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AN EXISTENCE THEOREM FOR THE MODIFIED BARGAINING SET
OF A COOPERATIVE N-PERSON CONVEX GAME*

Irinel Dragan**

The classical bargaining sets have been introduced by R. J. Aumann and M. Maschler (see [3]).
In a previous paper (l], a modified bargaining set of a cooperative n-person game with coalition
structures has been introduced and a necessary and sufficient condition for the appartenance of an
admissible payoff vector to this set has been given. For a convex game, it has been shown in a
subsequent paper (2], that an admissible payoff vector x belongs to the modified bargaining set and
does not belong to the core, if and only if the highest excess for x is positive and is reached for at
least two coalitions. The purpose of the present paper is that of showing that for any coalition
structure, except the coalition structure consisting of individual players and the coalition structures
consisting of one two-player coalition and individual players, there exists at least one admissible payoff
vector which is not in the core and belongs to the modified bargaining set. Moreover, the proofs are
constructive, so that such a payoff can be computed. The main tool that has been used was the
Stearns transfers, which were introduced by E. Stearns as the basic modifications of the payoff vectors
in a dynamic procedure for finding a point in the kernel and in the classical bargaining set (see 4]).
1. Preliminaries. Consider a cooperative n-person game with coalition structures G = (N, v, F),
where N is the set of players, | N | = n, v: 2N _. R is the characteristic function, v(¢) = 0, and F
is the set of admissible payoff vectors. Any partition of N, ¥ = (Sl' 52,...,Sp), is a coalition

structure of G and the set of admissible payoff vectors for ¥ is

Fo={x: x€R", x(S) = v(S), VSey¥}, (L.1)

where x(S) = X;. F is the union of all Fy. The core of G is
i€eS

C(G) = { x: x€F, e(x,8) <0, ¥YS CN}, (1.2)

where e(x,S) = v(S)—x(S) is the excess of S for x.
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Existence of modified bargaining sets

In {1} a modified bargaining set Mj for G has been defined by imposing stronger conditions
than in the definition of the classical bargaining set by Aumann-Maschler (see (3]). More precisely, all
objections supported by the same coalition structure are supposed to be countered by all counter
objections supported by the same coalition structure. Other slighter modifications have aiso been done
(see [1]). The core of G, if nonempty, is supposed to be included in M.

A game with coalition structures is convex, if
v(S) + v(T) < v(SUT) + v(SNT), VS, TCN. (1.3)

In (2] a characterization of the elements in My ~C(G) has been proved.

Theorem 1.1: If G is convex, then x€F belongs to My -C(G), if and only if

(a) msax e(x,S) = e(x,SO) >0
(1.4)
() Vi®) = {SCN: e(xS)=e(xSy)} has| Vg (x)[> 1L

This theorem will extensively be used in this paper, in order to prove the main result: for any
nontrivial and nonquasi-trivial coalition structure ¥, from any xGF’, x#C(G), one can reach yEFy,
YEM, -C(G), by one or two Stearns transfers; an xeF?, xZC(G) can also be found by one Stearns
transfer. Note that such transfers of gain between members of the same coalition have been used in (4],
in order to lower the value of the highest excess. Here, we use the transfers in order to raise the value
of another excess to the value of the highest excess such that Theorem 1.1 can be applied.

In the next section we discuss the trivial and the quasi-trivial coalition structures, in order to
determine when an element in My -C(G) does exist. In the last section we prove the main result
mentioned above.

2. Trivial and quasi-trivial coalition structures.

Definition 2.1: A coalition structure ¥ consisting of individual players is called a trivial coalition
structure (TCS).
For ¥ a TCS, the unique xEF’ is x, = v(i), i = 1,...,n, and we have
e(x,S) = v(S) — ¥ v(i), YSCN. (2.1)

ieS

Note that, if G is convex, then e(x,S) > 0, V S C N. The following result is obvious.



Irinel Dragan 57
Theorem 2.2: If G is convex and ¥ is a TCS, then: (a) if G is additive, then x€Fy belongs to
the core; (b) if G is not additive, then x#C(G) and either | Vg'(x) | =1, x¢gM, - C(G), or
| VE(x) | > 1, xeMy - C(G).
Lemma 2.3: If ¥ is not a TCS, then there exists x€Fy, x¢C(G), and x can be obtained by a
Stearns transfer.
Proof: For § € ¥ with |S | > 2 andi€S, je§, if for xEF? we have x€C(G), then we use the
Stearns transfer

yi=xi+6. yjzxj—é, yk=xk.k¢i.j, (2.2)

and we get for all S:

e(x,S)+ 6 if igS, j€S,
e(YYS) = { E(X,S) — 6, if ies, JES; (2-3)

e(x,S)  otherwise.

For § > 0 large enough and some S* with i€S*, jgS*, we get e(y,5*) > 0 and YEFy, hence an
y€Fy, y#C(G) has been found.

As we intend to discuss in the following nontrivial coalition structures, by Lemma 2.3 we can
make without loss of generality: Assumption (A): For ¥ a non TCS an x€Fy, xgC(G) is available.
Note that by this assumption, condition (1.4) (a) holds and Va’(x) # ¢ for such a payoff. Note also
that in Lemma 2.3 the game was not supposed to be convex.

Definition 2.4: A coalition structure ¥ consisting of one 2-player coalition S and individual players
is called a quasi-trivial coalition structure (QTCS).

We suppose S = (1, 2}, but the results can be stated for S = {i, j}. For ¥ a QTCS we can
write

Fy = {x=x(A): xp=h+ A xg =h -4 x =v(k), k #12, AeR}, (2.4)

where h = 1/2v(1,2). It follows that for x€Fy we have

E(S) if 1¢S, 2¢S,
E(S) - E(1,2) if 1€S, 2€S,
e(x,S) = { E(S) + v(1) + h-A if 1€S, 2¢S, (2.5)
E(S) + v(2) - h+A if 1¢S, 2€S,
where
E(S)=v(S) — ¥ v(i), YSCN. (2.6)
ieS

If G is convex we have
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E(S) > 0, VS CN,
(2.7)
E(S) > E(1,2) VS €N with 1€S, 2€S.

In this section we shall use the notations

Ty = { SCN: 1€S,2¢S}, Ty, = { SCN: 1¢S, 2€S}, (2.8)

and for a given xEF:f we define S[l), S(Q), Sg by

e(x,5). (2.9)

1 2 0
e(x,S7) = max_ e(x,S), e(x,S5) = m x,S), e(x,S max
( 0) SETm (x,8), e( 0) sngme( ), e 0) SﬁTIQUTgl

From (2.5) to (2.9), we notice that, in fact
Selyy

excesses are linear functions of \;

()

(1) maExT e(x,S) equals e(x,Sé) and ré'lg;(rﬂe(x,sg) equals e(x,Sg) for all x€Fy, because the

%1&12UT21e(x’S) equals e(x,Sg) for all x€Fy, because (x,S) with SET;oUTy; does not

depend on x; moreover, if G is convex we have e(x, Sg) > 0.

These remarks and Theorem 1.1 prove:

Lemma 2.5: If rsng.;(r e(x,S) is also reached for other coalitions besides S(IJ, then
12

. 0 .
{x: xEFy, rsng;(rlze(x,S) > e(x, SO)} C MO -C(G); (2.10)

similarly, if glgg(r e(x,S) is also reached for other coalitions besides 5(2], then
21
. 0 .
{x: x€Fy, rélgg(rﬂe(x,S) >e(x, 8))} € My -C(G); (2.11)
these are nonempty sets.
The same remarks are helpful in proving:

Lemma 2.6: If G is convex and max e(x,5) and max e(x,S) are both reached for unique
12 Seloy

coalitions, namely Sé and Sg, respectively, then for a unique x*er we have

e(x*, 5}) = e(x*, S3) (2.12)
and this number is less than or equal to e(x¥, Sg)

Proof: From (2.5) we get
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x'l‘ =h + A%, X; =h - A%, xi =v(k), k # 1,2 (2.13)
where
A = 1/2 [E(S)) — E(S3) + v(1) — v(2)] + h. (2.14)
For x*€Fy defined by (2.13) and (2.14), we have
e(x", S§) = e(x*, S3) = 1/2 [e(x*, S}) + e(x*, S2)] . (2.15)
If G is convex, we get

e(x", S}) + e(x*,S2) < e(x*, SJUSE) + e(x*, ShNSE) . (2.16)

We have 1€SjUSS, 2eShuS3, and 1gsinsZ, 2gs§ns?, hence cach term in the right hand
side is less than or equal to e(x*, Sg) We get

1/2 [e(x", S}) + e(x*,SH)] < e(x*,S)), (2.17)
hence from (2.15) and (2.17) the resuit follows.

Lemma 2.7: If G is convex and max e(x,S) and max e(x,S) are both reached for unique
SET |y SeT

coalitions, namely S(I) and Sg , respectively, and we have

E(S)=0, VS CN with 1¢S, 2¢S,

(2.18)
E(S)=E(1,2) VS CN with 1€S, 2€S,
then there is no x€Fy such that xeM; -C(G).
Proof: An inequality like (2.17) holds also for all x€F, therefore, from (2.18) we get
e(x, S}) + e(x,S3) < 0, V¥ xeF,, (2.19)

because e(x, Sg) = 0. Then, for all er‘?, either msa.x e(x,S) = e(x, S'IJ) > 0 only for S[l], or
msax e(x,5) = e(x, Sg) > 0 only for S%, and these maxima can not be equal and positive, by (2.19)
and Lemma 2.6, or x€C(G). Hence, either | V;’(x) | =1 or xe€C(G) for all x€Fy.

Lemma 2.8: If G is convex and e(x, 58) > 0, then starting from x€Fy, x#C(G) such that
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e(x, S%) > e(x, Sg), (or e(x, Sé) > e(x, Sg)), one can find y€Fy, yeM; -C(G), by one Stearns
transfer.

Proof: An x€Fy such that e(x, S[ZJ) > e(x, Sg), (or e(x, S(IJ) > e(x, Sg)), can be found, as shown
by Lemma 2.3. We shall discuss only the first case, the second is similar. Consider the Stearns

transfer

Y1 =%y -6, =Xq+ 6, y, =%, k #1,2
RS | Yo =% k = Xk (2.20)

o
I

= e(x, S(Q]) - e(x, S(I)) > 0.

Obviously, y€Fy and e(y,53) = e(x,)) = e(y,S). We use again an inequality similar to (2.17):
e(x, §) + e(x, $3) < 2e(x, SJ) (2.21)
and from (2.20) and (2.21) we get
e(y, Sg) = (x, ) + 6 < e(x, SJ) = ey, SY). (2.22)
Therefore, the remarks done above show that
max e(y,S) = e(y, 53) = e(y, S{) 2 e(v, Sf), (2:23)
hence Theorem 1.1 applies and yeM, -C(G).

Now, from Lemmas 2.5-2.8 follows:

Theorem 2.9: Consider G a convex game and ¥ a QTCS with § = {1, 2} € ¥. If either

max  E(S) or max  E(S) is not unique, or these maxima are unique and E(S) > 0 for some S
S€Ty S€Ty;

with 1¢S, 2¢S or/and E(S) > E(1,2) for some S with 1€S, 2€S, then there exists

y€Fy, yeéMy -C(G). Otherwise, there is no y€F ¢ belonging to My -C(G).

Proof: Notice that for any xEFY we have

\S) = E(S 1) + h - ),
T, =9 = Ty, OO+
S) = E(S) + v(2) - h + A, 2.24)
Wy, % = B, FO O (
max ¢(x,S) = max ( max E(S), max [E(S) - E(1,2)]),
SETpUTy S:1¢S,2¢S St LeS, 2€8

so that the existence statement follows from Lemmas 2.5 and 2.8.
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The nonexistence statement follows from Lemma 2.7.

3. The general case. In this section we consider the coalition structures subject to: Assumption (B):
¥ is neither a trivial, nor a quasi-trivial coalition structure.

Consider ¥ and xEFg subject to Assumptions (B) and (A), respectively. If msax e(x,S) is not
unique, then by Theorem 1.1 we have x€M, -C(G). Therefore, the situation to be discussed must be
subject to: Assumption (C): ¢ is subject to (B), x€F is subject to (A) and mSa.x e(x,S) is unique.
Let 5, C N be defined by

e(x, §y) = mSa.x e(x,S). 3.1)
Theorem 3.1: For G a convex game, consider f and x€Fy subject to (C), where S is defined by
(3.1). Ifin some S€Y there are two players i and j, either both in SO' or both not in SO’ then there
exists y€EFy such that yeMg -C(G). This y can be obtained by one Stearns transfer.
Proof: Let S* be defined by
e(x, $*) = Snéanii e(x,8), Tji ={S cN: igS, jeS}. (3.2)
Consider the Stearns transfer
¥ =% + 6, yj=xj-6, e =X k#ij, (3.3)
6 =e(x, Sp) — e(x, $*) > 0.
For S with i€S, j€S, or igS, j¢S, we get e(y, S) = e(x, S). So, for all S€¥ we have e(y, S) = 0,
hence y€Fy. Then, we have e(y, Sy) = e(x, 5)) and for any other S # 5S¢, we get e(y, S) <
e(y, Sg)» by (C). For SETji’ we get
e(y,S) = e(x,5) + 6 = e(y, Sp) — [e(x,5*) — e(x,S)] < e(y, Sp), (3.4)
by the choice of §. In particular, e(y, S*) = e(y, 5¢)-
For SET-lj we get
e(y,S) = e(x,S) — 6 < e(x, Sg) = e(y, S¢)- (3.5)
To summarize: yGF?, we have e(y, SO) =e(y, S*) and e(y,S) < e(y, SO) for all SCN. Then, by
Theorem 1.1 we get yEMy -C(G). Note that this y has been obtained by one Stearns transfer.
Corollary 3.2: For G a convex game, consider ¥ and xEFg subject to (C) and SO defined by (3.1).
If either there is S€Y with | S | > 2, or for all SEY we have | S| < 2, but there is S€¥ with

§§SO or §nSo = ¢, then there exists yEFy such that yeMy—C(G).



62 Existence of modified bargaining sets
Proof: In any coalition S with | S| > 2, there are two players i and j, either both in Sg» or both
not in SO’ hence Theorem 3.1 applies. The same theorem applies in the second case.

By Corollary 3.2, the only remaining case is that of coalition structures subject to: Assumption
(D): ¥ and x€Fy are subject to (C) and for all S€¥ we have | S| < 2, and each S with [ S| =2
has one player in S[) and one player not in SO' Note that by (B), a coalition structure ¥ subject to
(D) has at least two 2-player coalitions §' = { ity j'y, s = {i", "}, such that iIESO, j’QSO.
i”ESO, j”ﬁ!so-
Theorem 3.3: If G is a convex game, for ¥ and x€Fy subject to (D) there exists y€Fy such that
y€My —C(G). Sucha y can be obtained by two Stearns transiers.

Proof: Let S’ and S'’ be described as above and denote:

T, ={ScN: i'¢s, j'es, i"es, j"¢S},
Ty ={ScN: i'es, i, §,j'"¢s, orj'es,i,i", j"¢s,
or i',i", j'es, j''gs, or i, §, j"es, i'gs}, (3.0)

S* defined by: e(x, S¥) = max e(x,S),
1 y: e 1) SETI (x,8)

S4 defined by: e(x, S%) = ,S) .
o defined by: e(x, 55) Snéq.rx2 e(x,S)

Consider the double Stearns transfer:

Yg= X, +6, Yg= Xy — 6,
1 1 J J Y = Xpo k# il‘ i”,j’,j”, (3.7)
g = X =6, = x. 6,

i NG Yin i1 +

where 6 > 0 is defined by

{ 1/2 [e(x,SO) - e(x,S‘l‘)] if e(x,Sg) <1/2 [e(x,So) + e(x,SI)], -

e(x,5¢) - e(x,SE) if e(x,SE) > 1/2 [e(x,Sg) + e(x,SI)].

We intend to show that in both cases depending on the choice of §, we have yEFT, yEMO -C(G).
Anyway, from (3.7) we get
e(x,S) + 26 if 5€T,,
e(y,S) = { VSET,UT, , (3.9)
e(x,S) + 6 if SET‘!,

and
e(y,S) < e(x,S), vngluT,_, . (3.10)
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Obviously, for all SE¥ we have e(y,S) = e(x,S) = 0, hence y€Fg, and e(y,5)) = e(x,5)). The last

equality shows that the value of the excess for SO is unchanged and we intend to prove that this is

the maximum excess of y, but besides Sﬂ there is another coalition, either SI or S; with the same

highest excess of y.
Case (1) e(x,S3) < 1/2 [e(xSg) + e(x,S})] -
From (3.7), (3.8), (3.9) we get:
e(3:5) = e(x,S9) — [e(x5}) — e(xS)] < e(x.Sy) = ey, Sy), V S€T, ,

in particular, e(y,S]) = e(y,Sy); further, we get:

e(y,5) = e(x,Sg) — {1/2 [e(x,Sg) + e(x,S‘l')] - e(x,Sa)}

- [C(X,Sc‘l) = C(X,S)] S C(X,SO) = e(YVSO) ) VS€T2 #

From (3.7), (3.8), (3.10) and (C), we get:

e(y,S) < e(x,S) < e(x,So) = e(y,SO) , VS¢T1UT2, S;éS0 .

To summarize: in case (1), we have e(y,S’{) = e(y,So) and e(y,S) < e(y,SO)

for all SCN, so that by Theorem 1.1 we get YEM, -C(G).

Case (2): e(x,SE) > 1/2 [e(x,SO) - e(x,S'l')] .

From (3.7), (3.8), (3.9) we get:

e(y,5) = e(x,5) + 2[ e(x,5)) — e(x,53)] <
VSET,,

< e(xSp) ~2{e(x:83) ~1/2 [e(xSy) + (xS} < e(x.Sq) = e(1,Sy) »
and

e(Y7S) = E(X,So) = [e(x,SE) -e(xvs)] < C(X,SO) = e(szo)v VSET2 ’
in particular, e(y,Sé) = e(y,SO) .

From (3.7), (3.8), (3.10) and (C) we get:

e(1S) < e(xS) < e(xSy) =e(ySy), VSET UTy, S # Sy

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

To summarize: in case (2), we have e(y,SE) = e(y,So) and e(y,S) < e(y,SO), VSCN, so that by

Theorem 1.1 we get yGMO -C(G). Note that yGF", yEMO -C(G), has been obtained by two

Stearns transfers.
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Corollary 3.4: For G a convex game, consider ¥ and xEFy subject to (C), where S0 is defined
by (3.1). Then, there exists y€Fy, y€M; -C(G), and such a y can be obtained by one or two
Stearns transfers.

Proof: Follows from Corollary 3.2 and Theorem 3.3.

Now, if we remove the assumption (C) and keep only the assumption (B), we get from Corollary
3.4 the main result of the paper:
Theorem 3.5: If G is a convex game and ¥ is neither a trivial, nor a quasi-trivial coalition structure,
then there exists y€Fy such that YEM, -C(G). The payoff y can be obtained from x€Fy,
x¢C(G), x¢M -C(G), by one or two Stearns transfers.

Note that this result is based on Theorem 1.1, so that for non convex games a different technique

should be used in an existence proof.
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