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0K TUE BOUNBENNESS NF SOLUTIONS AND DSCILLATIUNS OF SOME CLASSES 0¥
DIFFERENTIAL, SYSTENS

Connlanlio Simirad aml Coroclio Ursescu

Summary. We  consider a  clazs of sonlinear differential sayslems
L) =F{tyx{t)) +plL) and associate to il the liiear system f(b}::ﬁ{t}x{t}+l.
We obtain somc conditions For the linear system assuring the existenoe aml the
unicity of = bounded solution of the initial nonlinear system whatcver a
bounded funetion p would be. We study alse the case of the perlodic and almost

periodic vscil lations.

§l. Introduction

The existeace of the bounded solurtions for differential svstems is @«
topic of interest for almost all the specialists in the qualitative theory of
differetitial equations. It wvould ner he so easy to recorl even the jost
importani resulta. Even in 1930, 0. Perron [21] vaised the following prablem:
Whet conditions: asre to he impused on the solutions aof the liomugeneous lincar
system ¥t} =A(L)p{t) i arder to assure that Lhe solytions of the linear
svaten i{t}_;l{tjx{y}-bp{t} he bounded chatever would be & bounded funetion p 7
Many marhematicians werc concerned by this problem from 1830 intil today, All
of them (exccpt . Perron himself, as well as 1. L. VWissera amdl J. ., Schaffer
[13-167, J. J. Schiffer [23-27], T. F. Bridgecland Jp. ;2] and ¥W. A, Coppel [3])
made the hypothesis that all the solutions of Lhe homogreaeous ayvstem be
bounded. Similarly, onc may consider the Tollowing: problem: What conditions
sl verify the homogencous system in order (hat the imp-homogensous system lad
A umique bongded solition whatever Lhe boumded furction p would be?  An answer

is given in [9] a5 [wllows: If the trivial golution of the homogeneous sysiem
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is uniformly asymptotically stable, then the inilial linear system has B unique

bounded solution whalever a Lounded function p would be.

[n Lhe pressnt paper, ve obtain a wove general wveanlt. If the matrix A

ig positive and the system ¥#(t)=4A(t)y(r}+1! has a positive solilion, then the

initial lincar system has o unigue boundsd solution vhatever the bounded
function p would he. But sven more, this vesult is genevalized for nonlinear
systoms.

fhe problem of the oscillations’ of Lhe differential systems is connected

to the existence of hounded solutions, J. I.. Massera [12] cstablished that, in
the case of scalar differential equations, the exiatence of a bounded solution
in the future implies tho existence of a harmonic vibration, A% thia result
does wmot hold iy wore in the case ol the differential systems., A
geacralization Far the differential systlems with two variables was obiained Ty
M., Levinson [11]. A similar result For an arbitrary differential system is

established by N. Pavel [20].

The oxistence of bounded selutions is nol onvugh for the existence of an
almost pericdic seluticn, as proved Z. Opial [1B] by weans of an example. This
example was uscd Ly A, M, Fink and P. 0. Froderickson [7] for the construction
of anather example where the solutions are even uniformly bounded in the

[future, but no one is almost poricdic.

H., P. Demidovich [6], N. Gheorghin [8]; Z. fpial [12] assume the
existence of  hounded solutions of a nonlinear scalar eguation aml obtain
conditions assuring the existesce of an  almest periedic solution, A
goncralization of this resules for nonlincar systems is Lo be found in [28],

[29] and [30].
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In the presenl paper, uve give sufficient condilions for the periodicity or
almost periodicity of the aniyue bounded solution whose existence is proved hiy

oy main resalt,

§2. Statewmeol of the Wain Resulk

We will wsc the symbol V' for Lhe n-dimeosional vector space with the
cuclidean morm |-|, Also | -| will be used fo depole value absolute, Ry the
sysbol M" we denote the space of n by n metrices vith Lhe operator  Worm
[m| =.=|iu]1 1||nv| « P ois the set oof the continneus and bounded id the past

v| =

functions, i.e. a contimiows function reP® if and only if VYael, M, >4, =a

that' [%{t)]| <My, forany t<a,

By |-| vc denote If"il;lx(-ﬁ]!. A funetian yiR—¥" is called positive if
its eamponents. (¥ v,) .';r- positive for any tE€R. Iy the symbal 1 we donote
cither the unit malrix, or ewven the oumber 1. % iz the space of eontindous
functions fiRxVE—V¥", with the topology of the unifoprs convergence, BT is the
space of the conkinions and bounded fonctlons fileyT—y",

Conaider Lhe funceion fEC™ and the differential problem:

(P { it;ﬂ: £t x(t))

Work couditipns peemit ws to prove the existesce and thé unigueness of

the solutions pnob only for the problem (Fa) but [or a more general problem:

&(L=F(Ex(t)) +p(t)

where pe ™.

. af.
¥We suppuse that the [unction f, with its first derivatives j‘-']..'{l iz
*i

coptinuous .on the space RxV", and that there is & continuons Funetion -
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g =M™ such that we have the Thequalitlics:

ary )
ax"'{’ﬂxliﬁii(t]u L= 1.0 v{LqI)
(1]

At
laelbexdl S 50t), ¥ i, V(ex)
x :

fine observes thal, cxcepting the principal diagonal, the clementa of rthe

MATTIX & are positive, i.c. the matrix g 1s positive (see [1]).

To the problem (F,) we associate the following problem:

Flvl =gle)v(E) +1
(6) { e

The main lypothesis of this paper is that the problem (6) has a positive

solution.

Fhese conditions are not enongh for the existence of at ldast one

solition of the problem (Fplt we prove thia hy rhe fullocving examples

The differenlial problem:
{ (e} =—x(F) +1+1
xEP!

has nocsolution, though the associated probilem:

ie) =—w{1) +1
yeP!
hes 2 positive solution y(t)=1.
The main reselt of this paper is the ful[uuiﬂg thirorem:
Theorem 2.1. If for a [mction peP? the problem [i"p} has at least a
aolution, then for any peP™ the problem {F]..]l has only one solution. In
addition, 1l p,/eP®, ]IIIE!-"':' and %y, ¥y are Lhe solutions of the problems l[[-'pl}

anil (Fp“} thon we have ol il|uqun1]l,_y:
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(1) |>"-:'i‘-]'—-"Cz'l:'-lil'fI.'r'[LJHF'w—F'?lt
Uy ¥ Me demole the positive solution of the problem (6).

Rewnck 2.0, ‘Sopecimes icois very casy to Find 3 functiaon pEPY wn thay

the problem pr}l higs al least one solurijon.

For example, I there is a vecror vo €M sueh Lhat the fumction fltyvg) is

hoonded in the past, Lhen tlie probjem:

{ L) =finsie)) £l o)
XFP“

has & solution x(t) =N

Obvinnslyy, i7 the fumction fit.%) % perivdic in Ly or almost periodic in
ty uniformly wirh cespect o <ok, K is a rompact set of VY, then: we bave
N r..vn_jel-'“ [or any veetor Ve and thie problem {ij, p=Ff{t,v;) has a =oluLion

(L) = Va-

§3. Some Propertics of the (G) Systema

Conzider the differential svatemsy:
) =are)=(n)
yie) =blejv(1),
w.beM” amd 1ot MLr.s). Blr.s) be their fundapisatal matrices of solutiuvns,

respeclively, Then the fallovieg thesrem s known [31]:

Theorem 4.  The nceessary and safficiont condition for the inconalities
|il.[hifr-.‘$]I£“ilft-|5}p v Ilj lh‘ ".:Et

is to have the inequal ities

{ r"'-;ﬁ.'“i:hit” Vigdy

asi (e} shyfe),
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et & he the matrix fuoction G:RxH—=M", which is the solution of Lhe

systemt
Glt.s) —g(rI0f 680,
(2) (1.5) = B(E)6
f{s.8) 1.
Remark 3.1. If {i;; are the cotries of matrix &, then {:ij{t,sj:gu, for

any t=a and ¥ oig.

Indeed, the inequalities

tﬁij('-“EE.LJ[U o Wi
giplt) g8,
inply, aceording to Lhe Theovem A, that lﬂij“"'E” Eﬂljfiq-‘*}n ¥ Exs.
Thenven 3.1, 1 the problem (G} has at least one positive solotion, thon
the problem (G) has only one solition and its form is Lhe following:
k
(3) veey=:| spemyatats .
-0
In additivn, if e denote by

vie) = | Bt s

£ ey =

then we have 1im v® =y in Lhe sjpace €7
a—-00 z

Proel. If the differontial system of the problem (G) has & positive
solution y, then, hy the variation ol censtants formula we get:

(4) y{t) =0 t.ady(a) +¥2(t) -

For a <€t we can write Lhe inegualities

7
Jl'ﬂ_[t.s)ldsi]’EEGUKT.HNE =3 Ry Yy .
I ] ] i

i @
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E
therefore, the Fonction t—[ [G{ty=)|ds is bownded in the past because
= L

the solulion ¥ is bounded in the past, The integral Iiﬂ(t,,-_r.”dg_ 1%

-
convergent and then it follows El_.i_n_]\& inf|Gtis)| =0,

The Iast relation implies the uniquensss of the positive solutics of Uhe

problem (G,

Tiwibeered, i€ we suppose thal the prolilem () has Luo pusibive solutions v

and =, then we [ind:

(5) Fle)—2(r) =e(t)[y(r) —=(1)],
¥—2E P,
Ihe equalities {'ﬁ'_! lead to the folloving form of the differcnce y—=:
(6) ¥(8)==(e} =6lt.2) [vla)—w(s)]

and it follaws:

brle) —=(e) | = [Glr.s) | [v{a)—els)] < |6{t,=)| |y -Z|“- ¥iE s, 520,

Passing te the limit in thc above ipequality, Far s i-oo we et y(L) ==(rt)

Yich.
L
Tle function LJ Git,m). 1 ds is vell-defined aml by a diceet

—
verification it follows Lhat this function iz & solotion of he differentianl

system of Lhe problem (G),

We have  |yfo) =™ t)] < |6{Ea)] [¥lgs ¥a<0, ¥t =a and [Sr any t fixed,
¥t} is inereasingly convergenl Lo vi{t}; bub the funeiion ¥ is continuous and
it follews, aceording to Dini's theorem {10 p.#4T. that 4™ i3 wpiformly

sonvergent o cumpacts.

The [ollewing Lheorcma will establish some sufficiest conditiois for the

existence of a positive solution of the problem QY.
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liet. b be the function

(7) hit) = 208500,
[}
and let us consider Lhe fullowing problem:

- { 2(t) =h(tha(t) 41,

ze P,

theorem 3.2, Lf the problem (8) has a positive solution, then the

problem {G) has a pusilive salition,
Proof. [Lel ¢ be the positive solution of the problem (8). Avcording Lo

Theorem 3.1. the [unction @ has the folluwing form:

t
(9] L= [_u(t,a} ds

-0

t
vhere H{t,s) —exp Jh{il}riu.
]

The inequalities
16(e,5) 1 £ 3 30, 1(010) Snomax T (ki) < it e)Vo <t
11 I
L
imply that the [unctian r.—-J |G{t,s}|ds is bounded in the past and then the
=5

funciion (3) is a positive solution ol Lhe prohlen (G).

Consider the homogenesus diffevential  svsten  associated o Lhe
differential system of the prablem (G):
(10} i) =gltlv(r),

Theorem 3.4. If the solution ¥ =0 of system (100 is uniformly

asymptotically stable, then the problem (&) has a positive solution.

Proaf. Decaunse (10} is a linear dilferential svstem and the sslution

¥y=0 is wniformly asymptotically stable it follows that this solution is cven
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e'x-,mnentiu.lly nﬂ:.rmpt.nt-ical‘ly atable. Therefore: Lhere are WO posi Live numhcrs

w,# such rhal:
6(1.3)) 5,9.-.'“{""} Lz s
Consider the pitezral:
b 5
l.[ Gkay-Lidsl S (L) [da & Ble
.-
wolution

T
y i= hounided even on the real line and jt s n 1m5itivc

and function (3

uf problen (G

L 1N _Thﬂ_Ei_BEEe_ﬂ_f_‘-'E_ﬂgl_“'_-‘ur_vi_‘-i_nﬁ ni f{eren
Cansider the ponlinuoits function =Y and SURPAEE that the 'lnEq!mliLicﬂ.

kiiitji‘hgiil‘e] . WiLeR, Vi,
Yid el

1"51}{"” ‘EF-ijf.’-'-j-

hold.

For any fumetion pept W consider the problem:

{ 1)y =K(®) () kel

giilpn.
e fundameutul matrix ol solutions af di

f{erenhia.'l

(1)

Oy K(r,5) we denote ©h

gystem of problem (11}
Aecoriding o the Theorem A ik {ollows:
lK[j{t'ia'}l Enij{t'ls}'r Wa s Ly Wiels

and therefore, the inequality |h{E.5)] glﬂ{t,s‘j] , Y=<t
’[hc_@jn_i,L, If the prohlem (G) lias & positive solurion, then for any
4 w unigue calution which ix of the fol jowing fors:

e P oLhe problem ¢I1) ha
L
w(tl= ﬁ{t.,ﬂ] pls) ds.

(12}
-0
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In addition, i k& denate by
[ 4
x“{t_}.—fﬂ{hn] pla) ds
a
then we Eet the im:q-unlil,_v:
(13) rx[tJ—-'f‘"‘l:'LH.*;Jyftl—ra{tllrpra- Viza,
If w—oy i obtaing:
(14) fx(tjifélrftJHr-JL .
Froog, From ihg Teenqualicy fl{{t.,njrgrﬂft,aj[. Yagi, e deduce the
inequa]itiesf
E E
frh'ct.-sjrdssj 160t8) [ds < Ty o,
-3 - i
2id thersfore the funcrion (12} i bovinded ip the pasp and 1 jg 5 solution af

the diflerential EvElem of prohles (1),

Tha Uniguenags af :snlul,_fun Fual oy by & simi tar Fechnique ga in the Jroof
of the Thesoprge S
Fur any b>xa ue I1sn_'rrL

a
I5i (1)~ =) er_Z_:x”u.st_J-m ds| £
e J

) _
[ | zwl Tela =l —sco]ipl,
o |

Al the theoron is praved,

Bemark 4, , The inequalitips (13) yiely
{15} alim x%(e) =%( k)
in the spaca ch
Indeed, with TeSpect to Lhe VOMPEARNES, we |y
hict;—x?ft:llg[yirt}—y?m}mﬂ
Va<o0, v 22 aid hedaysa the scquanae 3.‘? iy tenvergent ip ghye spe

.1 fal lowa,
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lemark 4.2, If problem {6} has 4 solutbon which 18 k. positive, thea

the probilem (G) has po positive soluljon.

Remark 4.3, H the satrix K(t)=K is a constant malriN, uijgﬂ, B
iA] end Hed: o<l p{e)>0, then the probles (11) has a pasitive sululion (Ai

are Lhe characteristic roors af Kl.

Indecd; let uws consider the assoeiated problem:

(e} =Ky{tp+1,
yEI‘“.

which has a positive solation Becausé the hemogeneaus system §#{t) =Hy(t) has

the solution v =0 wiiformly asymptotivally stable {according Lo Theorem B ¥

Therefore the solution of the problem (14} has the form (12) and it is
miky kD osee that i1 is & pesilive golution, Thus, we wolitain for weaker

conditions & result due 1o 8, W, Meidvedew [17]. who suppised that K. .50, ¥i.l.
- j_J

§5. The Existence of Solulions of a Class of Nonliness Differsuntial Syatems

Commider new f(hie continwess Fanclion K:fxV"_yd such: that he

inequalities:
“iliFs*‘iSz;;UJ i N Yt
1K jltvd] S8 5000 Wi, ¥(ra)

hold.
For each fusetion peP® we condider the pioblcm:
(18) { :tel.tf RenCeh) Aes) vole)

For the problem (18} the fol loving theorem holds:

Theorem 5.1, It the problem () has & positive solution ¥, Lhes the
problem (16} for any pep® hus at least a aslution. Ay solution of problem

(16) satisfics the iuvqualiry:
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(17) “lxledl S eded-lely -

Proof. We wan write the differential system of the problem (18) nnder

Lhe [orm of an operatoria] cgualion.

For each x£C" (he problem:

i) { (Tx)(r) = K(r.x(E))(Te)(£) +pLE).

Tx E [l“.

has a solution aml this svlution is unique (sce Theorem 4.1). Fram (14) we
doduce the inequalities:

T} < |pld |- lel, . ¥xell .

Lot ws consider the sct }I:fx(_-ﬂ“ﬂx[t,}r5’[y{t}i-|p|t, Yeei}. In this
way, wo obtained an operator T:C"—M given by l.;:lﬂ-ﬂ'l, such that the image of each
x€L" ix a unique funcrion TweM. The differentinl =v<tem {18} is cguivalent to
the operalor ogquation Tx = . fine may observe thal 1he set M Is closed and
convex. Any cloment of the set M iz bhounded in the past.  We have in view to
apply the Schawder-Tychonoff's theorem for the restriction of the operator T to
the subzet MCC™. [y order to prove Lhat the operater 1 is continuons, len ns

denote by TP:L"—C" the operators of thé form:

L
(19 ["Iﬁx}fL:l:JH(t.,s;:t}p{s:l- =
whore Kiftx = CR—® i5 a solution of Lh: systoms
(20 { Kit,si%) =Kt x(£))K{ £ a5},
Ef=s.5x) =1,

¥We wshall prove that the function K & wvontisuous in x, therefore the

operators T® will be continwous.

Let xn(t) be a sequence convergent to fthe function x in Lhe space (% and

consider the svstems:
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{ *[L.ut:n] =K{t.x, (b)) EB5%,],

K{s.sixg)} = 1.

Vor each Eixed j, we dénvte by z{lissxg) and z{t,=;x) the columns of
index § of matrides K{t,six,)s reapectivelyy them we ave the Ffallowiag
dilffercntial systemsi
{21} Al tising) =K(1,2(0)) 2(L.5i%a)s
(22) basind =K{taxl 1)) ={t.=ix).

From gﬂlj.uud (22) one ohtains:
{1 ﬁ{t.sixh}—ﬂfl.s:x}—H{t.x.}[n{,t,rﬁx“]—‘![tmw]] +

+K(Exg) —K(t.x} Jo(t,85%).

The coualities (23} imply the fullewing forms [o the differcnces

[24) zttl‘:xnj_ﬁ(t15;x-} - iK[T-ilixn][Kfﬂgﬂh]—“{-u,k{-}:iﬂ-j:ﬂ,!ﬂt}dﬂ. '
bocauss aih,ut i, ) =2{E 510 .

The inequalities |[K{t.dixg)l € |G{rsdl, Yo R, Wk 2 and (24) implies the
inequalities:

(25) |2 tisaxg) =2 tosind | < by(0)1- 12l wBix TTi tLI{u.u..} ~E{u,x)}
*_

Because the seywemce {xg} is convergen® to x in. C" and K{t,x) is @
continuous fonétioa, Frem ([23) it fallows that the secquence el gi%,) is
eonvergenl to z(l,six), in C0oand this [wet implies the contisuity of Lhe

fundamental matrix K(t,s:x) vith respect Lo k.

The continuity of the matrix K implies the centinnity of the sperator By
according to Theorss 4.1, oee oblains the following inequalities:
(26) [(Tx) (e} = (T3 (E) | € ly(r) =y™(8) | - lela
¥eza aud Bumusg‘u__hy%q:y(n i €%, we fiwl that _ lim. e =1Tx in L",

unifornly wit respect to xeC™,

Therefore, the eperator [ is continwous on C*,  The subsci M is bounded
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in 0" and then the subset {{T%)(t): xeM} is bounded in 0. From (18) we have

that the subset {{Tx)(t);: xe M} is bownded in CY,

¥e conclude that., for each Lty tho set {(Tx)(t); *xEM} is a relatively
compact sct ol Y7 qnd the seq [Ty %xE¥} i5 ecquicontinuous at the point L.
Aecording to Ascoli's  theorom [ 1o, pd07] it lollows that the sobset TH is
relatively compact subsct of " and thercfore Schander-Tychano[f's Lhoorem
holds,  There exisie a Fixed point %, solotivn of the problem {IB]. If ¥ is &

solution of the prabilem (I6). then x£¥ and we have tlo inequalities {17).

8. Proof ol the Theores 2.1

e denote by oy the funclion of P [or vhich the problem [Fpo_}l iz at
Least a salution xy. Consider an arbitravy function peP?, The probles (F,) is

equivalent to Lhe problem:
(27) %) - .e“{n}=K{t.x[n}|—xﬁ]}[.~<[t}—qut}prh,’l—mttL
3 x—x, ¢ pll,

Chere the function K is given by I

K(+.v) = _J;géft,xﬁﬂ"}dﬁ

alitained by the application of ladamard?s lcmma [22, p.186] to the difference
finox{E)) - Eftixglt)).
The function K is continuous and because We have (1) vne aobtains

Kigltovd g (e) i
inJ[ltf"HE-_gij{t}, Vi, Yo,

hecovding 16 Vheosrem 5.1 it [ol lows that the prohies (27) has at least a

solution.

NexL, we shall prove the insquality (1) and by this the imicity of Lhe

salution of problem {FI,_}I.
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Let py &nd py be some finctions of P and {F‘m}. “’p,h tlie associated
problems, with their solutions Xy and ¥y, Tespeclively. The equalily
:'{AT.}—:E.{L]:fft,x.zlft]l}—f‘{l,.xt[t}l}+pg{t_]—|-Jf_r.} implics
f28) fle)=3(t) =K(t) o0 t) —x; (L) ] Fpa(t) —p (t)
vhere K is tlie function given by the application of the Uadamard’s lemma to the

difference [ Eaxg{1)) — (1t i),

The fudnction K is cootitnnous and satisfios Lhe ineqonalitics (1)
According to Theorsn 4,1, wve olitain the inequality:
J-“z(t}—-“jlln5[}'(L)|'|P-1_P1||_ '
IT the problem (Fp} bas two salutions ® And Xy, then the above inequalivy
vields x(t) =x(1), ¥teR, ‘Thercfore, for cach Finctian pe PY, the problen

(¥,) has oaly one solution,

Redark G.1. 1f we add to the liyputheses of theorem 2.1 the folloving
hypothusos:
L. the fusction pcD", i.e. p is hownded on the real |iue I,
2. the problem (6) has a pusitive solution whick is bonnded an Lhe whole real

line R,

then the solution of Lhe prahlem ([-‘l,,:] 1% bounded on the veal line M.

§7. Periodic and Almoat Periodic Oucillations of the Problem (Fp)

Let us cansider the functioo flE,x), w-perimlic in t. ¥We liave the

folloving result:

Theorem 7.1, If the function f and p are w periodie in t, thea the

solution of the prablem (Fp) is w-periadlc,

Progf. The probilem (Fp) with p{t) = —f({L,0) hax the salution X(L) =0 and



98 Houndedness of Solutions and Oscllalions

by Theorem 2.1, it follows that the problem (Fg) lias only one salution for cach

peP".

et % he the solution of the problem {FP} and let us  denote

z{t)=x(t+4+w). Then it follovs:
Yy =& =Ffle+wxm{tow)) +pl ) = Flta{t) J+p{t)
{ wtph
i.e., = i3 a solution of the problem (Fo). Because (Fp) has only one selution,

we gel Lhat (1) =x=x{L Fw), YEell.

Theorem 7.2. T the function f(t.x) is-an almost periodic fumction in t,
uniformly with respect to xeKcCV?®, where K is any compscl set, and the
soliution ¥ af the problem (G) is bounded op the real line, then the prablem [: F“}

has only one almost perimlic solution.

Prool. According to Remark: 2.1 aod to Theorem 2.1 the: problem (Fg) has
only one solution ® and 10 addition the Inequality
IxCe)] < |yCedl -1 F(-,00 1

freabels

Let aell be, for the momcnt, arbitrary and demote by z(L)==x(t-+a)==x{L);
then woomct:
Ly =K{thz(t) bp(t)
where K is oblained as usuval and by p{t) we denole Lhe dilfcrence:

fltda,x{tia)) ~[itx{ttal),

Applying the Theorem 4.1. we find the inequality |=z(t)| < |yv(t)|-|pl¢
Let 5 be the sphere of V' with  the radies c=sup {|y(e)l-[£(-,0]} and
rEH
'|’=su|;l}r{t}. Row, et “a® be an ff¥-almost  period of the function
LE

corvespruling to the compact 5, Then, from the ahove inequality ve deduce the

following incqualaity: |=({t)| <¢, ¥eeH, i.c. the solution x is almost periodic.
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$8. The Continuability and the Stahility of the Solutions

In the hypotheses of Thoorem 2.1, we shall prove that any solution of the
differential cgoation:
(F &) = f{v.xte))

can be continied in the Tutwee.

The [ollowing example shows that the solution of the differecotial
cquation (F') ecan not be aluivs continucd in the future, The egquallon
L) = —({x¥+x%) bas the solutions of the forms

U =xphl(l + By R0
and we observe thal only the solution x{L)=0 is defined on the entive veal

Line, This is the wnigque soluytion of the probilem

(€Y= —|:'.1\=3+:--:’]1
xep!,
because the associaked svaten

ey = -ypiL) 41
v i M

has a positive solution w(t) =1.

Consider [or cach peP? Lhe vector agiation:
(Fi) &L} = (e, x(r)) +p(L) .

Theorem H.1. [I the hypotheses of the Theorem 2.1. are fulfilled, for
cach pelP", any selution of Lhe cquation {F;,_]- can bo continuwed in the future.

Proof. Let %p be the solution of the problem {FP} and x a certain

solution of the cquatian {F;:'}I. ¥e have the vguality:

E{r)—4p( L) :f(t,x{t}}—f(b,xp{t}]

and it follows:
i{t_}—h’cp{t}:H{t}{x{h}—:cp[t,]l} 2

¥e ilenule by K(t,s) the fundawental matrix of solutions of this
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differential system and we get: ={t)-xplt) =K{t.s){x(s) —=p(s]). Recause
[B{L,s) [ < |G(t,a)] it lollows

(28} Ix{r)—x,(e)] £ [6(t,5)|Ix(s) —xpl=)].

The lsequality (20) shovs us Lhal Lhe solution ¥ % bounded on any finite

interval of [0,m), thecrefore it can be continued in the future,

Theorem M. Ve suppose that the =solutian vy =0 of the differential
system (100} is stable (wuniformly atalile, asymptotically stable, uniformly
asymptotically stable), then the solution * of the problem {l"p]. for the
differeniial gvsiem  of thiz problcm, iz =stable {uniformly stable,

asymptotically stable, aniformly asymplotically stable, respeciively).

Prouf. It is known thal if'G{L.s) ds Lhe fundamental matriz of solutions
of the homogeneous svstem (10), then there is a matrix X:R—M" so that

'&:{t,ﬂ}=x{t}-5_l{.‘l]. Ve suppose: that the soleotiosn y=0 is stable; i.e.

[X(t)] <M, Yeel, M50, According to (28) uve ohtain

(30) |x{e) —x,(e) ] MIXTHR )] - %) —xpl=) ]
where x is an arbitrary ‘solution of the systen '“';:]' We  hoose
Ses)==(MX(s)[)"  and  then it  follows  |x(t)—xy(8)| ¢  Tur

|:~:[-s}|—:-'.p{s}] <68(e,8), therofore the solution *p is stable.

If the solution y =0 ia uniformaly stable, f.e. [E{Ls)| <¥, Vizxs, M>0,
then from (30} we deduce the inequaliry:
x(8) = (£ | <MIxC) —xp()] <
for |x{s}—x|,{3}| SefM=4le)y e the solution x5 is uniformly stable.
If the solution y=0 is asymptotically stable we have simple stability
and in addition :_HI:;E{U_D' therefore  the solition % Is stable and  the

quality (30} implie: Lim |3 - =L
cquality (30) implies t._.lll';:ll\{{t.:l xP{L_'Ll

If the solulion y=0 is uniformly asymplolically stable it follows that
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this svlution is even exponentially stable, therefore there are two constants
a3 0,30 such that
[6(e,5)] cde®lt=8)  yesg
ail the inequality (300 vields:
lx(r) = %plt) | £ 867202 ey i (5))

T.8; the solutian %p 18 uniformly asymptotically stable.
Commen tary.

Fimally, we make a comparison betueen Lhe Theorem 201 and a similar

theorem due to C. Corduneanu [4-5].

Let mtR—R be a [unction. Wee say that Lhe funcilon “a" satisfies Lhe

condition (4) if:

E 1 e}
cxp[nl{la]llu and I r:xp[a{u}du ds
[ 1 8

are bounde:d on the semi-axis [0i0e). We say that Chie Fonction “a™ gatisfles the

coudition (B) if:

L £
prjn{njdll ig npot bounded, Lut J-E)Lpruﬁu}dll ds is bowinded on  Lhe
0 ] 5

zemiaxis [0,20).

Suppose that the differeatial system:
(31) %t} =I(t,x(t))
verifies the folldving conditions:
L. #; are continuous functiuns on the sev (A):ceR,, lxg] <M, M0,

T: —
2,  the derivatives ﬁl' are continwous functions on the set (A) and in addition

1
we o suppose that there arc continuous funetions a; =such that:

ar .
."3.\:% (I:,-:{}Eai(h} it a; has the property {A),

i
B‘K_F (Eavx) =a () if #; has the property (D),
i
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3o ey X O 25 g qamn ¥p)| =v on the sct (&),

Corduneanu's theorem. 1In the hypotheses 1, 2, 3, the differcoLial system
(31) ~ith the initial conditions x-i{.i.}):x.'; i_-i#, has at least a solution on
[0,08) if x':i' for i=1, are siiall enough.

fhis theorem and (ke Theorem 2.1 ave indepemdent as it is possible to see

from the [ollowiog examples:

Let us consider the differentinl problem:
gty = (1-2e")x (L) +e7 Tg(e) 41
[H2) Gty = et (e) b (1—2e V(L)L) +1
P o E P!
and ‘as associated probiem cven Lhe problem (32) itself. The problem (32} has a
positive solulian wlr;t’]-_xz{L}:»t'-E P!, Therefore the Theorem 2.1 holds. (n
the olless hand we have the equalitics f.[r.,l},;xu_:l:c'r!-_c! F1, f.z[t,x|,l]}=e't'x1+l

aid therefore Corduneann’s theorem is not applicable.

Conslder the differcntial system:

ity = =x (e} +2(t) +1
{4:1) i) =2% (1) — %) +1

w P, xiEl’I'
and as associated problem weven the problem (32) itsclf. The differcatial
system {33) has rthe solution x(t)=x,(t)= —1 and according to Hemark 4.2. Lhe
problem .{H} has not w positive solution, thereforc Theorem 2.1, is fot
applicable. 1f we take a; = —1, then Cordineanu’s theorom holds if the initial

conditions are chosen.
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