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The paper is concerned with the existence of a weak solution of variational
inequalities associated with nonlinear operators of the form

2=+ p() + g(b)

in an open cylindex Q = ]O,T[x @ .corresponding to any smooth bo.-ded domain in
RN and to any fixed T > 0. The procedure takes into account partial differ-

ential operators in the generalized divergence structure

pu= 1 D% txu,...,0m
o|<m o
and
gu = 1 0l*h% e, 0"y
o ém—l o

where m > 1 is an integer. In that case, p(t) and g(t) act on functions
with values in hilbertian Sobolev spaces Hm(Q) and Hm—l(ﬂ), respectively.

Among the previous investigations of variational problems connected to these
operators, two essential situations in regards to the lower perturbations g can
be distinguished, The fifst deals with non-monotone bounded terms [7], while the
second, called strongly nonkinear case, considers monotone perturbations with un-
restricted growth. Strongly nonlinear parabolic problems were studied by means
of a ﬁariant Aubin's lemma in [2] or with the aid of a special Galerkin approxi-
mation in [6].

By using a realization L of §%~ in LZ(Q), compactness arguments were
extended in [3] to variational inequalities containing zero-order nonlinear per-
turbations. In this context, we first present a Hilbert space form of the Brézis-
Browder method and then, assuming that g is a potential operator and L + g is

maximal monotone, we apply compactness criteria to variational inequalities with
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strongly nonlinear perturbations involving derivatives of u up to order m-1l.
0r X0 %

X2 into Xl and X1 into XO are compact and continuous, respectively. We

Let X be three real Hilbert spaces such that the imbeddings of

identify XO with its dual space to have
C C C C
=B ¥ X185
where X_1 and X_2 are the dual spaces of X1 and X2 respectively, and de-

note by <e,> the duality pairing both in X2 X X_2 and X1 X X_1 as well as
the inner product in XO.
Moreover, for a finite set T > 0 let H1 = L2(0,T;X1), 1= 0,x1,%2,

be the L2 - spaces of functions on (0,T) with values in XI. We also have

H CH,CH CH

c
g =ty =y = = "2

and write

with (-,*) for corresponding dualities in H, x H 5 Hy x H_1 and HO.

Lemma 1. To every pain S, p >0 zthere conresponds a constant w= u(§,p) > 0
such that

Iomslly < 8 + wllomwlly

fon all v,w € H

with  |lvlly sllwlly < o-
2 H, H, <

Proof. Ehrling's inequality ([8],p.90) reads as follows: For any e > O there
is C(g) > 0 such that

z|| < ellzll, + ce) x| Vze X,.
lelly, < lzlly, W Ve,

>

Choose ¢ = %%— and integrate over (0,T) to obtain the lemma. []
An operator S:H0 > HO is monoftone if

(Sv-Sw,v-w) > 0 for all wv,we& D(S) C_HO,
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and is max.imal monotfone if it admits no properly monotone extension in HO b Ho.
In particular, let ¢:H0 + ]-w,+o] be a convex lower-semi-continuous function.
Assume that ¢ is proper, i.e., not merely the constant function +=, and de-
note by D(¢) = {vE Holq)(v) < +o} the effective domain of ¢. Its subdif-
ferential (generally multi-valued) defined by

3(v) = |[he Hy| (h,w-v) < ¢(w) - ¢(v) Vwe HO}

is a simple example of a maximal monotone operator. The elements h € 3¢(v) are
called subgradients of ¢ at v. Moreover, if ¢ is Gateaux differentiable,
then 3¢(v) = Vp(v) = {¢'(v)} is a potential operator.

" and

A bounded mapping carries bounded sets into bounded sets. By ' -+
"~ " ywe indicate strong and weak convergence, respectively. A bounded operator
5 *Hp

c R . ; . _
{vn} H2 such that v, v in HZ’ v -V in H1 and 1lim sup(Pvn,vn V) < 0

P:H is said to be (HZ’HI) - pseudo-monotone if for every sequence

it follows that
(Pv,v-w) < lim inf (Pvn,vn—w) Vwe HZ'

In contrast to the elliptic case, where it follows by the compact imbedding of

X2 into Xl’ the condition v,V in Hl must explicitly be specified here.

In general, the classes of pseudo-monotone mappings do not only enlarge that of

maximal monotone operators, but they also provide a natural setting for variation-

al inequalities.
Let L:H, > H

0 0

for all X > 0 and so the nesolvent Iy = (I+AL)_1 acts on HO. In addition,

be a maximal monotone operator. Then the range R(IFL) = HO

we suppose that:
Il) J, maps H, into H, and ”JAVHHZ < HVHH2 for all v in H, and
x> 03

Iz) For any pair (Bl,Bz) of positive constants, the set

A

(€802 | livlly 53, llivlly <5}

is strongly relatively compact in Hl'

We associate with L and J, the Yosdda approximant

A

=L 121y,
LA =3 (1 JA)'HO - HO for all A > 0.
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This is also maximal monotone and LJXV = LXV for all & in HO.

The core of our treatment is based on the following form of the Brézis-
Browder compactness criterion for solutions of parabolic variational inequalities
[3], which should have a broad range of appli%ations also to other boundary problems.
Proposition 1.  Let L:H, > Hjy be a maximal monotone operator satisfying Il) -
L) ¢:Hy > ]-=,4+w] a proper convex Lower-semicontinuous function and C > 0
a constant such that
@H) $(J v) < ¢(v) + Cr for all v € D(¢) and X > 0.
14 {vn} is a bounded sequence in D(L) N D(¢) 40 that

(Lkan,Jxvn—vn) + ¢(Jxvn) - ¢(vn) > -k V>0

§orn a constant k 4independent of n, *then {vn} is contained in a strongly
nelatively compact set in H

1
Proof. The hypothesis Il) and condition (1) imply HJXVHHH <M and
2
(LJ)\VH’J)\Vn_Vn) < -Cx - k.
Since (Jx_l)vn = -}\van = _LJXvn’ we have
. 2 -1
||LJ>\vn||HO <M, with M, =C+ ki .

For each fixed ) > 0, the sequence {kan} is contained in the set
fwemn,no@ | HWHH2 <M, ||Lw||HO <M}

and, by assumption 12), it is strongly relatively compact in Hl'

Taking p =M in lemma 1, we get
“JAvn_vn”Hl = s + UHJ)\VH—VDHHO

uniformly in n. Since kan F in HO as A >0, (seee.g., [8], p. 129),

the second term becomes small enough for a suitable choice of A > 0. We infer

that the sequence {Vn} lies in a strongly relatively compact set of Hl' 1]
Assumption (1) is in fact a maximality condition for the monotone sum

L + 3¢, ([8], p. 138).
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This compactness principle allows us to insert an (HZ’HI) - pseudo-monotone

perturbation in the following existence result:

Theorem 1. Let P:H, 9
as An proposition 1. In addition, L 48 Linear and ¢(0) = 0. For a given
£€H_, assume that P 45 coencive in the sense

(2) ®v,v) + ¢(v) > (£,v)

forn all v outside a closed ball in H_, with centern at the ornigin and
nadius R. Then there exists at Least one sofution uw€ D(¢) of the variational
Lnequality

~H , be an (Hy»H) - pseudo-monotone operator and 1L,¢,C

(3) (Lv,v-u) + (Pu,v-u) + ¢(v) = ¢(u) > (f,v-u) Vv € H_zm D(L)
Moreover, if P A8 strnictly monotone on P A8 monotone and ¢ L8 strnictly
convex, then u 4s uniquely determined by £.

Proof. First, for every natural n, we notice that the convex closed set
Kn = {vE Hzﬁ D(L) I HVHHZ <o, HLVHHO b n}

is strongly relatively compact in Hl’ by assumption 12). Since the restriction
of L to Kn is a bounded maximal monotone operator, we can successively apply
the classical variational inequality arguments (Brouwer's fixed point theorem,
compactness and pseudo-monotonicity, Mosco's trick, (see e.g., [9],Part 2,p. 25)),

to deduce the existence of a une Knm D(¢) such that

- = = (S
(Lun - Pun,v un) + o(v) ¢(un) > (f,v un) Vv Kn'
Because L 1is monotone,
(4) (Lv,v—un) + Pun,v—un) + o(v) - d)(un) > (f,v—un) Vv e Kn’

and the origin lies in Kn,
(Pu_,u ) + o(u) < (F,u)

then, in view of (2), we have ”un”H <R for all n€ W.
2

On the other hand, since LI, v =v - J N the monotonicity relation gives

A
||LJ>\V”HO < |lLv||H0. This, together with Il)’ shows the invariance of K
under Iy for all X > 0.

Now take v = J}\un in (4) and get
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(LIu sJyu —u ) + 6 u ) — ¢(u )

v

(f=Pu ,J.,u -u ) > -k Vx> 0,
n n n’ =

A

in which k is a constant independent of n. Using proposition 1, {un} is
strongly compact in Hl' Then, there exists a u € D(¢) and we may assume, at
least for a subsequence, that un -+ u in Hl’ un -~ u in H2 and Pun -~ Pu in
H—Z' It remains to prove that

lim sup (Pun,un—u) < 0.

Each v € H, N D(L) 1lies in some Kj and thus, setting n > j in 4),

2
(5) lim sup (Pun,un—v) (Lv,v-u) = (f,v=u) + ¢(v) - ¢(w)

A

and so
1lim sup (Pun,un-u) < (h-f,v-u) + (Lv,v-u) + ¢(v) - ¢(u).

The left-hand side being independent of v, replace v by un and note, in
virtue of Il’ that {JAu} remains bounded in H2 for all X > 0. Since
un +~u in HO, then {un} converges weakly to u in H2 as X > 0. Be-
cause (LJAu,JAu—u) = -X”Lxullﬁo < 0 and ¢(un) -¢(u) £ Cx, we infer that

lim sup (Pun,un—u) < lim inf [(h-f,J u-u) + CA] = 0.

n-> A=>0 A

As P is (HZ’HI) - pseudo-monotone, we have
(Pu,u-v) < lim inf (Pun,un-v) Vv € H, N D(e),

and thus Pu = h. These relationships and (5) prove that u € D(¢) satisfies
the variational inequality (3).
Finally, let uy and u, be two solutions of (3). Set v = %—(u1+u2) in

the corresponding inequalities for Uy and uy- Addition gives

1 gty
E-(Pul—Puz,uz—ul) + 2[4 ( 5 ) = ¢(Ul) = ¢(U2)] >0,

and the uniqueness follows. [|

The accretiveness assumption Il) for the monotone operator L restricts
us, despite of [3], to a Hilbert space setting.

Now we return to the divergence form of perturbations and put into eﬁidence

assumptions which force p(t) and g(t) to belong to the classes of nonlinear
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o o
N
operators defined above. Let us denote the space derivatives D = Dll...DV
where Dj = Sg—‘ and o = (al,...,aN) is a multi-index of non-negative integers
3

oy + ese F oy Consider the Sobolev space Hm(Q) of real functions

defined on @, whose distributional derivatives of order < m belong to LZ(Q).

with |af

Hm(Q) is a Hilbert space with respect to the inner product

<vV,w> = z <Duv,Daw>
m
o] < m

0

where ety is the pairing in LZ(Q). Let ll.”m be the corresponding norm.
On the other hand, let sn be the number of multi-indices o with ]a‘ < m.

For ¢ = {Eal|a| m} € r*n separate the highest order terms from lower-order

A

ones, writing £ = (¢,n) where ¢ = {;u||a| = m and n = {na||a| <m -1},
8. =

n€ER" 1. |-|, indexed sometimes by the dimension, stands for the Euclidean

norm.

The following hypotheses are imposed on the first perturbation:
s s
IIl) P:Q x R™s R™ satisfies the Carathéodory conditions , i.e., it is meas-

s
urable in (t,x) € Q for each £ € R ™ and continuous in "¢ for almost all
(t,x) € Q, and grows at most linearly in £, that is,

)
lpCtax,8) | < ep(fely +hy(ex)  V (e,x)€Q, &€ R,
m m

where ¢y > 0 and h1 € LZ(Q);
Sm—
IIZ) For almost all (t,x) € Q, all n€ R -l and any pair of distinct ele-

s Sp—
ments & and &' in R g™ 1

|u|2= o, (6:30,8) = 2, (En,ED (2,6 > 05

I11.) There are a constant c¢, > 0 and a function h2 € LZ(Q) so that

3~ 2
’ 2
Iop (6x,0)E > o el + hy(tx)
la] <m m
Sm
for all (t,x) in Q and £ in R .
Denote further E&(v) = {Dav||a| f_m} = v and n(v) = {Dav||a| <m - 1} =

Vm_lv, specify the Hilbert spaces
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Hy = L2.TE@), Hy = L2O,nE @), ) = tPo,mt@) = @
and write (+,°¢) for the usual duality

T
(v,w) = I <v(t),w(t)> dt .
0

The semilinear form associated with the operator p(t)

T

a(v,w) = 2 I <p (.,.,va),Daw>0dt
lo] < mlo ®

0

is well-defined for v, w in H2 and thus the bounded linear functional

w > a(v,w) induces a mapping P:H2 - H—Z by the rule
(Pv,w) = a(v,w) for all wE€ HZ
An operator P:H2 +-H_Z is said to be coercive if

(Pv,v)

- © as HVH ol
Tl H

Proposition 2. Undern assumptions 1II), P:HZ *-H_z A8 a coerclve (HZ,HI)-
paeudo-monotone operator.

Proof. On the basis of III)’ we may write the inequalities
¥ m | 2 %
HPv|h{ = s up |(Pv,w)| 5_[I z [ ]pa(t,x,v v)l dxdt]”
-2 ||v H <1 0 la]l < Ja
2

I A

C3(HVHH2 + thﬂHo),

which imply the boundedness of the operator P.
Let us choose a sequence {vn} in HZ such that v, ~v in HZ' v,V
in Hl and lim sup (Pvn,vn—v)‘j_O. For (HZ,HI)—pseudo—monotonicity of P

it suffices to show that Pvn > Pv in H—Z' Since

(6) lim sup (Pvn—Pv,vn—v) = 1lim sup (Pvn,vn—v) < O
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we write the sequence of integrands

An(tsx> = alz< m[Pa(tsX,ﬂn’En) - pa(t,x,n,i)](Davn(t,x)-Dav(t,x)),

where ™ n(vn)(t,x) and En = E(vn)(t,x), in the form

; (¢}
An(tsx) - o z‘ mpu(t’x’nn’gn)D Vn - Qn(t:x)

with

_ . a o _ .
o (t,x) = a|z< m[pa(t,x,nn,in)D v+ p (t,x,m,8) (D v, - DV)].

By hypothesis IIl), we derive the estimate

]@n(t,x)|

A

e, Unyl + e |+ ) (nf + [e]) +

+

cg(n |+ [e | +n ) (n | +[e | + [n] + [€])

where A and cg are positive constants, from which the equi-integrability of
the sequence {@n(t,x)} in Ll(Q) follows.
If we apply Young's inequality

M=

ab < (sa2 + e_lbz) with a, b > 0 and ¢ > 0,

then to each ¢ > 0 there correspond a number k(e) > 0 and a function

hy € Ll(Q) such that
2 2 2
| |7+ nl” + Jg] + hyem 1.

lo,(£:x) | < ele |7 - k(e)[[ny

Choosing € = %— and h, = h, + k(g)h3, the hypothesis II yields

4 2 3)

(&
2
@ a (6w 2 ele |2+ @ [P+ [n]? + g2 - n, (6,00,

n
where the last two terms are bounded almost everywhere in Q. Hence the sequence
{E(vn)(t,x)} remains bounded on the complement o! a certain subset Wy in Q

of measure zero. Fixing a pair (t,s) € Q—wl and passing eﬁentually to a sub-
sequence, {E(ﬁn)(t,x)} converges to E.

On the other hand, because {n(vn)} converges uniformly to n(v) in Q,
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the assumption (6) really implies

| I Ip (Eaxan@) (€:3),) - b (6220 (£:2) 5 () (601 E-Dv(E,x)) £ 0
o, =m

on the complement of another subset w in Q of measure zero. Using the full

forcevof hypothesis IIZ)’ we deduce 22 = g(v)(t,x) for a given (t,x) in
Q—(w1 Y wz)u Thus any convergent subsequence of the bounded sequence of vectors
{g(vn)(t,x)} converges to &(v) (t,x). lWe have therefore proved a.e. in Q the
convergence of the original sequence to E(v)(t,x) as well as that of
{pa(t,x,i(vn)(t,x))} to pa(t,x,é(v)(t,x)) for all |a] < m. In virtue of
same hypothesis IIl), the sequence {pa(-,~,g(vn))} is bounded in LZ(Q) for

all ]a[ < m. The Lebesque dominated theorem guarantees that
(o2 E@ ) > B (+,,6(W) in LX(Q
pOL 5°5& Vn pu 35§
and so a fortiori
lim inf (Pv,vn—w) = (Pv,v-w) Vw€ HZ'

Finally, the coerciveness of P is a direct consequence of II3). 0

Upon the lower-order perturbing term, we assume:

s s
IIII) g:Q x R.m_1—+ R.m_l satisfies the Carathéodory conditions and the map
t>G(v,w) = 2 <g (t,x,Vm-lv),Daw>0 is measurable on JO,T[ for all
o
lo| < m-1

v, w in HZ;
Sm-1
IIIZ) There is a convex Gateaux differentiable function F:R + [0,+»] with

F(0) = 0 such that

. oF
g(t,x,n) = vV F(n), d.e., gy =5 —
n . n
o
III3) s up F(n) defines an Ll(Q)—function for some fixed r > 0.
Inl,  =r
m-1

By hypothesis III3) and the subgradient inequality, we deduce

G(v,v) = z <g (t,x,Vm 1v),D v>0 >0
al < m-1 o
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for all v e Hl and almost all (t,x) € Q, that is, g satisfies a sign con-
dition.
As in the elliptic case ([4], p. 175), when g is continuously differen-

tiable in 1 for almost all (t,x) € Q, the hypothesis IIIZ) is fulfilled if

S Vo,B = O,...,sm_l.

The condition III can be regarded as a natural extension of Webb's cor-

)
3
responding hypothesis for the elliptic equation [10].

The assumption IIIZ) allows us to write the Gateaux differential

DF(v,w) = z [ g (t,x,Vm_lv) Daw dxdt
|0L| <m-1 7Q ¢

and the primitive

1
F(v) = J dt z J g (t,x,TVm_lv)Duv dxdt
0 la] <m-1lg® :

for every v, w in H1.
Because no growth restriction on g(t,x,:) is made, this perturbation does
not induce a mapping in H, X H_,, and then we introduce the truncation

' g(t,x,v) if Jg(txm|,  <d,
g3 (t,x,v) = m-l
3 g(t,x,v)

|g(t,x,v) |

otherwise

and FCJ)(V) its corresponding potential, for each j € W.

Let us consider now the restriction of é% to 'HO’ i.e., a linear operator

L:Ho - HO with the graph

p(D) = fv €1’ [Z e’ @, vo.0 =0}

1 2 :
Since D(L) CCT[0,T];L"(R)), the condition v(0,x) = 0 makes sense and, in ad-
dition, L is densely defined and maximal monotone in HO X H0 (see e.g., [1],
p. 65). For all X > 0, let Jl be its resolvent.

An elementary computation gives
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T T
[ hannwlge 2 | el e
0 0

for all wé& Cl([O,T];Hm(Q)) with w(0,x) = 0. Taking w = JAV and the closure
in HZ of {vOCl([O,T];Hm(Q)) ]\'7(0,x) = O}, the hypothesis Il) for this
L is checked.

In the elliptic case, as we mentioned already above, the selection of a
strongly convergent and thus of an almost everywhere convergent sequence from a
bounded set is generally possible in view of the Sobolev-Rellich theorem. A
similar r6le is played for parabolic equations by Aubin's compactness lemma (see
e.g., [9], Part 2, p. 50). In our particular setting, it asserts: A subset of
D(L) which is bounded in the graph norm “V”H + ”LV”H is strongly real-

tively compact in H Thus L satsifies also the hypothesis 12)‘

7

Let K be a closed convex set containing the origin in Hm(Q) and consider

the indicator function

0 if wv(t) lies in K a.e.,

y(v) =
+o otherwise,

with the domain D(y) = {v = HZ [ y(v) = 0}-

Theorem 2. Let f be a given efement in H_, and assume that hypotheses

II) - III) hold. Then there exists a u € D(y) N C([O,T]:LZ(Q)) with

w(0,%) = 0, g(+s +,u) € LNQ) and G(u,u) € LL(0,T) which is a s0lution of the
variational inequality

(Lv,v=u) + (Pu,v-u) + Z f ga(t,x,Vm_lu)Du(v—u)dxdt
Q

8) |a|§m—l
> (f,v-u)  ¥v € D(y) " D) NL7(Q.
Proof. For every natural j, the sum P + g(J) is a bounded coercive

(HZ,HI)-pseudo—monotone operator and, in virtue of theorem 1, there exists a solu-

tion uj € D(y) of the variational inequality
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(Lv,v-u.) + (Pu.,v-u) + z j g(j)(t,x,anlu.)Da(v—u.)dxdt
3 3 la]<n-1)q © 3 j

(9

+ y(v) - y(uj) > (f,v—uj) Vv € HZ N D).

With each v € HZ such that F(v) < «, let there be associated the function
o(v) = y(v) + F(v). By Il’ y(JAv) < y(v) and, using the subgradient inequal-
ity, we have
a
F(Jxv) - F(v) 2 Z (guCJXV):Dr(JAV—V)) b ||8(JAV)”H ||JAV‘V”H >
o|<m-1 - 1
where, for simplicity, ga(v) = ga(t,x,Vm_lv). Hence ¢ fulfills the assumption

(1) with C = 0.

Because of the subgradient inequality, (9) can be written as

%

(10)  (Lvsv-u) + Pugv-ug) 4 6(0) = o(uy) 2 (Ev-u))  WEH, D D(L).

We can proceed as in the proof of theorem 1, to infer that the sequence

{uj} is bounded in HZ and strongly compact in H,. Let us denote
G(J)(u.,u.) = z J g(J)(u.)Duu.dxdt.
1’q 9 J J

Substitute v = 0 din (10) and obtain
G))
(Puj,uj) +G (uj’uj) £ “fHH-ZHUjHHZ

Since P is coercive, the sequence {G(j)(uj,u.)} remains uniformly bounded.
Therefore, we may assume, at least for a subseqience, that u, ~u in HZ and
Puj ~h in H—Z as well as uj - u in H1 and {uj(t,x)} converges to
u(t,x) for almost all (t,x) € Q. Moreover, in view of the Carathéodory con-
dition, {g(j)(uj)} and {G(j)(u,,u,)} converge to g(u) and G(u,u) a.e.
in Q, respectively. Then Fatougs iemma guarantees that G(j)(u.,uj) “+ G(u,u)
in Ll(Q). ’

Furthermore, (as in [5], lemma 3), for every o, we consider sm_l—tuple
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r sign gu(t,x,Vm—lu) if o = B,
Xa(r:gstsxsu) =
0 if o # B.

Then the subgradient inequality and F(u) > 0 yield

. i ‘
Ig;J)(uj)l <1 [G(J)(uj,uj) + F(y)] with leSm—l =r

Hypothesis IIII) also ensures that g(j)(uj) + g(u) in Ll(Q).

Because P is (HZ,H’)-pseudo—monotone, it follows, by the same argument as
in the proof of theorem 1, that Pu = h.

Now, the passing from (10) to the variational inequality (8) is rigorously
justified.

Finally, take v = un in (8) and get
L ull, + Pu,Lywy < |IE]l, IE ully, s
X H0 A = H—Z A HZ

because F(JAu) < F(u), and hence {Lxu} is bounded in H0 for all ) > 0.
Since ”un—uHHo = XHLquHQ and so un ~u in H, as A >0, we derive that
u€ D(L) and u€ C([0,T];L2(Q)). The proof of the theorem is thereby com-
pleted. O
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