal, PQ,1989.

E.ZEIDLER, Nonlinear Functional Analysis and its Applications, Part IV,
Mathematical Physics, Springer-Verlag, New York, 1988.




