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INTRODUCTION

0dd dimensional Lorentzian manifolds which admit a Sasakian structure have
been defined in [1].

Let ﬂ(¢,ﬁ,£,§) be such a manifold, whose dimension is 2m + 1. The
structure tensors (¢,f,£,8) are: the Sasakian tensor field ¢ (¢2 = -1), the
canonical contact 1 - form {j, the canonical vector field &, and the metric
tensor § of the manifold M.

Let then x:Mc + M be the improper immersion of a co-isotropic hypersurface
(2], [3] in M, and U_ the characteristic vector field [2] of M_. If V is
the covariant differentiation operator (with respect to the Levi-Civita connec-—
tion in M), we say that U, is nll p-concirewlarn if ﬁUc is coplaner with
UC and ¢Uc, tensored with two suitable 1l-forms.

In this case, the following properties are proved:

(i) M is almost minimal (in the sense defined by the author [4]), and is
a genefic submanifold [5] of M;

(ii) Mc is foliated by hypersurfaces that are orthogonal to ¢UC;

(iii) ¢U_ is a geodesic direction and defines an Angintesimal homothety on

(iv) the Ricci curvature of Uc and ¢UC are expressed by 2(m-1) and
-2(m-1), respectively.

Next, one considers the improper immersion of the mixed-{sotropic 2-codi-
mensional submanifold Mu of M.

The following properties can be stated:

(1) any normal section on Mu is quasi-umbilical;

(ii) the restrictions U = UC/Mu, and n = ﬁ/Mu define on Mu a null-
contact sthucture, and U is an infinitesimal automorphism for all globally
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defined (2p+l)-forms Op = 4Pn @WPn=n A ( %? P

(iii) M~ is a proper [6] CR submanifold of M, which is mixed totally geo-
desic, and if D denotes the horizontal distribution, then U is D-Thans-
formed by parallelism. )

1. PRELIMINARIES

- Let (ﬁ,g) be a (2mt+l)-dimensional Lorentzian manifold, whose metric tensor
g is of normal hyperbolic type (i.e., g 1is of index 1, [23)
Suppose M is endowed with a constant structure defined by a canonical
l1-form f, and a canonical vector field 5.' Furthermore, if M is equipped
with a tensor field ¢ (¢2 = -1) of type (1,1), and V is the covariant dif-

ferentiation operator, then if for any vector fields Z, Z' of M one has

% = -7 + n(@)E, ¢£ =0, n@d) = o,
(1.1) toal R .
dn(Z,2') = 2g(¢Z,2'), VzE = -¢Z,

we have called [1] M(¢,fi,£,8) a Lorentzian manifold admitting a Sasakian struc-
ture.

Let O(ﬁ) be the bundle of orthonormal frames on ﬁ, and 0 = {eA;
A=1,2,...,2m + l} an element of O(ﬁ). The vector basis of 0 is defined

by a space {ea; o = l,2,...,2m} and a time-like vector field &t = E,
which satisfy
(1.2) g(eA,eB) = EAGAB; g, ™= -1, € ol - 1.
~A . ~ ~A _~C ;
Let {® } be the dual basis of 0, and dp and Wp = Ypew the Line

element (i.e., the canonical vector l-form on M) and the connection 4ofms cor-
responding to {JA} respectively.
%
Setting a = 1,2,...,m, a =a+m, and 0,8,y = 1,2,...,2m, the line

element dp of M (¢,7n,£,8) is

(1.3) dp = -&“@ea+ﬁ®£,

and by (1.1) the connection equations are
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e ~ifee, -0 w e,
e . =it . @e. W ® £
(1.4) a* a* B ’
e =0 ® € ¥ ee = -¢dp.
Since e x = ¢ea, one obtains from (1.4)
~a _ ~a% ~a* _ .b*
(1:5) .

Next, the structure equations (E. Cartan) are

~B ~a ~ ~a*

d&a =w A wB +nhAow ,
.a* X _a%* = L
(1.6) ap?” = mB A mZ -nA ma,
; *
an =27 & Aat,
and
B _ =B Y B _ ~2mtl B
dwa = Qa + mu A mY ® A w2m+1 N
(1.7)
d&2m+1 _ QZm+1 + &B A &2m+1’
o a o B

~A
where QB are the curvature forms, and

~2m+1 ~a% ~2m+1 .a
) = -0 , W =00 .

(1.8) A *

2. CO-ISOTROPIC HYPERSUFRACE OF M(¢,n,&,8)

Let x:Mc + M(4,n,E,g) be the improper immersion of a co-isotropic [2]
hypersurface M, in M, and let U, be the characteristic vector field (2)
of Mc (Uc is simultaneously normal and tangent to Mc)' Referring to [Q], we

say that U, is null p-concireular, if it satisfies

5 1
(2.1) VUc =w® Uc + w' ®‘¢Uc; w, w'E€ A (M).
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Without loss of generality, one may suppose that Mc is defined by

(2.3) wzm =,

(The elements induced by x are denoted by letters after suppressing ~ ). Then

by (1.3) and (1.2) one obtains
- = = =
Uc & €om g(UC,UC)
while (1.1) leads to
(2.4) U =e .
If j 4is the canonical isomorphism defined by the metric g of Mc’ we set

(2.5) 36U =ue aten).

So, by (1.3), (2.2), (2.4) and (2.5), the line element dp of Mc is expressed

by
i i%

(2.6) dp = - ® ey~ ® e;x ~ u ® ¢UC +n® UC,

*
where we have set i = 1,2,...m-1; i =i + m. Taking account of (1.2) one
derives from (2.6)

. i 2 ik 2 2

g = <dp,dp> = - J()" - ) )" - W,

which shows as known [2] that the metric g is space-like and is of defect 1 [2].

If T (M ) and T (M ) are the tangent: space and the normal space of
at pE“4 ,one easily checks by (2.6) that U € T (M )y N T (M ) , that is, Uc
is the cha/zac,tmac ve.c,ton §4ield of M.

Since {Uc} T (M ) , and ¢U T (M ) reference to the definition
g1ven in [8] proves that any co-isotropic hypersurface Mc of M(¢,n,E,g) 1is
a generdic submanifofd (it is known that this property is valid for all proper
hypersurfaces of a Sasakian manifold). Since, in the case under discussion,
Uc satisfies (2.1), we derive by taking exterior differential of (2.2) and

referring to (1.5):
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(2.8) W, =, W = -0, W +n = 0.

Therefore, by (2.2), (2.4), (1.4), and (2.7) we get:

(2.9 Vg = 1 ® - i ® +u® 2U -n ® ¢U

(2, ) E =uw ik W ei ¢ 1 n c?

and

(2.10) VU =-u®U -2n®4¢U,
€ Cc C

(that is, w =u, 0' =2n).

Next, with the help of (1.4) and (1.5) we obtain from (2.4)

_ 2

(2.11) V¢UC =-dp - u® U, -2 ® ¢ u.>

and we quickly find

(2.12) YV ¢0.=0

6U
e

Hence, ¢U_, is a geodesic direction and one easily checks by means of (2.7)
(2.13) da = 0,

So, the above equation and (2.5) prove that Me is foliated by hypersurfaces

Mu, orthogonal to ¢UC. Further, denote by o the canonical volume

element of Mc' Then one has

(2.14) 0= 4 Oy°
where

- * *—
(2.15) 0u=mlA.... N a1 R R o N

If £ =dOi+1iOd means the £fie derivative, one has as known

L 0 =(div Uc)o. Referring to (2.14), (2.15), (2.3) and (2.13), one finds after

u
a direct computation

(2.16) L o0=do =0=4divU_ = 0.
u c
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But Uc being the characteristic vector of MC, it follows from (2.16), and
from the definition given in [4], that M, is an almost minimal hypersurgace.
This property is in accordance with concept of M-vector §ield [7] of a proper
hypersurface M of M.

Next, by (2.14), (2.1) and (1.5) one quickly gets
(2.17) £¢U 0 = 2(m~1)0 = divd)Uc = 2(m-1),

c

that is ¢U  defines an Anginitesimal homothety on M . Now being given s
Riemannian or Pseudo-Reimannian manifold (M,g) and an orthonormal frame {eA}

of M, one has the integral formula (K. Yano [8]).
(2.18) div (7,2) - div (div 2)Z + (div 2)°
= Ric(Z) + XA,Bg(Ve Z,eB)g(eA,Ve Z).
A B
In (2.18), Ric means the Ricci temsor field and Z is any vector field of Mc'
But in the case under discussion one gets from (2.10)

(2:19) VUCUC = —2¢UC

and by (2.12), (2.16), (2.17) and in view of (2.18) we obtain:

it

[ Ric(Uc) 2(m-1) ,

(2.20)

1 Ric(¢Uc) -2(m-1) .
Finally, since Uc is also norm?l to Mc’ the second quadratic fundamental
form of MC is [2] II = - <dp,VUC> One readily finds by (2.1) and (2.5)
II = 2n ¥ u.

Therefore, one has II(Uc’Uc) =0 and II(¢UC,¢UC) = 0, and this proves
that U and ¢Uc are both asymptotic directions of M _.
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Theonem. Let x: M_ - M(4,n,E,8) be the improper immersion of a co-isotropic
hypersurface M in a (2mt+l)-dimensional manifold M, admitting a Sasakian

structure (¢,n,E,g). Then M, is always a geodesic submanifold of M. If the
characteristic vector Uc of Mc is null ¢-concircular, then one has the fol-

lowing properties:

(i) Mc is almost minimal, and is foliated by hypersurfaces Mu ortho-
gonal to ¢Uc;
(ii) ¢Uc is a geodesic direction and defines an infinitesimal homothety
on MC .
(iii) the Ricci curvatures of Uc and ¢UC are expressed by 2(m-1) and
-2(m-1) respectively;

(iv) both UC and ¢Uc are asymptotic directions on Mc'
3. MIXED ISOTROPIC CR SUBMANIFOLDS OF M

It has been shown in section 2 that ay iz foliated by hypersurfaces Mu
orthogonal to ¢UC. Consider now the impr ‘per immersion xu:Mu - ﬁ(¢,ﬁ,€,é),

where Mu is a codimension 2-submanifold of M, defined by
3.D u=0, w =n,

Referring to (2.5), the line element dp of Mu is expressed by
(3.2) dp = ) e; - ot © ejx t 1 Gu

(We denote the elements induced by X > by the same letters as the elements in-
duced by x.) Since <dp,U >=0 (U = Uc/Mu)’ it folows by (3.2) that the
tangent space Tp(Mu) and the normal space Tp(Mu) , at each point p € Mu’
are defined by {ei,ei*,U} and {¢U,U} Iespectively. N
Obviously, one has Tp(Mu).ﬂ Tp(Mu) # 0. But Tp(Mu) (resp. Tp(Mu) ) is
not isotropic (resp. co-isotropic), nor self4-orthogonal [9] , that is,
Tp (Mu) # Tp (M)-L.
Therefore, we agree to call Mu a mixed L{s0tnopic submanifold. We shall
also call U and ¢U the characteristic noumal section and the proper noamal

section, respectively. Next, denote %J = - < dp,Ww >, and E¢U = < dp,V¢U >
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the second fundamental quadratic forms associated with the improper immersion

X . By (3.2), (2.9) and (2.10) one readily finds

(3.3)
L, = <dp,dp > = g.

[olg]
From the above equations it follows that U and ¢U are a geodesic section,
and an umbifical section of M , respectively.
Since < U,U > = 0, any normal section N is expressed by N = AU + €¢ U,
where X € Cm(M), and € = t1. Without loss of generality, one may take

€ =+1. Then, by (2.9), (2.10) and (3.1), one gets:
) 2 2
(3.4) VN=dp -2n® ¢°U+ (dA + 2X"n) ® U - 2An ® N,
. 2 .
and since < U, U > = 1, one obtains

(3.5) QN = - < dp,ﬁN >=g+2n@® n.

According to the known definition, it follows that any normal section N of ‘Mu
m
i%
(i=1,2,...,m"1; i* = i + m) the proper mixed curvature 2-forms (abr. p.m.c.)

of Mu. Making use of (1.7), one finds by (2.1), (2.6) and (3.1):

is quas{-umbilical . By (2.4), we agree to call the cur&ature 2-forms Q?, Q

1%
9 = 2n A W
(3.6) )
m 1
Qi* =2n A w

Hence, all (p. m. c.) — 2-forms are conformed to the restriction n = ﬁ/Mu of
the contact form ﬁ, If we set

*

(3.7) dn = Y Aw',

o)
]
NI

then one quickly gets from (3.6)

i

m * m i
0 = 1@ Aw =@ Aw) =4nAQ.
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. If L is the operator of type (l.l), defined by Li =a A Q for any p-form

1
o, and Lz =a A Qp, then one may write 61 = 4L n. Since iUel = 4Q, we

easily deduce by (3.7)

(3.9) L, 8y =0,

and in the same manner, £U @p = 0, where 9p = 4LPn. Hence, the characteristic
vector field U of M is an infinitesimal automorphism of all forms ep. We
shall make now the following considerations.

Equations (2.3) and (3.7) allow to write
(3.10) @™t anto0, n =1,

and since Mu is of odd dimension, the abo#e equations define a contact
sthucturne Sy = (n,U) whose structure vector field U is null. We agree to
call sy a null contact stweture. It is worthwhile to remark that we have al-
ready defined in [3] a contact structure of the same type. Consider now the
following two complementary distributions Dp = {ei,ei*} c Tp(Mu) and

D; = {U} Cc Tp(Mu). Clearly, by (1.1) and (2.3), one has ¢Dp C Tp(Mu) and

3 X
¢Dp c Tp(Mu) . Hence, according to the definitions given in [8], [10], we see
~ -~ .
that M isa CR-submanifold of M, and D and D are the horizontal and
ventical distributions of M . respectively. For any vector field X, tangent

to Mu’ one sets [8]
(3.11) ¢x = Px + Fx,

where Px and Fx are the tangential and normal components of ¢x, respective-
ly (P is an endomorphism of ™, and F 1is a normal-bundle-valued I1-force in
TMu [8D.

If 1t is the component of U in the expression of X, one easily finds

L

PX € G FX = (S
X Dp Tp(Mu)’ and 0U Tp(Mu) .

Since Px # 0, Fx # 0, then according to [1l] one may say that Mu is

<+

N ke
a proper CR submanifold. If V  is the connection in the normal bundle T MU

N
then for any vector field N of T Mu .one has the Weingarten formula
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(3.12) \?XN = -AX + V;N,
where X 1is any tangent vector field of Mu'

In the case under discussion, one may set N = aU + b¢U (a,b € C (Mu)).
Then, if X is any tangent vector of D, one finds by (2.9), (2.10) and (3.1)
AX = bX €D, and this condition proves that M  is mixed totally geodesic
[117:

Finally, one quickly gets from (2.9) and (3.1), %U =0, VX € D. Hence,
one may say that U is D-transformed by parallelism.

Theorem. The co-isotropic hypersurface MC of ﬁ(¢,ﬁ,£,é), discussed in sec-
tion 2, is foliated by 2-codimensional mixed isotropic submanifolds Mu of M.

1
Let Tp(Mu) and Tp(Mu) be the tangent and the normal space to Mo at

pE Mu. Then any normal section of TL(Mu) is quasi-umbilical, and all proper
mixed curvature 2-forms of Mu are conformal to the restriction n = ﬁ/Mu.
The characteristic vector fields U and n endows Mu with a null contact
structure, and U is an infinitesimal automorphism for all globally defined
(2p+1)-forms @p = 4Lpn.

Furi?ermore, Mu is a proper CR submanifold of M whose vertical distri-
bution D is defined by {U}.

In addition, M.u is mixed totaliy geodesic, and if D denotes the hori-

zontal distributioh, then U is D-transformed by parallelism.
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