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ASYMPTOTICALLY PERIODIC SOLUTIONS
FOR SOME HYPERBOLIC EQUATIONS

H.Poorkarimi

In this paper,we study the asymptotic behavior of certain
bounded solutions for some hyperbolic partial differential
equations. In (1) the existence problem has been discussed for
solutions of a nonlinear hyperbolic equation, after reducing such
equation to a Volterra integral equation in two variables.

We sall deal now with the hyperbolic equation of the form

(E) u  +a(x,tiu = c(x,t,u),

where a is defined for
(x,t) € A = { (X,£):0 < x <L, o< t< + o0},

and C:A’XR—R. If we consider the equation (E) in the strip aA’/,
say under assumption

(1) a(x,t) 2m >0 in aA’,
and the condition on the characteristic

(2) u(o,t) = uo(t), -0 < t < +o,
then the integral equation generated by these data has the form

X ot -Ita(E,e)de
(3) uee,t) =u (t) + [0 [7 e T c(t,7,u(k,r))dedr.

In order to obtain bounded solutions for equation (E) in the
semi-strip

A= ( (x,£): 0<x<¢, t20),
with conditions on the characteristics
(4) u(x,0) = o(x) , 0 < x< <L ; u(o,t) = u (k) £ 20
we will assume that
(5) a(x,t) 2m >0 in A.

It will be assumed that #(0) = uO(O), which leads to the Volterra
equation

%t -Iga(i,r)dr
(6) u(x,t) = u (t) + [n¢'(z)e de
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t
% vk -ITa(E,e)de
L DN D C(E,7,u(g,r))dedr.
Based on the following theorem in my dissertation (3], we are

going to consider periodic and asymptotically periodic solutions
of the equation (E) in a’.

Theorem 1. Assume the following hypothesis hold true in
regard to equation (3):

(<) - uo(t) is continuous and bounded on the real
axis -o < t < +o;
(¢4). a(x,t) is continuous on A’, and verifies the
inequality (1):
(iii). C(X,t,u) is continuous on A’XR, with C(x,t,0)

bounded on A’, and satisfies the
Lipschitz condition.

|c(x,t,u) - c(x,t,v)| <] u-y,
where L is a positive constant.

Then, there exists a unique continuous and bounded solution(inaA’)
of the equation (3). Hence, a unique classical solution of (E),
under condition (2).

The proof, by the method of successive approximations, can be
carried out without difficulty. (see (1], where a sketch of proof
is given).

Corollary. If uo(t), a(x,t), and C(x,t,u) are periodic in

t, with period T, (T > 0), then the unique bounded solution of
(3) is also periodic in t, with the same period T.

Proof. Let us note the following property:
If f(x,t) is a continuous function of period T in t for any x ¢
[0,¢] then

(7) J-a+T

a f(x,u)du = fgf(x,u)du, any a and x € [0,¢].

Consider now the equation (3). One obtains from (3),
changing t in t+T:
t
-5
t+T T

e
-o

*Ta(e,0)de

(8) u(X,t+T) = u (t+T) + jg | C(e,7,u(E,r))dtEdr

Making the substitution

T =101+ T,
and taking (7) into account, (8) yields
5T a(e,6)a6

(K, E4T) = u (EHT) + jg me o MHT C(E,n+T,u)dndk.

Taking into account the periodicity of uo(t), c(x,t,u), and
a(x,t), using (7) and

)

t+T
I n+T

nepd(Es0)d6 = ]

t
a(E,e)d9+f;a(E,6)d9+f:+Ta(E,6)d6 = fna(z,e)de,
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one obtains

T -fﬁa(g,e)de
u(x, e4T) = u (k) + [ [ e C(&,n,u(g,n))dnde = u(x,t)

which completes the proof of the Corollary.

Before we prove the asymptotic periodicity of solutions
u(x,t) for equation (E) in A, we need to linearize the equation
(E) as follows:

In case a(x,t) 2 m > 0 in A, as we have seen earlier (3], all
solutions to the equation (E) are bounded in a.

If u and uw are any two bounded solutions in A, then one obtains
from equation (E)

(9) (U= @ et axf@-o =clxtu - Cxta.

Based on Hadamard’s Lemma (2], and assuming Cu(x,t,u) exists and
is continuous in AXR, then equation (9) can be written as follows
(u = u)xt+ a(x,t) (u - u)x = b(x,t/u,n)(u - )
or
(u=m +a(xt)(u- T, = bx,t)(u - °),

where b(x,t) is a continuous function in A. Hence, we must deal
with the following equation in a:

(E") “xt+ a(x,t)ﬁx = b(x,t)v,

where v (x,t) = u(x,t) - u(x,t) is bounded in A, and with data on
characteristics

(10) u(x,0) = ¥(x), O0<x<<L; v(0,8) = vo(t), t > 0.

We shall investigate the asymptotic behavior of solutions in
the case
(11) 1(8) = 0 as t = o.

Equation (E’) in the semi-strip A, say under assumption (2),
and with conditions (10) will reduce to the following integral
equation:

t t
-foa(x,r)dr £ -ITa(x,B)de
¥ (x)e + [qe b(x,7)v(x,7)dr,

(12) v (x,%)

since v (0,t) = uo(t), t 2 0, one obtains after integration of
both sides of equation (12) from 0 to x:

N —IEa(E,T)dT
(13) v(x,t) = v (€) + fow'(g)e de
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©
« & —Sra(k,e)de
A DA b(e,r)v(E,7)dedr.

By means of successive approximations, with the first
approximation vo(t), the next approximation is

% —Ita(E,f)dr
v (x,E) = (t) o+ IOW’(E)e dE
— —IEa(E,e)de
+J5 Ioe b(k,7)v (r)dedr.
This leads to the estimate
-mt
4
(14) v (%) ‘ < | v (e I L, ST . | v(x) |e
t -m(t-1)
+ ¢ syp | b(x,t) | foe ' o™ ‘dr.
and taking (5) into account, we can write vo(t) | < E% .

for sufficiently large t, say for t > T. If we notice that

t -m(t-T1) _ T -m(t-7) t -m(t-7)
Ioe lvo(r)'dr = Ioe Iuo(r)ldr + fTe UO(T) dar,
then
[Ee™ Ty (o) [ar < e n T t)| + e me
) I 0 ' m 0 Supl"o( )l T 32
[ o Tm(t-T)  _-mt ] L - oTmET)
m m 2
- - ~T me
=1 mt[ T — @ ]A + l[ i - g RN ] - =
i m 2
¢RA mt 1 me
m 2
S—=a+S=¢, forall t 2t (e)
2A g = EORR 1(6)
which means that
(15) v,(x,t) = 0 as t — =, uniformly in %, 0 £ x < ¢ .
The process of successive approximations leads to the
sequence ( un(x,t) }, such that the recurrence formula is
- “fga(E,T)dT
= ’
(16) Vo (XrE) v, (E) + jow (E)e de

t
= ,06)de
+ Ix jt e Ta(E e b(g,7)v_(7)dedr
0’0 ! n
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If we assume that

(17) un(x,t) — 0, as t — o,

uniformly with respect to x, 0 < x < ¢, then by induction the
following estimates are satisfied in a:

(18) Ve (X8 I < | v, (8) l + 2 (§UP, | v (x) | oM

te—m(t—r)
0

This inequality is of the same form as the inequality (14),
and therefore it leads to the conclusion

+ ¢ sup | bx,t) | [ l v (7) Idr.

(19) _ Ve (Xt) >0 as t > o,

uniformly with respect to x, 0 < x < 2.

Therefore, the sequence ( un(x,t) }, which we know (1],

[3] to be uniformly convergent, has all its terms tending to zero
as t — o. This easily implies that v(x,t), the solution of (E’)
satisfying

v(0,£) = v (t), t 20, and v(x,0) = ¥(x),

is such that v(x,t) — 0 as t = o, uniformly in x, 0 < x < ¢ .
Indeed, from

| vix,t) | < | V(L) = v (x,t) l + I v (1) |,
one easily obtains
€ €
<=+ ==
L vexee) | <5+ 5=,

provided n is chosen sufficiently large, and T(¢) > O such that
€
< = .
l v (Xt) | 5 for t 2 T(e)

Based on Theorem 1, its corollary, and the discussion
conducted above, we can state the following result.

Theorem 2. Consider the equation (E) in (A), and assume
that a(x,t) and C(x,t,u) are both periodic in t, with period T>0.
Moreover, let a(x,t) satisfy (5), and C(x,t,u) be as in Theorem
1. If uo(t) is a continuous periodic function of period T, then

the unique solution of (E), (2) is also periodic of period T.
The bounded solution u(x,t) of (E) in A, satisfying

(20) u(x,0) = £(x), 0< x <4<, u(o,t) = T (t), t 20,

where

(21) uo(t) = uo(t) —> 0 as t — o,

is then asumptotically periodic in t.

In concluding this paper, we notice the fact that the case
of almost periodicity can be also dealt with, using more or less
the same argquments.
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