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A REMARK ON NONLINEAR CONTRACTIONS

Marian Kwapisz

Let (X,d) be a complete metric space and F : X - X be a map which p-th
iteration FP is a nonlinear contraction, i.e. there is an increasing and continuous
function a : R,» R,, R, = [0,4»), such that a(t) <t, t > 0, a(0) = 0, and
(1) d(FPx,FPy) < a(d(x)y)), xy € X.

Here FP = F(FP1), F%= 1, I — the identity map in X.

It is well known that these assumptions guarantee that there is an unique fixed
point of the map F, say x*,. and that the sequence {F"xO}, n = 0,1,..., converges
to X for every x € X.

Our question is whether the map F itself is a nonlinear contraction with respect
to some metric in X.

Observe first: if F is continuous, and nondecreasing, continuous function

b : R, = R, has the properties:

then
@ 4,00 Ldxg) + b @ExE) + o+ AT, )

is a metric in X and (X,dl) is a complete metric space. It is clear that the metric
db is stronger than d and that they define the same topology if there is a continuous
function h : R, R,, h(0) = 0 such that

d(Fx,Fy) < h(d(x,y))-

We see that there is plenty of metrics in X (at least as much as functions b
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with the properties mentioned). This gives us a chance to find one with respect to
which F will be nonlinear contraction.
Indced, assume that there is an increasing and continuous solution ¢ : R, = R,

of the equation

(3) eP(t) = a(t), t e R,
which has the properties:

(l) ‘P(t) < ta t o€ R+v
(ii) ¢(tl) + ga(tz) < <,;(t1 + tz), bat, € R,.

Here as before ¢° denotes the p—th iteration of the function .

1

Having this assumed we use the metric db for b(t) = ¢!(t) (¢! — means

the inverse function to ).
Now we are in the position to show that the map F is a nonlinear contraction

with respect to the metric db with the contraction function ¢. Indeed we have
d (FxFy) = d(FxFy) + b(d(F %)) + oo + DPHA(FP I, FPly)
+ bP(d(FPx,FPy)) <
< d(Fx,Fy) + b(d(F%x,F%y)) + .-+ + bP(d(FP'x,FPly)) +
+ bP(a(d(xy))) =
= ¢[b(d(Fx,Fy) + b(d(Fx,F%)) + -+ + BP(d(FP'x,FPy)) + bP(a(d(x,y))))]

< ¢[b(d(Fx,Fy)) + b*(d(Fx,F?)) + - -bP(d(FP I, FPly)) + bP(a(d(s,y)))] =

pld(xy) + b(d(FxFy)) + -+ + bPU(FPx,FPly))] =

o(d,(xy),

what means that our claim holds true.
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Finally we may conclude
Theorem. If (i) holds and there is a solution ¢ of (3) with the properties (i), (ii)
then each iteration of F is a nonlinear contraction with respect to the metric
db, b(t) = ¢!(t), defined by (2) and it has an unique fixed point X .

This result and the theorem of Bessaga [1] guarantee that there is a metric p
in X such that F is also a clasical contraction with respect to p.

However the proof of Bessaga's result is non constructive, the choice axiom is
used.

There is an example when the solution ¢ can be found iminediately, it is the
cése when a(t) = a-t for some a ¢ [0,1). In this case ¢(t) = Jat is a
solution of (3) with the properties required.

In the general case there is the question whether for a given function a with
the properties mentioned there is a solution ¢ of (3) with the properties required.

(see [2]).
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