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FINITELY SUBAUDITIVE OUTER MEASURES

Carmen Vlad

Let X be an abstract set and L a lattice of subsets of X, such that
0,X belong to L. We denote by A(L) the algebra generated by L and by M(L)

the set of finite valued bounded finitely additive measures on A(L).

Definition 1. pu€M(L) is a finitely subadditive outer measure if:

a) p 1s nondecreasing;

b) u( U E)< S WE), for any E,. Ey, ... E,€X;

o) why=o/ '

Definition 2. Let 5, be the set of v-measurable sets, with v a
finitely subadditive outer measure. v is called cover regular if for any

ACX,3E€S, such that ACE ..d v(4)=v(E).

Let v be a finitely subadditive outer measure. We say that a set E

is measurable with respect to v if for any AC X:

v(A)=v(ANE)+v(ANE').

Theorem 1. Let v be a finitely subadditive outer measure and suppose

v(X) finite. Then E€S, iff v(X)=v(E)+v(E").

Proof. Let A=X in the definition of v-measurability. Conversely, v
is regular, hence for any set A, 3B€S,, ACB and v(A)=uv(B). B is v-
measurable, hence v(E)=v(E(B)+v(E(B') and v(E')=v(E'NB)+v(E'NB).
Then v(X)=v(E)+v(E')=v(E(\B) +v(E(\B') +v(E'NB)+v(E'NB’) >
vI(ENB)U(E'NB)1+v[(ENB')U(E'NB)] =v(B)+v(B')=v(X). Hence:

V(B E)+v(BNE") +v(EN B') +v(E'N B') = v(B) + v(B') (1)
Also: v(ENB')+v(E'NB’')>v(B') implies

-vENB)-v(E'NB) < —u(B) (2)
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By adding relations (1) and (2) we get
v(BNE)+v(BNE') <v(B).

Since ACB, we have ANECBNE and ANE' c BNE', therefore
WANE) + U ANE") < (BN E') < v(B) = v(A), i.e.

V(AN E) +v(ANE') < u(A).

On the other hand, by the definition of v as an outer measure, we have

for A=(ANE)UAN)E':

v(4) =v[(ANEYUMNEN] S v(ANE) +v(ANE").

Theorem 2. Let v be a finitely subadditive outer measure and suppose

v(X) is finite. Then S, the set of all v-measurable sets is an algebra.

Proof. Let E,, E,€S,. For all ACX:
v(A) = v(ANE) +v(ANE}),
and
V(AN EY) = v(ANEY N Ey] + V(AN EYN E3] = V(AN EP N Eo] + VAN (E,U E,)'].

But: [(ANEDNE,UANE) =(ANE,UMANENINIE,UANE)] =
=[ANE U EDINIE,UANED] = ANE,U(ANE] = (AN EYU(ANE,) =
=AN(E,UE,).

Hence, v{[(ANEDNEJUMANEL)} = (AN (E,UE,)-

By making substitutions in the first relation we get:

Y(A) = V(AN Ey) + V(AN DN Byl + VAN (B, U E,)) > v{AN B ULAN B N Ey) +
+UAN(E,UE) = vV[AN(E,UE)]+v(AN(E,UE,)].

Hence, E,|JE,€S,. By induction, suppose that any union of n v-measurable

ie+tls is v-measurable. Then, since :L:JiEk:(kL:JlE'k UE,,_H, it follows that

U E, is also v-measurable, by the above proof. Therefore, any finite

k=1
union of v-measurable sets is v-measurable.

Now, to show that if F€S, then E'€S,. Since AE=AN(E') we have
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for all A€ X:
v(A) = v(ANE)+v(ANE") = v(AN(E")) +v(ANE").

Theorem 3. Let v be a finitely subadditive outer measure and suppose

v(X) is finite. The restriction v|S,=p is a finitely additive measure.

Proof. Let E,, E,eS,, A€X and ENE,=0. E, €S, \implies
w(A)=p(ANE,)+u(ANE]). By replacing 4 by A\E, and AE] we get:

WANEY) = WANE N Ey) + W ANE,NES): w(ANE]) = s(ANEL N E) +a(ANELNEY).

Hence,

W(A) = fANENEY) +w(ANE N EY) + WANELE) + u(ANELNEY).  (3)

Now, replace here A by AN(E,UE,); we get the following sets:

(ANE,UE)INENE, = ANE,NEy [ANE,UE)INE,NEy = ANE,NE,
(AN(E\UEy) INE{NE, = ANE{NEy [AN(E,UE)INETNE;=0.

Therefore we get from (3):
WANE,UEy)] = n(ANE N Ey) +(ANE N EL) + s(ANELNEy) = s(ANE,) + u(AN E,)

In general, for E,, E,, ... E, disjoint sets of §, we get by induction:

b (400 E)= L waney. (4)
1=1 i=1
If now we replace in (4) A by E= I\nJ E;eS,, ve get p( CJ E.’>= ZF‘(Ei)’ which
i=1 i=1 i=1

shows that pu=v|S, is finitely additive measure.

Definition 3. Let peM(L) and define p/(E)=infu(Ll’), ECL', Lel,
EcX.

Theorem 4. For u' defined as above we have: pu<puy’ on L and p=y' on

2,

Proof. Let A€l and p'(A):infp(L'), AcL', Let. AcL' implies
p(A) < pu(L') for all AcL', Lel. Then p(A)<uy'( ) i.e. u<p' on L.
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For B€L', BCB, hence p/(B)=p(B) i.e. p=p" on 2'.
Theorem 5. 4’ is finitely subadditive outer measure.
Proof. a) w(L')>0 all LeL, hence p/(E)>0 all ECX.
b) Let E,CE,CX; then, clearly, u'(E;,) <u4(E,).

c) Let E,CX, i=12,...N.

W(E,)=inf{u(L))|E;CL:, L;€L}.

N N
Therefore u'(E;)+¢/N > p(L}); E,CL] implies J E;C U L} and so we have

1=1 d—F!

w(08) s (0 2)=n( 8 2)s S s SwiEaverm= Luen e,

N N
arbitrary small, then ;A’( U E.‘)S Z/“’(Ei)'

1=1

1=1

with ¢

d) p(0)=inf{u(L'),0c L/,LelL}=0.
Then £, is a lattice and 0,

Theorem 6. Define £,={L€L|u(L)=p'(L)].

Xet,.

Proof. u(@) = u'(@)=0, therefore Del,

W' (X)=u(X), therefore XeeL,.

Let L, Lyel,. Then p(L))=p'(L)) and p(Ly) = p'(Ly)

WLy ULy) < FI(Ll ULy < “I(Ll) + P,(L2) = p(Ly) + p(Ly) = (L, ULy).
Hence p'(L;ULy) =w(L;ULy) i.e. LiUL, €L,
Now, there exist Ly DL, and L} D L,, L,, L,€L such that

w(Ly) <p'(Ly) +e/2=mLy) +€/2;5 p(Ly) <p'(Ly) +€/2=p(Ly) +¢/2.
Then #'(LlﬂLz)S#(l'lﬂzé)=ﬂ(i'1)+#(z£)—#(L1ULz)=#(L10L2)+6, with €
arbitrary small, therefore /' (L;NL;)<p(L{NL,). Since in general,
(LN Ly) <p'(LyNLy); it follows that w(LyNLy) =4 (LN L;), hence LyNL,€L,.

Let Su, be the set of all p'-measurable sets, where e is measurable

with respect to yu’ if for any A€ X:
H(A) = (ANE)+ ' (ANE").
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Theorem 7. ECS“, iff

WA > p(A'NE)+ 4 (A'NE') for all A€L.

Proof. a) If ECSH,, then the relation clearly holds. b) Let B be
arbitrary in X, Bc 4, A€L. We have:

wA)=p(4) 2 (WNE)+p(ANE) 24 (BNE)+ 4 (BNE').
Since this is true for any BC A', A€l
W'(B)> W (BOE)+u(BNE").

By the definition of 4’ as an outer measure, we have for B=(BNE)U(BNE') :
W (B)< (BN E)+ 4 (BNE'). Therefore, u'(B)=u(BNE)+4'(BNE'), B arbitrary
in X.

Theorem 8. L“CS ’e

— = u

Proof. Must show for Lel, and any Ael
(AN 2 WA ML)+ 4 (A'NL).

There exist L'DL, Lel such that u(L') <u'(L)+¢/2=p(L)+¢e/2. Now,
W(A'NLY=p(A’NL) since p=p" on 2L and p(ANL)<p(A'NL) =p(A)+
p(L") —p(AUL) < p(A) + (L) +e/2-w(A'UL) = p(A'NL)=¢/2. Then w'(A'NL)=
uA'NL)  and  WA'NL)+A(A'NL) =p(A'N T+ u(A'NL) +u(A) =4 (4), i.e.
2,CS,.

Theorem 9. Consider p;, p, € M(L) such that p; <p, on 2, u(X)=py(X).
Then L, CL, .

Proof. p;<p, on L then p,<p; on 2/, hence pf<uj on all sets. Then
on L we have: py S pp < py<py. Therefore, if LE.L“1 i.e. p(L)=pi(L), then
Ho(L) = py(L).

Theorem 10. 5”!ﬂL=Lu.

Proof. LuCS“/ by Theorem 6. Clearly, £,CZL; hence, LuCS“,ﬂL.
Conversely, let LESP,ﬂL. Then let Lel and p'(A)=p(ANL)+u(ANL) all
Ael', p finitely additive; therefore p(A)=p(ANL)+u(ANL). Let A=X:
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w(X)=p(L)+p(L') and p/(X)=p'(L)+ /(L") and then p(L)+p(L")=p(L)+4'(L)). p=4
on L' implies p(L)=p'(L) i.e. LEL,.

Definition 4. A measure peM(L) is called L-regular if for any
Ae AL), p(A)=sup{p(L)|LC A, Lel}.

Theorem 11. Let g€ M(L). Then p=p4 on L iff pE Mp(L).

Proof. p=4 on L iff for any L€L, p(L)=inf{u(L)|LC L'y LeL} iff p

is L-regular.
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