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SOLUTIONS OF ABSTRACT DIFFERENTIAL EQUATIONS WITH MINIMAL UNIFORM NORM

S. Zaidman

In this Note we give a Banach space version of Theorem 5.1 in [1, p. 771.

1. Let X be a Banach space and R the real line. Then consider a con-
tinuous function f = f(x,t), de S x R dans X where S is a ball in X.
Next, consider functions x(t), R =+ S, such that x'(t) = £(x(t),t), t€ R.
If R =
x(*)

"compact solution'". Any compact solution is obviously bounded on R . We shall

{x(t), te B{} is a relatively compact set in X we =peak about a

prove the following
Theonrem . Let us assume that there exists a closed ball S1 C S such that

sup Hf(x,t)” = L < o,

XESI

R

and let xo(t), R -+ X, be a compact solution of xé(t) = f(xo(t),t), whose
range R, (*) 1is contained in S;- Then, there exists a compact solution y(t),
(0]

R ~ S of y'(t) = £(y(t),t), having the minimal property:

1!
sup ||y(t)|] < sup ||x(t)|| for any solution x(t), R -+ S of the same differ-
R tER _
ential equation such that R CR = K.
x(4) © Fxg(9)
Proof. Let us define a real positive number A by the relation

f(x(t),t), t€ R}.

A = inf {sup ]lx(t)]|, x(t) EK VtE€ R, x'(t)
tER

Then, a sequence An > 0 dis given by

£(x(t),t), t € R}.

A = inf{ sup ||x(t)]|, x(t) €K Vt € R, x'(t)
n t|<n

Accordingly, Vo = 1,2,..., Hxn(t) €ER VtE€ R, x&(t) = f(xn(t),t), t €ER.
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1

Ani sup Hxn(t)H < )\n+g, n=1,2,...

t|<n

For any fixed t, € R, the set {xn(to)} is contained in the compact K;

0
furthermore, th, t2 € R, it is
)
xn(tl) - xn(tz) = Jt f(xn(s),s)ds and Hxn(tl)—xn(tz)ll < Itz—tll -« L.
1

Therefore, a subsequence {x (t)} (n1 < nz,...,->°°), can be extracted, such

that 1lim x_ (t) = y(t) exists, uniformly on compact subsets of R . Thus,
kso Pk
y(t) is a continuous function, R - K.

Remark now that f(x,t) is uniformly continuous on K x [-T,T] for any
T > 0. This implies that 1lim f(x_ (s),s) = f(y(s),s) uniformly on compact sets
of R ke "k

Now, it is also

t
x () =x (0) + J f(x (s),s)ds.
3 e o Jg ™

As k + » it follows:

t
y(t) = y(0) + —J f(y(s),s)ds,
0

and because of the continuity of y, £(y(s),s) is also continuous, y(t) has
a derivative, and y'(t) = f(y(t),t), t € R.

It remains to establish the equality: sup ||y(t)|| = A. First it is
tER
An <A Vn=1,2,... Remark that if x(t) € K, VE € R and x(t) = £(x(t),t)

then

sup [[x(0) ]| < sup |lx(®) .
t|<n

| Consider two sets of positive numbers:
)
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A= {sup [[x(O)||, x(t) €K Vt € R, x'=f(x,t)},
t€R
B, = [ sup ||x(t)]], x(t) €K, vt € R and x' = f(x,t)}
t(<n

Then inf Bn <inf A (Vn = 1,2,...).

Consequently:

inf{ sup ||x(t)]||, x(t) € K, te€ R, x' = f(x,t)}
t in

n
>
'—I
0]
A
>

M
<
=}

[
f—
N

Next we shall use estimate:

sup |lx (O <A+ .

ltlen, ™ LN

(=
Take any ty R and then ‘kO such that |t0| <oy for k Z_ko. It follows

that

1 1
llx. ()] <A +-—<rA+— for k > k..
o 0 n, no— 0 =0

as k > » we obtain: l|y(t0)|f < A. Thus sup [ly(t)]
tE€R
Vi € R and y'(t) = £(y(t),t) implies, by definition of ), that

| A

A. However y(t) €K

X < sup l‘y(t)ll. Hence sup ‘|y(t)\\ =), q.e.d.
tER tER
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