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1. Introduction.

An oversight appears to have crept in the discussion on the structure of the space [‘l
introduced in Section 7, p. 47 of the above. paper. As such, we provide a more comprehensive account

of this space, now replaced by Yﬂ in this note.

Our notation concerning {pp}, {an} and unexplained terms hereafter remain the same as in
the original paper.
2. The Space Yﬁ: Let us define
M L4N!

_ pPm-+an
YﬁEYg(P» q)={a€Q: lim(m+n)|amp| <p}, p>0. ©

For each €>0, let us introduce the function ||- ,6+¢|| on Yﬂ as follows:
Pm+an

1, -1
- +
Bl = Nagolt 2 = lannl (G ,a€Y. )

At the outset we have

Proposition 2.2. The collection Dﬁ={||-, B+e||, €>0} defines a decreasing family of norms on the
space Y 3 and (Y 8 T ﬂ)’ where T 8 is the topology generated by D B is a complete metrizable
locally convex space.

Proof: Following Lemma 3.7 or 7.7 of our paper we can easily see that ||-, #+¢|| is a norm on Yﬁ‘

If {rp} is a decreasing sequence of real numbers such that rp —0, then the countable family

{|l, B+rn|l:n>1} also generates the topology Tﬂ' thereby making (Yﬂ' Tﬁ) a metrizable space.

For showing the completeness of the space Yﬂ' consider a Cauchy sequence {at} in Yﬂ' So

for each >0, there exists LOEtO(q) such that
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P +an
M4N!
lag0 =350+ £ = lafn—afnn|(G1e) <, Vit @)
m+n>1

Consequently, for each fixed pair (m, n) of positive integers, {a;‘nn} is a Cauchy sequence in K. So we

can find a matrix a=[amp] in Q such that agnn—'amn as t—oo. Therefore using (3) we have

Pm+an
t t MT4NT!
la0d — 200 (<7 largn—amnl(rgiil) <7, Ym+n>1L. ()
t
Asa OEY , for eg<e and m+n>N,(say) we get
B 0 0
Pmtan Pm+an
M4nNt B+eq MTI+N!
([EI?) |amnl<fl+(weg) s (5)

Since the sequence of scalars appearing in the right handside of (5) tends to zero, we find a positive

constant K such that

Mi4Nt M4Nt
-1 =1 -1 =k
Pm+dn Pm+dn
(m+n) [ampn| <P KT (6)

Hence aEYﬂ. Making use of (3) once again, we conclude that a'—a in Tﬂ'

To characterize the dual of Yﬂ we will require

Lemma 2.3. For each aGYﬁ, the series

m§n<21(m+n)l amnCmn (7)
converges if and only if for some €>0, -
M'11+N“
T, -1

[crmnl Pm-Fn S_ﬁch’ VYm+n>1 and [cgo|<L1. (8)

Proof. The sufficiency part is similar to Lemma 7.7.

Conversely, assume that the series (7) converges but (8) does not hold. So for each k>1. there
exists {m; } and {n } such that
Pm+an

ME4Nt
lemy n, 1>( =) ; (9)
KM el
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Now if a€Q) is given by

r Pm+an
L MNT
Pm+an (B + T() , m=my; n=ny;
M 4N
(m+n) amn =
0 , elsewhere,
then aer. But
Pmy +an,
M4N
(my +n)) amy ny cmy n, [>1, k21, (10)

which is contradiction to (7). Hence the result follows.

The topological dual of (Yﬂ‘ Tﬂ) is characterized as follows

Theorem 2.4. A continuous linear functional F on Yﬂ is precisely of the form

pPm+an
1 -1
F(a)=ao0co0+ 3, 3 (m+n) amn<mn » (11)
mFn>1
where for some €>0
M'4N!
1, -1
Pm+an
lemn| gﬁ, Vm. n>1 and [coo|<1. (12)

Proof. The sufficiency part is straightforward.

Conversely, let F be an arbitrary continuous linear functional on Y 8 If a(s) is the s-th
plane section of a in Yﬂ’ then
F(a)= %F(em)‘glim ¥ amnF(E™). (13)
e 1<m+n<s
Also, by continuity of F, we have
[F(a)[<lla, B+ell

for all ang and some ¢>0. Therefore, if c€Q is given by
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mn
Fle _13 — ; m+n #0
Pm+dn
M4Nt
(m+n)
‘mn =
F(e?9) ; m=0, n=0,

then, c=(cmyp ) satisfies (12) and from (13) F has the required representation.

In order to establish the relation between the spaces Y,G EYﬁ(p,q) and T',(p,q) we need

Definition 2.5. The sequences {pyy} and {qp} are said to satisfy density condition, if

lim mpm>M; lim nlt S N (14)
where M and N have the usual meaning.
Theorem 2.7. If p, q also satisfy the density condition (14), then Fg(p,q) is a subspace of Yg(p,q)
for each (3>0.

Proof. Let a€l,(p,q). Then for each €>0, there exists an integer N =Ng(e) such that

M-1+N-l
~1 =1
Pm+dn (m+n)e
<W, m+n2N0. (15)
-1 -1
Pm~+dn
[(m+n)Y

(m+n)|amp |

In order to show the boundedness of the right hand side sequence, let us observe that

(m+n) _ (m+n)C
MlgNTt T 1 MigNt?
-1, -1 +n+3 =1 , =}
Pm+q -(m+n) m Pm+4q
[(m+n)'] m n [e( (m+n) 2 m] m n

where C is a constant. We can find an integer N, such that
Pr+an >(m+n)¢—2N,6, ¥Ym, n>N,

where ¢=min{h, k} and § = max {h,k}. Hence there exists a constant K such that

MlyNt
(m+n) 2

e Pm+An <K, Y m+n>0. (16)

Also, we can find N,&€N such that
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So

mml-ib-r?l—»oo (m-'-n)M"+N'1 sk (18)

(™ PR
Also M i4NL
W Pra+an L
Therefore by (15), 16) and (18), we have
Ml4N
im(m+n)|amnp| pin ¥ =0 (19)

Thus aEYﬁ(p,q) for each 8>0.
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