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ON THE CHOQUET-XENDALL THOREM

G, Isac

§1 e present in this paper an improvement of the Choquet-Kendall
theorem. [10]

If E is a real vector space, a convex set ACE is linearly com-
pact if ANL is either empty or a closed bounded interval in L, for
each one dimensional manifold L in E (where L is regarded as a co-
py of the real line R in E)

A subset KCE is a pointed convex cone if,

i) K + KCKX
ii) (VZER_‘_)( AKCK)
iii) KN (-x) ={0}
If (E,< ) is an ordered vector space then E+={x6 Elx » O}is
a pointed convex cone.
Conversely, if KCE is a pointed convex cone, then E is an or-

dered vector space with respect to the order,

X y<==> 3y - x€K

If (E,§ ) is an ordered vector space and for every pair (x,y)
of E there exist the supremum sup(x,y) and the infimum inf(x,y)
then E is a vector lattice.

We say that BCE is a base for the convex cone KCE if,

bl) B is convex,

bz) every x€& K\{O} has a unique representation of the farm

x=Ab, where zek+\{o} and b€ B
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A non-empty convex set ACE is a simplex if for every x,y€E
and every a,beR+ such that, (x + ad)(y + bA) #¢, there exist
z€E and c € R, such that, (x + aA)(y + bA) = z + cA.

The following result is the classical Choquet-Kendall theorem
(51, (71, [10].

Theorem [Choquet-Kendall]

If E is a vector space, ordered by a generating cone K(E=K-K)

with a base B, then E is a vector lattice, if and onlv if B is a

linearlvy compact simplex.

This theorem is a very important result in tha Potential Theory.
[2-5]

We will prove that in a locally convex space, we have the Choquet-
-Kendall theorem for a closed generating cone ¥, with a closed base

B if we have that B is only a simplex.

§2 We denote by (E(t)‘{%c}did) a locally convex space where

the topology Bis defined by a saturated family of seminorms [%r}d&)t)

that 1is,

1°) for every x€ E, x#0 there exists <€Asuch that, pe(x)#0,

2°) for every dB€A4 there exists 7€A such that,

pd(x).pﬁ(x) XS pr(x), for every x€ E.

If XCE is a closed convex cone, then a convex subset BCK is
a closed base for X, if and only if, there exists a continuous
linear functional f strictly positive ou X,(f(x) >0, for every
x € K\J0}) such cthat, B=xN£1(1), (6],[10]

We say that X is well-based if there exists a bounded convex

set A such that O¢x and K = UAA. If A is compact we obtain that
A70
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K is locally compact. (6], [10]

A subset DCE is linearlv bounded if D has bounded intersection

with all lines in E.Qbviously, if D is closed and linearly bounded
then it is linearly compact.

Perhaps, we find the origin of this concept in Nikodym's paper
[9] and it was studied by Klee [8] and used by Kendall [7] and re-
cently by Ray [11].

The following concept is similar but more general as the concenpt

of conically bounded set defined and studied by Bourgin [1].

Let © (x) be the family of compact convex subsets of E that do

not contain the point x€ E
For each BE€®(x) we denote by KX(B) the convex cone over B with
vertex x, that is, KX(B)=[Ab+(1-A)x,A»O.b€ B}
If x=0 then, K (B) =l,}RB' that is, K (B) is the locally com-
0 Ao 0
pact cone generated by B.
Definition 1

We say that ACE is O-conically compact(resp. x—-conically com-

pact) if for each BE€%(0)(resp.B€%(x)) the set AN KQ(B)(resp.An
q] Kx(B)) is bounded.
Remark
The concept of conically compact.Set is strongly dependent of
the topnology % .
From definition 1 we deduce immediately the following elemen-

tary properties.

Properties
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1°) Any subset of a conically compact set is conically compact.
2°) Finite unions of conically compact sets are conically compact.
3°) ACE is conically compact if and only if each of its countably

infinite unbounded subset is conically compact.

Proposition 1

If (E('G).;pd}dé_g) is a locally convex space with respect to

the topology U,defined by the saturated family of seminorms{p&!e,é,

then a set ACE is x-conically compact, with x#¥0, if and only if

it is O-conically compact.

It is sufficient to prove that, if A is O-conically compact,
then it is x-conically compact for x#0,(x€ E).
The proposition will be proved if we prove that whenever BEQB(x)
there exists a set 316‘6(0) for which, Kx(B)\Ko(BI) is bounded.
Since x¢ B and B is closed, there exists«€Asuch that, inf{D,((
(b—x)|b€ B})O and since x # 0 there exists S€4 such that, pﬂ(x) >0.
But since {pd}dais a saturated family of seminorms there exists
reA such that, for every x€E we have, pg(x),pg(x) « Da.(x)-
Then we have, d=inf{pr(b-x)’b GB}>O and p,.(x) >0
Let A=3d—1p‘(x) and consider the set, D={2b+(l-%)x’b€ B} =
We observe that D is compact convex and x¢-D, that is DE¥(x)
We can prove that Kx(D) =Kx(B) and because,
pr(xb+(l-A)X) =p (A(b=-x)+x) > pr(A(b—x))—pT(x) zSd—lpr(X)d'Dr(x))
> Zpr(x);for every beB
Ye deduce,

inf{pr(b')(h'e D} % Zgr(x)
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Let BI= co(DU(D-x)). We have that B1 is compact. Moreover, Ot—B1
Indeed we have for ecvery bl,bZE D and every te€ ([0,1],
o [t(by=x)+(1-t)b,] pr[tb1+(l-t)b2]-pf(x)>,2p.‘(x)-;>r(x)=pr(x)>0
Yow, let for every o €A,
d‘=sup{qi(b'-x)lb'6 DJ
Since D is compact we get that dd.( + &2

If v ¢ K‘(D) is an element such that, p,(y-x) »>d then there

d’
exists a number t¢]0,1[ such that, ty+ (l1-t)x €D

Because,

ty=t(ey+(l-t)x) + (1-t)(ty+(l-t)x=-x) and ty + (l-t)x€D, we have
that ty is a convex combination of a point of D and one of D-x,
so that ty € B1 and vy GKO(BI)

It follows that,

KX(B)\KO(BI) = KX(D)\KO(BI)S;{y'qi(y-x)6 ddj and the proof is
complete. #

Proposition 2

Let (E(3), {1&}¢g;t ) be a locally convex space and let KEE be

a closed pointed convex cone. If B CK is a closed base for K, then

*
B is a O-conically compact set.

IF must prove that if B€%(0) then Bl=8*f\Ko(B) is bounded or
empty.
Indeed, if B1 is nonempty then B1 is a closed base of K1= KQKO(B).

From Klee's theorem [6] K,(B) is locally compact which implies

that Kl is locally compact, and hence it has a compact base.
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But since in a locally compact cone every base is compact we ob-—

tain that B1 is compact and hence bounded. ,
r

Finally we obtain the following form of Choquet=-Xendall theorem.
Theoren

Let E(®) be a locally convex space where % is defined by a sa-

turated family of seminorms {p‘}d cAh

If E is a vector space ordered by a closed generating cone

with a closed base B, then E is a vector lattice if and only if,

B is a simnlex.

Proof
If B is a simplex then from Proposition 1 and Proposition 2
ve obtain that B is linearly compact and from Choquet-Xendall the-
orem we obtain that E is a vector lattice.
Conversely, if E is a vector lattice obviously from Choquet—-Ken-

dall theorem we deduce that B is a simplex . #
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