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ASYMPTOTIC BEHAVIQUR FOR DIFFERENCE EQUATIONS

Mohammad ‘H. Moadab

In this article, the objective is to provide criteria for the

almost periodicity and convergence of solutions to equations of the form

(1) X4l = f(n,xn), nezZ or neN,
or
(2) X 42 = f(n,xn,xn+1), neZ or ne€N.

Existence of almost periodic solutions for systems of the form
(3 ) xn+l = Axn + f(nvxn)’ nez,

will be proved, when f 1is an almost periodic sequence in respect to the
first argument, uniformly with respect to the second in any bounded set.
The following result is known, and we state it here for having a
comparison term with the results we shall establish in this chapter.
Theorem 1. Consider the system (1 ) and assume that f is almost
R m
periodic from Z to R

» uniformly with respect to the second argument

in any bounded set. Moreover, let f verify the monotonicity condition
12
(4) <E(n,x) - £(m,y)ox - y> > k[x - y[7, k> 1,

for any n € Z, any x,y € Rm. If (1) has a bounded solution on Z,
then this solution is almost periodic.
The proof of this theorem can be found in [1].

Now let us prove the convergence of iounded solutions of the
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systems of the form (1 ). 1In other words, we are interested in solu-
tions {xn}, n € N, such that x = {xn}(: c (space of convergent se-
quences) .
Theorem 2. Consider the system (] ) where f : N X R" + R" is a given
map, and assume that,
(5) lim f(n,x) = fw(x),

n-oo
uniformly with respect to the second argument in any bounded set. More-
over, let f verify the monotonicity condition ( 4 ) in Theorem 1, with
respect to the second argument, for any n € N and any x, y € R". If
(1) has a bounded solution {xn} on N, then {xn} is convergent.
Proof. The condition ( 5) means, given M > 0, for any € > 0, there

exists a positive integer N (depending on €), such that
(6) |f(n,x) = fm(x)l < g

for n > N(e) and |x[ < M. Now let {xn}, n € N, be the bounded
solution of the system (1) . Writing the system (1 ) for n + p in-

stead of n, one obtains

(7 xn+p+l = En+ p’xn+p)
Subtracting side by side (7 ) from (] ) one obtains
- 3 = - + f(n, - f(n,x ),
(8) xn+p+1 Yn+l E(n + p’xn+p) f(n’xn+p) oo xn+p) ( n)

neN, p>1

By scalar multiplication of both sides in (8 ) by Xodp X , one

obtains:
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<xn+p+1 - xn+1’xn+p - xn> = <f(n + p,xn+p) - f(n,xn+p),xn+p - xn>
+ <f(n,xn+p) - f(n,xn),xn+p - xn>
Taking ( 4 ) into account we obtain:
X ol T Erp S - X > 3_klx - X |2
n+p n n+p n n+p n
+ <f(n + p,xn+p) - f(n,xn+p),xn+P = Xn>,
k> 1
Using Schwarz inequality we have
Ixn+p+1 - xn+pllxn+p - xn[ 2-k|xn+p - xnlz
- |f(n + p,xn+p) - f(n’xn+p)||xn+p -x |-

Taking supremum with respect to n, for n > Ny, where N, 1is a large

integer, one obtains:

2
sup |x - X I sup Ix - X | > k suplx - X [
= +
>N, n+p+1 n+l > n+p n >Ny n+p n
pEN pEN’ pPEN
- sup |f(n + p,x ) - f(n,x )|sup [x o~ X |.
n>Ng ntp i n>No ki f
PEN PEN
Dividing both sides of inequality by sup |x 4o X |, and taking into
>N, n+p n
peN
account that
sup |x =K < sup |x - x |,
+p+ +pl = +
>N, n+p+l o+p wN, n+p n
PEN PEN

we obtain
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sup |x - x > k sup Ix - x_| - sup If(n + p,x )
+ Z +
>N P >Ny ke o n>N, i
PEN pEN peEN
- f(n’xﬂ+P) I ’
which implies
(9) (k - 1)sup lxn+p - x < sup [f(n + p,xn+p) - f(n,xn+p)|.
1'1_>_N0 niNo
peN peEN

Dividing both sides of inequality by (k - 1), one obtains

-1
(10) sup |x - x ] < (k- 1) suplf(n + p,x ) - f(n,x )] -
>N, n+p n' — >N, n+p n+p
PEN pEN

But according to (5 ) the right-hand side of (10) can be chosen
arbitrarily small, provided N, 1is large enough. This implies that {xn}
is a Cauchy sequence, which means that it is convergent.

Therefore, lim X does exist, which means that {xn}e o (N,R™).

n-oo

The next theorem is concerned with discrete processes described by
second order difference equations, the almost periodicity property of
bounded solutions being emphasized.

Theorem 3. Consider the system ( 2 ) and assume that f 1is almost period-
ic from Z to Rm, uniformly with respect to the second and third argu-

ments, in any bounded set. Moreover, let f verify the monotonicity con-

dition:

- - - - =D -2
(11) <f(n,x,y) - £(n,x,y), x = x +y - y>> k(|x - |7+ |y - v,

k>1

for any n € Z, and any x,y,X,y € R™. If ( 2 ) has a bounded solution
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on Z, say {xn}, then this solution is almost periodic.
Proof. Let {xn} be a bounded solution of (2 ) omn Z.
Writing the system (2 ) for n + p instead of n, and subtract-

ing side by side, one obtains

xn+p+2 = f(n + p’xn+pﬁxn+p+1)’
Yatpt2 T *n+2 o+ p’xn+p’xn+p+1) - f(n,x“,xn+1).
By adding and subtracting germs one obtains:
(129 xn+p+2 T Xa42 T En % p’xn+p’xn+p+1) - f(r'l’xr1+p’xrr+—p+l)
+ f(n’xni'-p’xn-l--p+l) - f(n’xn'xn+l)'
By scalar multiplication of both sides in (12 ) by Xn+p - xn and Xn+p+l
- X4 one obtains

< - - x>
xn+p+2 xn+2’xn+p *n

= + - -x >
<f(n P’xn+p’xn+p+l) f(n’xn+p’xn+p+l)’xn+p X
+* - - x>
<f(n’xn+p’xn+p+l) f(n,xn,xn+l), xu+p x>,
<xn+p+2 xn+2’xn+p+l X+l
= <Elw ¥ p’xn+p’xn+p+l) - E(n’xn+p’xn+p+l)’xn+p+l TS

- = >
pIRLLCIL ST SINRTD Ex 5% 1 )% gkl T Xl

If we add the above inequalities, we obtain:
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x +

S = - 3 -3 >
Fotpt2 T Xne2Faep n " Xnbprl T Fntl

= <f(n + - -
<f(n p’xn+p’xn+p+l) f(n’xn+p’xn+p+l)’xn+p+l Xl
- - f .. s
+ Xn+p xn>+-<f(n,xn+p,xn+p+1) (n,xn Kn+l) xn+p
- x + - >
“a Xn+p+1 Xn+l\
one obtains taking (11) into account:
< - > > k(lx - x !2
X2 - Fob2 2 T Fa Y Raiphn ~ Swel” 2 ¥ %00 T %
+ ]x - x ]2) + <f(n + p,x X )
n+p+1 n+l >“nt+p’ Tntptl
- : - + = >
f(n’xn-f-p’xn+p+l)’xn+p *a xn+p+l X+l
using Schwarz inequality
x -x . |lx -x_ +x - x| > k(x - x |2
n+p+2 n+2 n+p n nt+p+l n+l! = n+p o
+ |x - x Iz) - |[t(n + p,x , X )
n+p+l n+l >“nt+p’ Tntptl
- - + -
f(n’xn+p’xn+p+l)|'xn+p ¥a T Xatp+l Xn+1l
By triangle inequality one obtains:
Ixn+p+2 - xn+2qun+p - xn! * {Xn+p+l - xn+ll)
2 2
z k(ler-p N xn] * IXn+p+l - xn+l] )
- - 3 X = X
£+ p’xn+p’xn+p+1) h(n’xn+p’xn+p+l)l{‘ ntp n

* lxn+p+l - xn+ll}
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Taking supremum with respect to n, n € Z, one obtains:

2 2
(13) 2 sup |x - x |7 > 2k sup |x - x|
ne€z otp R nezZ whp n
- 2 sup |x - x_|sup|f(n + p,x_, ,x )
nez n+p N ez n+p  ntpt+l
- f(n’xn+p’xn+p+1)l’ k > 1.

Excepting the case in which {xn} is periodic, with period p,

( 13) implies

- xnl < (k - 1)_1sup|f(n + p,x )

ne€z

(14)  sup |x

nez n+p’xn+p+l

nt+p

).

- f(n'xn+p’xn+p+1

Taking into account the hypothesis of almost periodicity of f in
the first argument, uniformly with respect to the second and third arguments
in any bounded set, ( 14) shows that {xn} is an almést periodic process.
Theorem 4. Consider the system ( 2 ), where f :.N X Rm - Rm is a given
map, and let us assume that

(15) lim £(n,x,y) = f_(x,y),
n»>oo

uniformly with respect to the second and third arguments in any bounded set.
Moreover, let f verify the monotonicity condition with respect to the

second and third arguments:
( 16) <f(n,x,y) - f(n,;,y),x - x> z_klx - ;[2, k> 1,
- - -2
<f(n,x,y) - £(n,%,y),y = y> > kly - y|°, k> 1,

for any n € N, and any x,y,£,§ € Rm. If (2 ) has a bounded solution
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{xn} on N, then {xn} is convergent.
Proof. Let {xn} be the bounded solutionm of (2) . Writing the system

(2) for n + p instead of n, and subtracting side by side, one obtains:

xn+p+2 = f(n+ p’xn+p’xn+p+l)’
(17) Biptz " Tz T BT DR aw o) - Bl e
+ f(n’xn+p’xn+p+l) - f(n,xn.xn+1).
By scalar multiplication of both sides in (17) by xn+P - X and
xn+p+l - xn+1, we obtain
<xn+p+2 - xn+2’xn+p - xn> = <flm + p’xn+p’xn+p+l)
_ f(n’xn+p’xn+p+l)’xn+p - x> + <f(n,xn+p,xn+p+1)
- E(n’xn’xn+l>’xn+p ~ Xy e
and
<xn+p+2 - xn+2’xn+p+1 - xn+1> = <8, ¥ P'xn+p’xn+P+1)
~ B bt et ~ Xt ¥ <f(n’xn+p’xﬂ+P+1)
- f(“’xn’xn+1)’xn+p+l T

If we add the above inequalities and take (16) into account, we obtain:

2
< - p - + - > > k(|x - X
Xn+p+2 xn+2"(n+p xn xn+p+1 xn+l - (l nt+p .J

)

) + <f(n + p,x

2
* Ixn+p+l B xn+1I n+p’xn+p+l

= = N + x - X >
f(n’xn+p'xn+p+l)’xn+p *a at+p+l o+l
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Using Schwarz inequality implies:

- X

[xn+p+2 - Xn+21(lxn+p al ¥ ’Xn+p+l = *ap D

2

4

k(Ixy:1+p N xnl

i 2
|xn+p+l = x| ) - |E(n + p,xn+p,xn+p+l)

M= , - x

£ 3 - s
(% n+p an ¥ “atp+l xn+ll)

n+p’xn+p+l

Taking supremum with respect to n > Ny, one obtains:

-1
sup [x - x | < (k - 1) “sup |f(n + p,x , X )
+ —
>Ny n+p n >N, nt+p’ nt+p+l
pPEN pPEN
- f(n’xn+p’xn+p+l)"

Taking into account condition ( 15) the right-hand side can be
done arbitrarily small for N, large enough, which implies that {xn} is
a Cauchy sequence. This completes the proof.

Let us now consider the equation

(.18) X =Ax +b, ne€2Z,
n n

n+l

assuming the almost periodicity of the discrete process {bn}, which takes
its values in the complex vector space of m dimensions - Cm. Since A

is a square matrix of order m, with complex entries, it is natural to look
for solutions of (18 ) which are discrete processes with values in B

Of course, only bounded solutions of ( 18 7} can be discussed in regard to
their almost periodicity, since any almost periodic discrete process 1is
bounded on Z. So this is what we will investigate below.

Theorem 5. Consider the linear system ( 18 ) Let {bn} be a bcunded

discrete process, A 1is a square matrix of order m, whose moduli of
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eigenvalues are different of 1, (|A| # 1). Assume {xn} is a discrete
process satisfying the equation (18 ) . Then there exists a unique bounded
solution which satisfies equation (18 ) . Moreover, the following estimate
holds true:
(19 ) sup |x | <k sup |b_ |,
nez n€z

where k > 0 is a constant depending only on A. IEf {bn} is almost
periodic, then so is {xn}.

The proof of this theorem can be found in { 1].

The proof of Theorem 5 plays an important role when trying to ex-
tend the investigation of almost periodicity of solutions to the nonlinear

case of the systems

(20 ) X1~ Axn + f(n,xn), nez.

Theorem 6. Consider the nonlinear system (20 ) with f(n,x ) an almost
periodic map from Z X Rm into Rm, uniformly with respect to the second
argument in any bounded set. Moreover, let f satisfy a Lipschitz condi-

tion:
¢ 21) |£(n,x) = E(n,y)| < L|x - y| .

A 1is a square matrix of order m, and the moduli of its eigenvalues are
different from 1, ([Al # 1). Then the system (20'.) admits a unique almost
periodic solution if the Lipschitz constant L 1is small enough.

Proof. To prove the existence of a unique almost periodic solution, we
will apply the Bamach fixed point theorem.

If E 1is a Banach space, T a mapping T : E~> E, such that
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|Tx - Tyl < Xlx - y], 0<XA<1l, forall x, yeE,

then there is a unique fixed point for T : x = Tx.
In order to define the operator T on the space AP(Z,Cm), let us

consider the system

(22) ol Axn + f(n,un),

where {un} = u 1is an almost periodic sequence. In (.227) , X is the
unique almost periodic solution, according to Theorem 5. We put x = Tu.
Let us notice that {f(n,un)} is an almost periodic sequence (see [ 17 ).

Also, let us write the system ( 20) in Yo and v

(23) Yoel = AV, 7 f(n,vn), n e Z.
Subtracting side by side of (23) from (22) one obtainms:
(24) K41 " Yger - Ay -y E(mu) - E(n,v))

Applying formula (19') , we obtain from (24)

(25) |x - y| = |Tu - Tv| < k sup If(n,un) - f(n,vn)| i_kLlu - v[ .
ne€zZ

If we now assume

(26) kL < 1,

then (3.25) shows that T 1is a contraction and therefore T has a unique
fixed point.

This fixed point satisfies

= + f NN
Ko+l Axn t(n,xn),
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which coincides with (3.20).

The proof is now completed.

Remark. Results similar to Theorem 6 can be obtained in the same way.
Indeed, this theorem shows that under the assumption made on A (the mod-
uli of eigenvalues are # 1), the almost periodicity of f(n,x) in the
first argument and the Lipschitz condition imply the existence of a unique
almost periodic soluction to (3.20).

If we keep the assumption on A and adequately change the assump-
tions on f then existence and uniqueness of solution for (3.20) will be
assured in other sequence spaces.

For instance, if instead of the space AP(Z,Rm) we consider the
space Qm(Z,Rm) (i.e., f(n,x) 1is uniformly bounded in the first argument),
then existence in Qm(Z,Rm) is obtained.

In case we consider (2.20) only for n € N, the inequality (3.19)
of Theorem 5 shows, for instance, that fbn} € lp(N,Rm) implies

{xn} € QP(N,Rm). This can be easily extended to (3.20).

New results in the dynamics of discrete processes are given in [2].
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