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Banach categories
Corneliu Constantinescu

Abstract

The aim of this paper is to present the Banach categories, which offer a general
frame for many theories of functional analysis (see also R. Ahrens [1]).

Notations

We denote by K the field of real or complex numbers; they will be the scalars
of our Banach spaces. Let E,F be two Banach spaces. We denote by L(E, F) the
Banach spaces of continuous linear maps of £ into F', by E' and E” the dual and
the bidual of E respectively, and for every u € L(E,F) by v’ and vu” and transposed
and the bitransposed of u respectively. u € L(E, F) is called an isomorphismus if it is
bijective; if in addition u preserves the norms then u is called an isomeiry.

1. Banach systems
A Banach system is a class 2 and a map A defines on Q? so that A(E,F) is
a Banach space for all E,F € Q and
(E,F)#(G,H)= A(E,F)NA(G,H) =10

forall E,F,G,H € Q. We will use the expressions “the Banach system (£, A4)” or “the
Banach system A over Q" or simply “the Banach system .A”. The elements of Q are
called the objects of the Banach system and the elements of A(E, F) (for E,F e Q)
are called the morphisms of the Banach system. We set '

ELF i ESF o zc AEF)
forall E,F € Q.

A Banach space may be considered as a Banach system with one ob ject.
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Let (Q,A) be a Banach system. The map
(E,F)— A(F,E)

defined over Q? is a Banach system. We call it the dual of A and denote it by A’.
The dual Banach system of A’ is called the bidual of A and is denoted by A”. The
dual Banach system of A" is called the tridual of A and is denoted by A”. A Banach
system B is called a dual Banach system if there is a Banach system A sothat B = A’".

Let (2,.4) and (2, B) be two Banach systems. A functor of A into B is a map
f defined on Q? so that

f(E,F) € L(A(E,F),B(E, F))

for all E,F € Q. The functor f is called isometric (isomorphic) if f(E,F) is an
isometry (isomorphy) for all E,F € Q. If A(E, F) is a Banach subspace of B(E, F)
and i(E, F) denotes the inclusion map

A(E,F) — B(E, F)

forall E,F € Q then A is called a Banach subsystem of B and 1 is called the inclusion
functor of A into B. We denote this sometimes by .A C B. The map

(E,F)— A(F,E)° :={z' € B'(E,F)|z' = 0 on A(F, E)}
defined on 02 is a Banach subsystem of B'. It is denoted by A°.
If f is a functor of A into B then the map
(E,F) — £(F, BY

defined on ? is a functor of B’ into A’. It is called the transposed functor of f and
is denoted by f'. The transposed functor of f’' is called the bitransposed functor of f
and is denoted by f”.

Let (£2,.A) be a Banach system. The functor of A into A which maps every
(E,F) € Q? into the identity map of A(E, F) is called the identity functor of A. The
functor of A into A" which maps every (E,F) € Q? into the evaluation

A(E,F) — A"(E, F)
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of A(E,F) is called the evaluation functor of A.

Let (,A4),(R,B), and (2,C) be Banach systems, f be a functor of A into B,
and ¢ be a functor of B into C. The map

(E,F)Hg(E,F)Of(E,F)

defined on 2? is a functor of A into C; it is called the composition of the functors f
and g and it is denoted by go f.

Let (Q,A) and (,B) be two Banach systems and f be a functor of A into
B. If i and 7 denote the evaluation functors of A and B resepctively then

jof=foi.

The map defined on Q2? which sends every (E, F) € Q? into the image of f(E,F) isa
Banach subsystem of B. It is denoted by f(.A).

Let (f2,.A) be a Banach system. A projection of A is a functor p of A into A
so that
pop=p-.

Let (Q,A) be a Banach system and (Q2,B) be a Banach subsystem of (2, A).
We set
A/B(E,F)= A(E,F)/B(E,F)

and denote by ¢(E, F) the quotient map
A(E,F)~ A/B(E,F)

for all E,F € Q. Then (Q,A/B) is a Banach system and ¢ is a functor of A into
A/B; A/B is called the quotient Banach system of A through B and ¢ is called the
guotient functor.

Let (©2,A) and (Q,B) be Banach systems and f be a functor of A into B. We
denote by Kerf the map

(E,F)— Kerf(E,F):={z € A(E, F)|f(E,F)z = 0};

it is a Banach subsystem of A.
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Let (2, A) be a Banach systemn and (2, B),(f2,C) be Banach subsystems of A.
If A(E,F) is the direct sum of B(E,F) and C(E,F), i.e.

A(E,F)=B(E,F)®C(E,F)
for all E,F € Q) then we say that A is the direct sum of B and C and denote this by
A=B@a&cC.

Proposition 1 ([3] Th éoréme 15) Let (2, .A) be a Banach system, i and j be
the evaluation functor of A and A' respectively, and

p:=joi.

We have:

a) i oj is the identity functor of A'.

b) p is a projection of A" p(A") = j(A'), and |pgr|| <1 forall E,F €.
c¢) Kerp=i(A).

d) A" =jA)®i(A)°.

e) If q and r are the quotient functors of A" into A"/i(A) and A" into A"[j(A")

then the functor roq' is isometric.

a) Let E,FeQ and

We have

Il
—
8
8
=

(z,i' 0 j(2')) = (iz, j2') = (iz,2’)
i'oj(z)y=12'

and 4’0 7 is the identity functor of A’.
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b) By a)
poj=joioj=7j,
pop=pojoi =joi =p,
so p is a projection of A" and from

3(A) = poj(A) Cp(A") = joi'(A”) C j(A)

we get
p(A") = j(A).
We have
lperll < ll7eFl lliprll < 1
forall E,FeN.
c) Bya)
top=iojoi' =7
so

Ker i’ D Ker p = Ker(j0i') D Ker 7/,
Ker p = Ker 7' = i(A)°.

d) follows from b), c¢), and Murray’s theorem.

e) We have

¢ ((A"/i(A))) = i(A)°
and the assertion follows from d). ©
Proposition 2 Let E be a Banach space, j : E — E" be the evaluation, and
p be a projection of E” on j(E). We set

F:=Kerp , F°:= [) Kerz",
z/leF

u:E — (F°), z— (jz)|F°.
We have:
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8) ueL(E,(F)),u] <1.
b) For every y' € (F°)' there is an z € E so that

uz=y', |zl <[2lly'll-

¢) u isanisomorphism iff F' is closed in the topology of pointwise convergence of E" .

d) wu is an isometry iff F' is closed in the topology of pointwise convergence of E" and
lpll < 1.

a) u is linear and
[uz|| = IG=)IE°|| < ll7=zll = |l

for every z € E.

b) By Hahn-Banach theorem there is an z” € E” so that
NF =y, 2"l =¥l

Let z € E with

n

jz = pz".

Then
1:” _ lel e F

so
(uz,2) = (jz,2') = (pz",2') = (z",2') = (¥',2')
for every z’ € F° and

uz =y .

Moreover
lzll = llizll = llz"ll < ll2lll="[l = ll2llll¥'ll -

c) Assume u is an isomorphism and let z” € E”,z"|F° = 0. Thereis an z € E so
that

jz =pz".
Since
zII = pzll E F
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we get
(uz,z') = (jz,z') = (pz",z') = (z",2') =0
for every z' € F°. Hence

vz=0, z=0, z'€F

and F is a closed set in the topology of pointwise convergence of E".

Assume now F is a closed set in the topology of pointwise convergence of
E". Let z € Ker u. Then
jz€ePF

SO
Jjz=0, z=0.

Hence u is injective. By b) u is bijective. By the principle of the inverse operator

u is am isomorphism.
d) Assume u is an isometry and let u” € E”. Then
pzll _ zI/ € F , [l(p:” _ :Il)lFQH — O .

Let z € E so that
jz = pz".
We have
lpz"ll = llizll = l|z|| = luz|| = |(Gz)|F°|| = [(p=")|F°|| <
< l(p=" = 2")[F°|| < [|="]|
so ||p]| £1. By c) F is closed in the topology of pointwise convergence on E”.

The convex implication follows from a), b), and ¢). ©

Corollary 3 ([3] Théoréme 17') Let (2, A) be a Banach system and j be the
evaluation functor of it. The following assertions are equivalent:

a) A is a dual Banach system;

b) thereis a projection p of A" with p(A") = j(A) so that ||per| <1 and (Ker p)(E,F)
is a closed set in the topology of pointwise convergence of A"(E,F') forall E,F € Q;
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¢) there is a projection p of A" with p(A") = j(A) so that (Ker p)(E, F) is a closed
set in the topology of poiniwise convergence of A"(E,F) for all E,F€ Q.

a=b follows form Proposition 1 b), c).
b = ¢ is trivial.

c = a follows from Proposition 2 ¢). @

Remark. Let p4 be an atomfree Radon measure on a Hausdorff space, u # 0,
and let j : L'(u) — L'(n)" be the evaluation map. Then the unit ball of L*(g) has
no extreme points, so L'(p) is not a dual space. Nevertheless there is a projection p
of L'(p)" on L'(u) with p(L'(p)") = j(L'(n)), so that ||p|| < 1. This example shows
that we cannot drop the hypothesis “(Ker p)(E, F) is a closed set for the topology of
pointwise convergence of A"(E,F) forall E,F € Q" in b).

2. Banach categories

Let A,B,C be Banach systems over the same class Q. An (A,B,C)-multipli-
cation is a map ¢ defined on Q° so that the following holds for all E, F,G € Q:

¢(E,F,G) is a bilinear map
'A(E,F) x B(F,G) — C(EaG)v(zay) = yz
so that

ly=ll < fl=ll flvll
for all
ESFia.
4" B 7
A left (right) multiplication on A over B is an (A, B, A)-multiplication (a (B,.A,.A)-
multiplication). A left and a right multiplication on A are called compatible if

(az)b = a(zb)

for all E,F,G,H € Q and
ELF-}GLH.
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An inner multiplication on A is an (A, A, A)-multiplication so that

(zy)z = z(yz)

for all E,F,G,H € Q and
ELXFLGEH.
A left and a right multiplication on A over B are called simultaneous compatible with
an inner multiplication on A if
(za)y = z(ay)
for all E,F,G,H €  and

ELFAG3H.
A B

NI

A Banach category is a Banach system endowed with an inner multiplication.
If Q is a class of Banach space then the Banach system
(E,F)— L(E,F)

over (2 endowed with the usual composition of maps as inner multiplication is a Banach
category. We denote it by L.

Let E be a Banach algebra. We may consider E as a Banach category with a
unique object and the multiplcation of E as the inner multiplication of this category.

Let O beaclass and A be a Banach category over Q. A left (right) A-modulus
is a Banach system A over 2 endowed with a left (right) multiplication over A so that

(ab)z = a(bz) ((za)b = z(abd))
for all E,F,G,H €  and

ESFLeay (ELFLGL).
A A A A A A

Proposition 4 Let (2,A) be a Banach category, A be a left A-modulus, and
H be a Banach space. We set

Ag(E,F) := L(A(F,E), H)
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for all E,F €  and
ua: A(G,E) — H,y — ulaz]

for all E,F,G €  and
' ESF 3G,
A Ay
Then the Banach system Ag endowed with the above multiplication is a right A -
modulus. The assertion still holds if we interchange left and right.

It is easy to see that the defined maps form a multiplication. Let E, F,G,I €

and
EAFhgr.
A A Ang
We have
(u(ba))[] = ul(ba)e] = ulb(az)] = (ub)[az] = ((ub)a)[z]
for every
IS E
A

u(ba) = (ub)a, O

Let (Q,A),(R2,A) be two Banach categories. A (A,A)-modulus is a Banach
system over 2 endowed with the structures of a left A— modulus and of a right A-
modulus so that the left and the right multiplications are compatible.

Let A be a Banach category. A A-modulusis a (A, A)}-modulus. A A-categoryis
a A-modulus A endowed with an inner multiplication so that each left multiplication
on A is compatible with each right multiplication on A and the left and the right
multiplication on A over A are simultaneously compatible with the inner multiplication
on A. A isa A-category.

Corollary 5 Let (2,A),(R2,A) be two Banach categories and A be a (A, A)-
modulus. Then A' is a (A,A)-modulus. Hence if A is a A-modulus then A' is a
A-modulus too.

By the Proposition A’ is a left A-modulus and a right A-modulus. Let
E,F,G,H € @ and
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We have
(z,(bz')a) = (az,bz’) = ((az)b,z') = (a(zb),z') = (zb,z'a) = (z,b(z'a))

for every z € A(H,E), so
(bz')a = b(z'a)). O

Let (Q,A), (Q,B) be Banach categories. A functor of Banach categories of A
into B is a functor f of A into B so that

f(=zy) = f(=)f(y)

for all E,F,G € Q and
ELFSaG.
AT A

Let (Q,A) be a Banach category and A,B be left (right) A-moduli. A functor
of left (right) A-moduli of A into B is a functor f of A into B so that
f(az) = af(z)  (f(ze) = f(z)a)
for all E,F,G € Q and
@.

A functor of A-moduliis a functor of left and right A-moduli.

> |w

ESFSG <E—“>F
A A A

Let A be a Banach category and A,B be two A-categories. A functor of A-
categories of A into B is a functor of A—moduli of A into B which is at the same
time a functor of Banach categories.

Proposition 8 Let (2, A) be a Banach category, A,B be left (right) A-moduli,
and f be a functor of left (right) A-moduli of A into B. Then f' is a functor of
right (left) A-moduli of B’ into A'.

We have
f'(E,F)= f(F,EY € L(B(F,EY, A(F,E)") = L(B'(E,F), A(E, F))

forall E,F € Q,s0 f' is a functor of B’ into A’.
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Let E,F,G € Q and

Then
(z,f'(y'a)) = (fz,y'a) = (afz,y) = (f(a2),¥) =
= (az, f'y') = (z,(f'y")a)
for all z € A(G, E) so
f(y'a)=(f'y)a. O

Proposition 7 Let (2, A) be a Banach category. A be a left (right) A-modulus
and j be the evaluation of A. Then j is a functor of left (right) A-moduli of A into
its bidual.

We set
zi=7%
forall E,Fe€Q and z € A(E,F).
Let E,F,G € Q and .
ESF3G.
A A

We have

(az,z') = (az,z’) = (z,2'a) = (Z,z'a) = (aZ,2')

for all z’' € A'(G,E) so

3. Biduals of Banach categories

Let (2,A) be a Banach category and A be a left (right) A-modulus.- We set
zz': A(G,E) - K,a — (az,z’)

forall E,F,G € @ and
ESF3G
A A

(z'z : A(G,E) = K,a — (za,z')
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for all E,F,G € Q and
E-}Fi’.a).

A

If A = A then it is easy to see that the above composition law coincides with
the multiplication introduced in Proposition 4.

Proposition 8 Let A be a Banach category and A be a left (right) A-modulus.
The composition law introduced above is an (A', A, A'-multiplication ((A, A, A'»-multi-
plication) so that

ELZF5GSH = (az)z = a(zz))
(EXF3GEH = (zz)a = z'(za)),
EAFLGEH =
(EZF5GSH =

(zz')a = z(z'a)

(az’)z = a(z'z)) ,

where E,F,G,H are objects of A, a is a morphism of A, z is a morphism of A,
and z' is a morphism of A'. If A is a A-modulus then

ESF35G3H > (:c’c;)zz:n’(az),

ELZF5G3H = (za)z' = z(az') ,
with the same conventions as above.
The first assertion is easy to verify. We have
(b, (az)z’) = (b(az),z') = ((ba)z,z') = (ba,zz’) = (b, a(zz’))
(b, (z'z)a) = (ab,zz') = (z(ab),z') = ((za)b,z’) = (b,z'(za))),
(b,(zz")a) = (ab,zz') = ((ab)z,z') = (a(bz),z') = (bz,z'a) = (b,z(z'a))
((b, (az')z) = (zb,az’) = ((zb)a,z’) = (z(ba),z’) = (ba,z'z) = (b,a(z'z)))
for every H —:» E, which proves the relations. If A is a A-modulus then
(b,(z'a)z) = (zb,z'a) = (a(zb), z') = ((az)b,z') = (b, z'(az)),

((b,(za)z') = (b(za),z’) = ((bz)a,z') = (bz,az’) = (b,z(az’)),
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for every H T:-» E, which proves the last assertion. O

Proposition 9 Let A be a Banach category. Then A" is a A-modulus, the
evaluation functor j of A is a functor of A- moduli, and

(J'GHI):I =zz', 3l(jEFy) =z'y
for all objects E,F,G,H of A and
ELFLGEH.
A A A

By Corollary 5 A” is a A-modulus and by Proposition 7 the evaluation functor
of A is a functor of A-moduli. We have

(z,(jorz)z') = (jerz,z'z) = (z,2'z) = (22,2') = (z,z2)

for all H—;»F and

(2,2'(jerY)) = (jEFY, 22) = (y,22) = (y2,2) = (2,2'y)
for all G —:» E. o
Let (f2,A) be a Banach category and A be a left (right) A-modulus. We set

z'a" . A(G,E) = K, z— (a’,zz')

for all E, F,G € Q and
ELFL@G
AII Al

(a"z': A(G,E) = K, z— (a",z'z)

for all E,F,G € Q0 and

If A= A then it is easy to see that the above composition law coincides with
the one introduced at the beginning of this section.

Proposition 10 Let A be a Banach category, A be a left (right) A-modulus,
and E,F,G,H be objects of A. We have:
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a) The composition law introduced above is a right (left) multiplication on A’ over A"
so that
ESF35GSH= z(z'd") = (z2')d"
AT A A
E ‘_:> F i’) G i—lt H’ :§ a”(z/z) - (allzl)z).
b) IfF i» G and
u: A(G,H) = A(F,H),z — zz'
(v:A(E,F)— A(E,G),z — z'z)
then
H %7 F=4d =z'a"
(G :_’,’7 E=vd = allzl) .
a) The first assertion is easy to verify. By P-roposition 8

(a,z(z'a")) = (az,z'a") = (", (az)z’) = (a",a(zz')) = (a,(z2)a")

({e,0"(z'2)) = (a”, ('2)a) = (a",2'(za)) = (ca,a"2') = (a, (a"2')2))

forallH%»E.

b) We have

(z,u'a") = (uz,a") = (zz',a") = (z,2'a")
forall G S H
A

((z,u'a") = (uz,d") = (z'z,d") = (z,a"2')

fora.llEi'F). m

Let (Q,A) be a Banach category. We set
zII __' yl/ . A/(G’ E) — K’ zl — <yl/, zIzll)

I” l— yll . AI(G,E) —_ K, :I — (:II, yHI/)
forall E,F,G € Q and
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F and - are called the left and right Arens multiplications ([1],(2]); they do not
coincide in general.

Proposition 11 Let A be a Banach category, E,F,G,H be objects of A, and
A be a left (right) A-modulus. Then

”n "
ELFLGEH= (b 4a") = (2'b")a".
AH AII .A’

w%pﬁa%y:w%ww=wﬂmy

By Proposition 10 a)

(z,2/(5" 4 a")) = (b" 4 a", 22') = (a", (22")b") =
= <all’ z(zlbll)) — (:B,(Z:%")a")

((=,(8"F a")z’) = (b" F a",2'z) = (b",0"(z'z)) =
= (b",(a"z")z) = (z,b”(a”z')))

for every H i* E. o

Theorem 12 If A is a Banach category then:

a) - and & are inner multiplications on A" .
b) A" endowed with 4 (with | ) is a A-category; we denote it by A", (by Al).
¢) The evaluation functor of A into A", (into AY) is a functor of A-categories.
d) If A isaleft (right) A-modulus then A’ is a right A",-modulus (left A -modulus).
e) A is aleft A -modulus and a right A",-modulus.
f) .If A ds a (AL, A")-modulus then
(Z"H4y" )k 2" =2"4(y"F ")
for all objects E,F,G,H of A and

=II y" z”
EFE=SF—-SG->H.
AII All A”
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g) If j denotes the evaluation functor of A then
'z = 2" (jEF:) S (jEFz);
yz" = (jemy) F " = (jery) 12"
for all objects E,F,G,H of A and
EXFLGYLH.
AT A" T A
k) The maps
A”(E7 F) — A//(E, G) ’y/l — z// _' yll
A'(G,H)— AN'(E,G),y" — y"F 2"

are continuous with respect to the topologies of pointwise convergence for all objects

E,F,G,H of A and every Fi',fG'

It is easy to see that 4 and F are (A”,A”, A”)-multiplications. Let E,F,G,H
be objects of A. In order to simplify the writing we do the following conventions: the
letters z,y denote morphisms of A, the letter z’ denotes a morphism of A’, and the

letters z",y", 2" denote morphisms of A”.

a) By Proposition 9 A” is a A-modulus. Let

By Proposition 11

(2" 4y") 42",2) = (&, 2(s" y") = (", (5" ") =
=<yll_+zll zIzll)=:< /I_'( II_'z ) )
((zll}_y")}_ Z z) == (zlll,__y r" I)

= (",y"(z"2)) =
= (",(y" F ")) =

(zlll_(lll_z) )
for every H L E, so

(zll _{ yll) _{ zII = zII _{ (yll _{ zII) , (zll ,_ yll) }_ zII i zll '_ (yll l_ I”) .
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z(yll _' 2") - (Zy“) _{ Z"

st =" y_': A
b) 1*%step E->F >G> H = { 2(y" F 2") = (2y") F 2

By Proposition 10

Banach categories

(z(y" H42"),2') = (y" 42", 2'z) = (", (z'z)y") = (", (zy")) =

= ((zy”) A z”azl>)

(I(y” }_ zII)’ZI) — <yll }_ 2”,2,3) — <yll, I/I(le)) —

- <y/I’ (Z”z’)x) = (Iy//’ zllzl> —_ ((zyll) ,_ tll’ zl)

for every H % E.

(yll _{ zII)z — yll _{ (zllz)

24stp ESFLGLH = { (" b 2")e = ¥ - (2"2)

We have

((yll _{ zl/)z,xl) — (yll _’ z/l,zzl> = <Z", (Izl)yll) —
= (E”, z(zl,yll)> = <$Ilz,zlyll) — (yll _| (zllz

((y” I‘_ I”)I,Z") — (yll '_ :II’ zz/) — <yll’ z/l(zz/)> =
— W (5"2)e) = (4" F (2"2), )
for every H 2% E (Proposition 8)

(yllz) _1 :Il — yll _{ (zzll)

3’_" i E 21 z G v’
S ep = F = - H => { (yllz) ‘_ mII — yll '_ (1:2:”)

We have

((y";) _i z”, zl) = <zll, zI(yllz)) — (zll’ (zlyll)z> —
(zz”’ z/ II) = <yll _{ (Iz”), zl) s

n n.

((y"z) F 2", 2) = (y"z,2"2') = (y",=z(z"2')) =
— (yll’ (zzll)zl> = (yll I,_ (zz”),zl)

for every H 5 E (Proposition 8)

)’z/) b
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4t step b)
Follows from Proposition 8 and the preceding steps.

c) By Proposition 7 the evaluation functor j of A is a functor of A-moduli. Let
ES F Y% G. We have

(1(y=),2) = (v, (42), =) = (y(i=)z") = (jy, (j=)z') = ((Gy) F (§=), "),
(i(yz),z") = ((Jy)=z,2') = (z,2'(5y)) = (jz,2'(§y)) = ((5y) 1 (=), ')
for every G 2 E so

i(yz) = (Gy) F (5=) = (Gy) 1 (G=) -

d) follows from b) and Proposition 11.
e) follows form Corollary 5 and d).
f) We have

((Z” _‘ yll) }_ z/l, zI) - <zll _| yll, z/Izl) — (yll’ (zllzl)zll> — <yI/, zll(zlzll)> =
— <yll l_ I”, I’Z”) —_— (Z” _{ (yll l_ zll)’zl)

for every H 5B,
g) We have
(=" F (jerz),2') = (2", (jerz)2') = (2", 22) = (z"2,2'),
(" 4 (jerz),2') = (jprz,2'c") = (z,2'z") = (z"z,2')

forall G 3 E and

n_1

((jGHy) F :Hizl) = (jGHy,z”zl) = (y,z $> = (yz”7zl>’

((Jery) 12",2') = (z",2'(jery)) = (z",2'y) = (y=",2')

forall H % F (Proposition 9).
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h) We have

Iim <zll _‘ zll’::/) = 'l'im <zll, zIzll) = <yll’ zl II) e (zll _{ yll, zl)

2oyt Py
y" =l
forall E - F,G — E, and

lim (Z” I,_ I”, I’) = ]jm (zll’ z”zl> — (yll, zIlzl) — (yfl '_ zll, 2/)

2"y 2=y

forall L B, HZF. o

Proposition 13 ([4] Theorem 1) Let A be a Banach category, E,F,G,H be
objects of A, and F E% G . We denote by j the evaluation functor of A’ and set

uy : A(F,G) — A(E,G),z — zz'

(resp. uz : A(F,G) — A'(F,H),z — z'z)

for every E i’T F (resp. G % H). Then the following assertions are equivalent:

a) Ez—’,'tF=>2:"|-y"=::"-!y"(resp. G:—»:I’H=>y”|-z”=y"‘|z”);

b) the map
A”(E, F) =5 A”(E, G),y" — zIl }_ yll

(resp. A"(G,H) —» A"(F,H),y" — y" 12"

is continuous with respect to the topologies of pointwise convergence;

¢) E i} F = ul,z" = jpe(z"z') (resp. G i:’ H = ujz" = jra(z'z"));

2!

z

d) E%F:MW%E&ME@Han%HﬁﬂﬂeﬁﬂMEmy

a = b follows from Theorem 12 h).
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b = a . Let i bethe evaluation functor of A. Then igr(A(E, F)) (resp. ica(A(G, H)))
is dense in A"(E, F) (resp. in A"(G,H)) with respect to the topology of pointwise
convergence. By Theorem 12 g)

I” }_ yll —_ zII _1 yll (resp' yll |_ :Il - yl/ _{ zll)

for all y" € igr(A(E,F)) (resp. y" € icr(A(G,d)). By continuity (b) and
Theorem 12 h) we get
' Fy' =z"Hy" (resp. y" F 2" =y" 42")
for all B ¥} F (resp. GLH).
a = c¢. By Theorem 12 g) and Proposition 10 b)
(v ) = (2wl = (o7, 29) = (o 2,2 =
— (4" F 2, 2) = (v, 2"2) = (4" izo(z"2))

for all G :—”’; E (resp.

(v, ) = (o ) = (&, 3%) == (& F 37, 2') =

— (I// _{ yll1zl) — (ylf7 I’I”) s (y”:jFM(:Iz”))

for all HZ—,,EF) so

c=d is trivial.
d = b By Proposition 10 b)
(& F 32 = (29'%) = (" ') = (ule”, ")
forall EL F and G5 B
(resp. (3" 42", ) = (a", 29") = (=", ul") = (ul",¥")
for all GX—',',H and H % F). By d) the map
A'(E,F) = N'(E,G),y" — 2"+ ¢
(resp. A"(G,H) = A"(F,G),y" — y" 42")

is continuous with respect to the topologies of pointwise convergence. QO
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Let (©2,A) be a Banach category and A be a A-modulus (A—category). A A-
submodulus (A-subcategory) of A is a Banach subsystem B of A which is stable with
respect to the multiplications of .A. Endowed with the restrictions of these multiplica-
tions B becomes a A-modulus (A—category) and the inclusion functor fo B into A is
a functor of A-moduli (A-categories). By factorisations we may define the correspond-
ing multiplications on .A/B which becomes by that a A-modulus (A-category). The
quotient functor of A into A/B is then a functor of A-moduli (A—categories).

Let @ be a class of Banach spaces. If we denote for every E,F € by
K(E,F) the Banach space of compact operators of F into F', then K is a Banach
L-subcategory. The Banach L-category £/KX is called the Calkin category.

Proposition 14 Let (Q,A) be a Banach category, A be a A-modulus, and B
be a A-submodulus of A. Then B° is a A-submodulus of A'. If we denote for every
E,Fe€Q by f(E,F) the canonical isometry

A'/B°(E,F) — B'(E,F)
then f is an isometric functor of A-moduli of A'/B° into B'.

Let E,F,G,H € Q and

Bﬂ

We have

(z,z'a) = (az,z') =0,

(y,bz') = (yb,z') =0
for all

G5 E HLF,

B B

so

z'a € B°(E,G) be' € B°(F,H).
Hence B° is a A-submodulus of A’.

Let E,F,G,H € Q,
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and g be the quotient functor of A’ into A’/B°. We have
(z, f((gz")a)) = (z,(g92")a) = (az, ¢2) = (az, f(q2)) = (=,(f(g2"))a),

(y, f(5(qz"))) = (v, b(gz")) = (yb,qz') = (yb, f(¢z')) = (y,bf(gz"))
for all

which proves the last assertion. O

Proposition 15 Let (2, A) be a Banach system, ¢ and j be the evaluation
functors of A and A’ respectively, and

p:=joi.

If A' is a Banach category so that i(A) is an A'-submodulus of A" then i(A)° is an
Al"-submodulus and an A"/-submodulus.

1step ELF L GL oz = 0,y"z" =0.
i(A) Ay i(A)

We have

(z/’zmzu> = (", z//m/> =0,
0

<yl,yllzlll) = <zlll, ylyll> -
for all

/

GZE, HYLF.
Al A

2™ step E i:—:»;“ F ‘_(“'—5' G=y" k" y" 42" € (i(A)°)(E,G).

<ylll }_ zlll, zl/) = (ylll, 2:/IIzII> - 0 ,
(yl/l _{ I,”’ zll) — (zlll, zIlylll) — 0
for all

i(A)
by the first step.
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" I " " Y e S e}
3dstep E N L H=> y'he ’y, i ’? oy Y
(A) (A (A aremorphismsof i(A)°.
4
Let
EZF, G5 H
A Al
with
zIII = JEFZI i ZI" = ]‘GHZI .
We have
(ylll _' II”’ zIl) — (2’”, zllyl") — 0’
(ylll }_ zlll, zII) - <yIII’zIIIz/I> — <yllI’(]'EFz/)zU) . (yl”’ zlel> = 0,
<zlll '_ ylll yll) — (zl” ylllyll) —_ 0
b - b - ’
(zlll _‘ ylll’yll) — (ylll’yllzlll> . (y””y”(jGHzl)> — <ylﬂ, yllzl> — 0
for every

G4 E, HY F
i(A) i(A)

by the first step and Proposition 9.

4th step i(A)° is an A{"-submodulus and an A’{-submodulus.

The assertion follows from the second and the third step and from Proposition
1d). o
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