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COMPLEMENTARY FUNCTIONS IN THE SENSE OF YOUNG

Dorin Ghisa

1. Introduction

If ¢ is a nondecreasing right continuous function on [0,00] into [0,oc] , then the
right inverse of ¢ 1is the function ¢ defined on [0,00] by

Y¥(s) =inf{t : () > s}.

It is known ([2], Theorem 1.16) that 1 is, in turn, a nondecreasing right continuous
function and its right inverse is ¢ . If ¢ 1is continuous then its right inverse in the
inverse function.

The functions of ® and U defined on [0,00] by

are said to be complementary in Young’s sense.

Complementary functions are basic in Orlicz space theory. However only a few explicit
examples of such functions are known. The most frequently mentioned is that obtained
by taking

p(t) = pp(t) =", p> 1

whose inverse is given by:

The complementary functions generated by ¢, are ®, and ¥, given by:

uP v
®, (u) = — and Y, (v) = —
p(u) » q(v) 7

The Orlicz space associated to these functions is the well known L* space.

In this note some other explicit examples of complementary functions are given and
inequalities analogous to those found for ®, and ¥, are proven.



154 Complementary Functions

2. The Functions @, and their Complementary Functions

The functions @, appeared first in [1], [3] as interesting module-generating func-
tions. It has been shown that in order to have a kind of completness property with respect
to the module the generating functions must fulfill some conditions proper to @, . One
of them is the A, - Birnhaum and Orlicz condition, which is essential in Orlicz spaces
theory.

The function ¢, defined on [0,00] by

M\"
¢p,z\1(t)=(—> P2t <t <2 nez,p>1, M>2P
pm(0) =0, ppp(c0) = o0

generalizes ¢, in the sense that M 1s nondecreasing and right continuous function,
=) pp va g g

but ,ar is discontinuous at t =2" , n € Z if M > 2P and it reduces to ¢, if
M =2r .

A direct computation shows that the right inverse of ¢, 1s the function g s :

(E)H(q—l) -1, M\" < M ".Qp—l
2quA\I<T):{2:Y+1 T ’gggnzg_fs(:l (1\2_1)n+1’

Yam(0) =0, thgm(c0) = 0.

1 1
ne€Z, where—+-=1 and
P g

The complementary functions generated by them are 1®,5, and 1%, , where :
P g 52P; Pt
n 2k

‘I’p,M(u) = p/(; L,OpyM(t)dt =p { Z - gjp"\](t)dt + /;k Lpp.‘\[(t)dt} , 2" <u< gn+l
k=—o00

That gives:

u )P M — 2P
n)  M-—1
(pp,M(O) =0 ’ ‘I’p“w(oc) = 00 .

fﬁp,M(u)zM"[( },2"§u<‘2"+1,n62,

Analogously:
_ [ M)t + = (M = 27)], () < v < (B2
) = {gre i e 1) (e v s (e €T
Uom(0) =0, ¥grr(o0) =00
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It is known [4] that &, verifies a strong A,-condition : @, Mm(2n) = M®, rr(n)
for any u>0.

On the other hand, if

MN\" M M\
ey & —_ - .op-1
<2>_2U<(2) ¥y then

M n-1 ] n—1
(7) <v< (g) 2P~ | therefore

M 2\" M1 g1
—v)|=M"||= . S — 2P
o < 2 ”) ! [(M) (M -2 )]

q(n—1) —
=M. M K%) ool (M—Z")J

1 M-1
= M\II(,'M(v)

Similarly, if

MA\" M M\t
A Lop=l 77 _)
(2> 2 _2v<(2 , then

n—1 n
<M> 2Tl <y < (M) , therefore
2 2
M “ M qg—1 n
VoM <-2—v)=2 +1-q-?v—AM_1-Jf +thr — 1)
g—1
=M[2"qu — ——— . M"(2P — 1
[2%qv ~ 77— - M )]
=M - \I/q,M(v)

It is obvious that such an equality is true also if v =0 or v = 400 , therefore for
any v, 0 <v<oo
M
‘I/qu (721) = 1\1\I/q‘M('U) .

This equality generalizes the strong A,-condition in the sense that it reduces to it if
M=41,ie.
U,4(20) =47, 4(v) .
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3. Young’s Inequality

From the diagram below it is obvious that for any a > 0, 5 > 0 the inequality
ab < l‘I>p,M(f1) + 1\I/(,,M(b)
p q
is true and equality is achieved if and only if

b=p1m(a).

Taking a = @,},(t) and b= ¥} (t), we obtain that for any ¢ >0,

S a(t) - Uan(t) <t.

The two inverse functions are given by:

t  M-2°7F |
-1 —on npo< n+1 =
&L m(t) =2 [Mn + 1) MK St<MWK, K=o

M-1
AT+ M (P - 1), MP(2P+ L) <7 < M1+ L),

Tom(r) = { (%) s — A (M =)}, MP(L4+ L) <7< M2 + L)

whete L === (0 =), #;3,(0) = 1;34(0) = 0. B;}/(c0)

M —
=‘P;}w(oo) =00 .
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4. A Holder Type of Inequality

Let (z,A,pu) be a measure space and f, g be nonnegative measurable functions.

The Holder inequality [ fgdp < (ff”d,u)l?(f g"d,u)% can be interpreted in terms of the
fucntions @, and ¥, as

[ todu < 87 ([ #oihdn) - 93 [ Walo)dn) -

In this section it will be shown that ®,a and ¥, verify a smiliar inequality.

Let’s remark first that

a oo _
Dy (m) = Mfk(bp,M(a) if @p'}w(b) =2"%  or

p.M
P _
b=&,u(27F) = jzw—_llM"‘ , therefore:
2 — 1 2 —1
M*D <P | | < M i M 1<cb< 2" p*
“Poala) < Tom <<I1;}‘,(b)> < pm(a) if 37 <bsgoM

Analogously

Z

L =MmT it w0 = (X))
Uom m = MU, p(a) i ‘I’q,M( )=<7) , O

2 M—1
therefore:
M, p(a) € Ugur | == | < MIT1T, yi(a) if
)
gM-=27)+(2° 1), ., gM-27)+(2°-1)
M7t <b< M-I
M-1 = M—1 f
_ £(t) - a(t)
Let o =g To,miam * © = TR @

The two integrals are well defined since ®,p and ¥, are continuous functions.
If [®,m(f)dp =0, then a =+oco and vice-versa. A similar remark is true for & .

The Young's inequality becomes:
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f()g(t)
&0 (S o (£)dp)Tghe (S Yom(9)du)

p—

) ) ) 1 ( g(t) )
S (fb;}w(f @, 0 (t)dp) - q@q'M oh(S Ugm(g)dp)

< %Mk“@pm(f(t)) + éfwj“‘pq,x\l(g(t)) if
ik T 2P —1 —k
<
—mM < /@,,,M(t)du < TM and

aa(M =)+ (2P -1
M—1

;M —2P) + (2P —1) '

M
M-1

) < /‘I’q.M(g)du <M

It results that:

/ fg dy
Db (J @par(f)dp) o ([ Yona(f)dp)

1 1.
< oM [ ®naalt)du+ S [ Waralg)dn

1 ?—-1 ., 1 .. qM-=20)4+(2¢-1) .
< SMRYL MR St M
_p/ 1\/1—11 +ql M-1

M 1 1 1,
— = DP s — . _ 9P —_(oP _ :A,

M_l[p(Q L)t 5 eM—2)+ —for~1)] = M

therefore the following Hélder type of inequality is true.

/fgd;t < Moy (/ <I>(f)d;¢) oy (/ \qu(g)d#) _

5. The Complementary Functions Generated by ®,-; m

For p>1 and M > 2°~! the function ®,_;p is continuous and increasing in
[0,00] . A direct computation shows that

- [ r o M-

q-1
— K& MK
7 + 7 =1 ] , M <& K,

q);-ll.M(T) =

=11

where K' = =1
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The complementary functions generated by ®,_; are ’%QP‘M and éeq,M , where

x

3 p
E=] =0 2M)" (=] - ~ g - 5~ R 1 )}
f2"<z<2™ nez

Qpar(0) =0

v_ n M —2r-1\? M —2r-1
Ouseln) = [ 05t ridr = oy (e + M2 22) DT

2
if M"K'<y< M™"™MK' net

Ogm(0)=0.
The Young's inequality takes the form
ab < Il—JQp,M(a) + i—@q,M(b) forany a>0, 5>0.
Let H=Q,u(1)=1—(M-¢" 325 - &77) -
Then (2M)~*'H < [ Quur(f)du < (2M)~*H implies
9=kl < 1 </ QP,M(f)du> <ok,
Analogously (2M)=7=' 2=L < [ O, m(g)dp < (2M)73 2=L implies

M=K < 071, ( / @qM(g)d/.t) < MK

Then replacing in the Young’s inequality above

i b alt)
QS Qpma(t)du) 070 (S Ogm(g)du)
the inequality becomes:
f(t)g(t)

e (F Qo (£)dp) O3 (f Oana(g)dpe)

—

f(?) ) 1 ( g(t) )
_QA _GQx -1
= ”'”<Q;h4(mp,M(f)dm T M\ B, (J Om(9)d8)

< =Qpm (2k+1f(t)) + ;@q,M (Mg(i))

—og

K’

<

ST IS

(@MY, m(f(1) + 1§<2M>J'+2@q.M<g(t)) ,
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1. _ M-1
K' =7 2r-1 <M.

The integral of the last term is

1 1
LM [ 0 () + LMy [ @anlo)dn
1 1 op_ 1
< —(2M)ML. M) TFH 4+ Z(2M)y . (2M)
—p(*) (2M) +q( YT QMY o
1 M-—2"' M_2-1 1 pM_o-1 1 2°-1
< (@M |=— - = =. < (2M)?.
= )[p M-1 2M -1 p 2M -1 +q 21W—1J_(2 )

Therefore the following Hélder type of inequality is true:

[ Fadu < @00705% ([ Qpaa( 1)) O3k ([ @unalo)dn)
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