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ON NONLINEAR DIFFERENCE APPROXIMATIONS TO NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

-

Lance D. Drager and William Layton
ABSTRACT

A nonresonance condition upon g is known under which the equation
(E) x'(t) + g(x(t),x(t-1)) = e(t), -= <t <,

will have a unique almost periodic solution, for any almost periodic forcing
term e(t). In this paper the equation (E) is discretized by a difference
scheme. It is shown that the difference approximation to (E) exists and con-
verges to the solution of (E) without any assumptions upon g +Lthan the one
needed to ensure that (E) will have a sofution. First, a detailed analysis of
a central difference approximation to (E) is given. Later a general theory of
convergence of difference schemes for (E) is developed.

It is shown that if the difference approximation is 4fabfe and consistent
for approximating periodic solutions of linear, comstant coefficient, ordinary
differential equations then the scheme will be a convergent approximation for
computing almost periodic solutions of the nonlinear functional differential

equation (E).
I. INTRODUCTION

Many problems in ecology or mathematical biology are governed by functional

differential equations of the general form
(1.1) x"(t) + gx(t),x(t-1)) = e(t), - < t < =,

More generally, equations of this type occur whenever a system being modeled has
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a delayed response, incubation period or memory of previous states.

In this paper the problem of approximating solutions to such equations by
a finite difference approximation is considered. Specifically, the case where
e(t) in (1.1) is a known forcing terms that is Besicovitch almost periodic
(BZ) in t, and gives rise to a Besicovitch almost periodic solution x(t),
will be studied.

The nonlinearity g in (1.1) is assumed to satisfy a nonrésonance condi-
tion which will be stated precisely in section-3. Loosely speaking, condition
(NR) on g states that if the equation (1.1) is linearized by expanding g in
a Taylor series and discarding quadratic and higher terms then the associated
linearized operator is invertible on B2. In [8] it was shown that this con-
dition (NR) is sufficient to ensure that (1.1) will have a unique solution
x € B2 for any e € B2. See also the related papers [4], [5] of the authors
for further information.

First a detailed analysis is carried out for the simple central difference

approximation to (1.1).

R eh) <2 (e-h)

2h + g(xh(t),xh(t—T)) =e(t), -= <t <o,

(1.2)

Here xh is the approximation to x and h is a parameter (representing a
meshwidth) that will tend to zero. It will be shown that if the condition (NR)
holds then the nonlinear difference equation (1.2) has a unique solution for

h sufficiently small. Convergence of xh to x will then be established and
rates of convergence given.

In section 4 a general convergence theory is given for different schemes
for (1.1). An approximation to (1.1) that arises by replacing the derivative
by a general type of possibly nonsymmetric differencequotient is analyzed.
Based on the careful analysis for the approximation (1.2) natural notions of
stability and consistency of the approximation will be suggested. Using these,
it will be shown that if the difference approximation for periodic solutions of
Linear, constant coefficient, ordinany differential equations is stable and
consistent then the resulting one for almost periodic sofutions of functionak
differential equations will be convergent.

Before the nolinear problem can be considered, the linear equation is

analyzed in section 2. C shall denote a generic positive constant that may
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have differenti values in different places.

ITI. THE LINEAR CASE

Consider the linear equations given by the operators L and Lh

(2.1) Lx(t) = x'(t) + ax(t) + bx(t-1) = e(t),

2 () 2x ()

- b a™(E) & Ty = elt)

(2.2) L x(t) =

If e € BZ(IR;R) then e possesses an expansion in exponentials

iX.t
e = Je I, mcten,
J€Z
where, since e 1is real valued, A—j = —Aj are real numbers, a, € C and

aj = E_j, and the Fourier coefficients of e satisfy (see Besicovitch [1])

T
2.3) lell? = tim 2= [ Je(®)|Pae = | le |? < a.
45 LS5

T 2 jEZ

The. following is known about the operator L (see Layton [8], Drager & Layton

[41).

Proposition 2.1. Let R denote the region {atsb|-1 < s < +1}. Then, if

(a,b) ¢ R, (2.1) has a unique solution x € B”. Furthermore,

=l < a M fell, d = min{lasb], | Gab) ]}

so that |t} <at. D

Next consider the operator Lh' Expanding

iALt

xh(t) = 2 x.e 3
sz

gives that thh(t) has the exponential series
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iA.t
thh(t) = JTalxe 1,
€2 473
ix,h =-iX.h :
h_e 3 - J _lij
mj = ————-jﬁ;—————»+ a + be -
Thus, (2.2) has the formal solution
il.t
(2.4) L) = J @ e 3

Next, we conduct a £inear stability analysis on (2.4). Provided h 1s suffici-

ently small, it will be shown that the approximation (2.1) is stable, i.e.

higher Fourier modes of the solution are not increased.

Fgute 1. The region R ={ (a,b) atsb = 0,~-1< s< +l}

in the a -~ b plane.
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Proposdition 2.2. (Linear Stabilfity). Assume (a,b) € R and h is sufficiently
small. Then, a unique solution xh(t) to (2.1) exists in BZ. Further-

. . . e h e Fe
more, if d is as in proposition 2.1, x satisfies

I < a el

so that []L;1||<§ aL,

Proof. Consider the quantities m? in (2.4):

sin(A,h)

(2.5) m? = (a+b cos (AjT)) + i( &

-b sin(%jT)).

For arbitrary Aj’T the imaginary part of m? can become arbitrarily small

infinitely often. Thus, m? must be bounded by its real part:

|m§1]2 > (atb cos(AJ.r))2 > min{latsb|: -1 <s <41}
lm?' >d,- d=min{|atb|, la-b|]}.

Thus, using the Parseval formula (2:3)

h - 2 = )
M2 = L k2 e, | < [a?le I?
Il < alell. 0

The purpose of this paper is to study the nonlinear equation. However,
we shall first demonstrate convergence in the linear case. The statement

2,3 2 < P .
e €87 means that e,e',e",e'" € B~, where - -the derivatives are inter-

preted in a weak sense appropriate for B2. See the appendix for more details.

Theonrem 2.1. Assume (a,b) € R, h is small enough for xh to exists and

ee B2’3. Then, the error in the approximation (2.2) to (2.1) satisfies
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h =4 2
lxx]| < ca b2 le]] 55

where d = min{la+b|,|a—b|} is a positive constant.

Proof. The solution to (2.1) is given by
x(t) = ) mtle.e , m, = i\, + a + be
J J ] J

Thus the error x(t) - xh(t) is given by

i, t
h -1 , h.-1 i
x(t) - x'(t) = ) [m,-(m) Jeee J,
€z J ] ]
so that
hy 2 -1 , h.-1,2 2
2.6 o112 = 3 oyl e 12
€z .
h .
Next, note that m.j can be written as
iz -iz
-e

h e
= 1 = = )X.h.
mj mj + 1Xj[ 7ia 11, =z i

A simple Taylor series calculation gives that:

h 2
m, =m, + iX,r(A.,h), r(z) = 0(z as - 0.
5 = JTOGR), T(2) = 000 |z |

Thus, provided h is sufficiently small that
(2.7 Ar(Ah) | <d < |m,
) ey | <d < fml

it follows that

h,-1 —1|

(2.8) | (m.) -m,

|3h2
5 .

<clm, 72|,
- J i |

This also implies the weaker estimate
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(2.9) @h ™ alt| < ey Pl

To complete the proof, decompose the sum (2.6) as
h -1|2|

=12 = ¢ 3+ 3 ) m -
jeJ], jer J J

2
el

where J; = {j € z |Ajr(xjh)[ < d} (i.e. those j's for which (2.7) holds)
and J, =2 -J

2 1
Consider first the sum over Jl' Using (2.9),
I tnt-@h e 1 < atat T y1°le 17
€I, £,
(2.10)
<enta® T aslr1H3e, |?
< cantflell?.

Next, consider the sum over JZ' Since r(z) = 0(22), it follows that

for j€ I,

2/3

A, ] > ch " d.
41 2

Thus, since |mﬁ|_1, |m?|—l j'd_l

( z ) < Zd-z Z 2/3 |E.|2'

= = A
FJ, ]xj | >Ch d

2/34

But, for |Aj| > Ch™ and s >0

-2/3

(Ch d)“2(1+|xj|2)2 > 1.

Therefore, for any s, 0 < s < =,



52 On Nonlinear Difference Approximations to Nonlinear

T |x.—x2|? j_Cd—Z(Ch_2/3d)_ZS Y

2 2
i3 (1+]Aj| )Slejl
j€T |Aj|zph

—2/3d

(2.11)

| A

Cd—(2+ZS)h4S/3 z (1+’A‘|2)S|e.[2
€z J

< Cd—(2+25)h48/3”e]|§.

Combining (2.10) and (2.11) gives

”x—xh]|2 < Cd"ll»hl}”e”Z + Cd_(2+25)h45/3||e”2.
— 3 s

Taking the square root of the above inequality and picking s > 0 such that

2s/3 =2 or s =3 gives that
x|l < ca™*n*fle]l,,

which is the desired result. ]

Remark: Note that d is the distance from the point (a,b) to the region
R so that this error estimate becomes less useful as (a,b) > R (i.e. as
d + 0). This reflects the fact that the continuous equation can be ill-

posed for (a,b) € R.
III. THE NONLINEAR EQUATION

In this section the difference approximation (1.2) to (1.1) is considered.
Because of the work in the previous section in obtaining precise estimates
in the linear case it will be possible to proﬁe convergence of Xh to x in
the nonlinear case. Since we are not approximating an initial value problem
but rather a type of boundary value problem (with "finite energy" radiation
type boundary conditions at *), asymptotic error estimates in the linear
case are insufficient to prove convergence in the nonlinear case. The esti-

mate of ”L;lll in proposition 2.2 will be essential in proving convergence.
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First the basic results on the continuous equation will be reviewed
briefly. The equation (l.1) will have a unique almost periodic solution

provided the following nonresonance condition upon g holds.

Conditions (NR): Assume g€ Cl(R.x R: R) and that
(gx(u,v),gy(u',v')): u,v,u',v' € R is bounged away from R, and away from

infinity.

(NR) is thus sharp when (1.1) reduces to a linear equation, see Drager and

Layton [4], Layton [8] for more details.

Theonem 3.1. [Theorem 4.1 of [8]]. Assume (NR) holds, and e @ B2. Then,

there is a unique solution x € B2 to (1.1). 1
The condition (NR) can be restated by enclosing the set
{(gx(u,v),gy(u',v')): u,v,u',v' € R } in a box whose sides have slope =*1. This

leads to the following restatement of (NR).

Condition (NR)': Assume g € C1 and that there are numbers p, q, ¥, S,
such that p <q <0 <r <s, |p—q| = Ir—s| and either

(i) p < gy(u,v) - g (u'v') <q, r<g (u,v") + gy(u,v) <s
holds for all u, v, u', v'€ R, or

(i1) p 2g (u'v') + gy(u,V) <q, r < gy(u,V) - g (u'v') <s
holds for all u, v€ R.

Part (i) of (NR)' above corresponds to the case when {(gx,gy)} lies to
the right of R and part (ii) when {(gx,gy)} to the left of R. Figure
2 is a sketch of part (i) of the above.

The following technical estimate from the proof of Theorem 4.1 of [8] .

will also be necessary.

Lemma 3.1. Assume’ (NR)' also holds. Then, if a and b are chosen to be

the center of the square in which (gx,gy) lies in (NR)' there follows
a = d—1 sup{|é—gx(u,v)| + !b—gy(u',v')l . u,v,u',ﬁ'EE R} <1. 1]

For example, in case (i) of (NR)' the choice of (a,b) in the previous
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lemma is given by

1

a=>-(r+s-p-4q), b= %—(p +q+r+s).

&

Henceforth g will be assumed to satisfy (NR)'.

Theorem 3.2. Assume (NR)' holds and e € B2. Then there is a unique solution

xh(t) to the difference equation (1.2) in B2.

Proof. The difference equation (1.2) is rewritten in the following way

2 )= k)
7h

+ axh(t) + th(t—T) = axh(t) + th(t—T) - g(xh(t),xh(t—T)) + e(t).

(gx(u,V),gy(u',V‘))

Y

Figure 2. Part (i) of assumption (NR)'. The set
{(gx(u,v),gy(u',v')) tu, v, u', v'e I&} is contained in a square

bounded either to the left or to the right of the region R.
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Define (wy)(t) = av(t) + bv(t-t) - g(v(t),v(t-r)) and Lv as in section 2.
If (a,b) ¢ R then (1.2) is equivalent to the fixed point problem

£ () = L;l[N(xh(t)) fe()] = F G+ L le.

Using the mean value theorem the operator N .can be bounded by

”N(x)-N(y)||<i sup{la—gx(u,v)| + |b—g(u',v')| s u,v,u',v' € IR'}”x—yH,

Thus Fh satisfies

-1
17, @-F M < 11,7 [[Ne-Nm) ||

< d_lsup{|a—gx(u,v)| - lb—gy(u',v')l : u,v,u’,v' € Ii}l[x—y”.

Applying lemma 3.1 gives that for one choice of (a,b) & R

Ig, Go-E, DI < allx=yll  w <1,
and existence - uniqueness of xh follow from the contraction mapping
theorem. []

Next, we give the error estimate.

2,3 2,3

Theonem 3.3.. Assume (NR)' holds, x € B and y(t) = g(x(t),x(t-1)) € B~*~.

Then,

h
I

2
="l < e {llxll5 + llyll5}-

Proof. Using the notation of section 2 and the previous theorem, x and xh

satisfy
x(t) = L—I[N(x) + e],

o Y L;l[N(xh) +el.
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h | .
Thus, X = X is given by
%~ B = L}_llN(xh) - Ll:]‘N(x) + (Ll:l—L_I)N(x).

-1 -1
Applying the convergence result of Theorem 2.1 to the (Lh -L ")N(x) term and

using the fact that Lh N is a contraction gives

llx=x"]| < oflx=x"|| + cn?||neo) || o<1,

2:3°

from which the theorem follows.
IV. A GENERAL CONVERGENCE THEORY

Let T denote the forward shift operator

h

Thv(t) = v(t+h)

and let Ti denote powers of Th’ i.e.

Tﬂv(t) = v(t+jh), j € z.

If #2(z) is a truncated Laurent series in =z

M .
8(z) = ) 027,
j=-n

then a difference approximation to (l.1) can be written in the general form:
-1 h h
4.1) h IR (T )% (8) + glx (£) ,x"(e-1)) = e(t).

We shall prove a general convergence theorem for the approximation (4.1).
When the difference scheme (4.1) is stable and consistent in the linear case
then it will converge for the nonlinear equation (l.1). The precise notions

of "stability" and "consistency" will be developed next.



Lance D. Drager and William Layton 57

Let L denote the ondinary differential operator

Lx = x'(t) + ax(t), a#0.

It )
Then, the approximation to ILx = elx induced by &(z) is given by

(4.2) h‘lz(Th)xh(t) + axh(t) e

Complex exponentials are eigenfunctions of the shift operator. Thus, the
h i\t
solution to (4.2) must have the form x (t) = ce "t Substitution gives

C{h_l Z R.jel)\(t+3h) + ael)\t} - el)\t
j=-N

M . . ¢ .
- t
C{h . z l.ethk + a}el)\t = elA
j=-n *
N -
- -1
and thus C = [a + h ! Z Q,eljhx] .
j=-n

Hypothesis (HL). Given a # 0 there is an h0 > 0 such that for 0 < h 5-h0

M s s
a+hnty g eiMh g
o J
j=—
for all ) € R.
For stability of the scheme it is necessary that the solution operator
to Lh:

ilt

M i . .
e > [a + h—l Z z.eljxh]—lelxt

io-N

not increase the energy of the higher Fourier modes of the solution.

The next hypothesis is a statement of this stability condition.

Hypothesis (H2). Given a # 0 a real number, there is a nonnegative function
g(h) >0 as h + 0 such that for all X € R
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M .. _ _
a + h—1 z ljeljhxl . j_(|a|—e(h)) 1.
(SN

Remasik . This is clearly equivalent to asking that

Mo
la + 07t ¥ ljeljhxl > |a| - e(h), h sufficiently small.
j=-N

When the approximation (4.2) is consistent, this will always' hold for fixed

A  since

M
nt Yo
j=-n

Jdha | d ke - 4k
i ac € le=0 = *

so that

M ;o
la + h_l ) l.ethAl = |ir + a + eh,V) |,
j=-N

where ¢(h,A) > 0 as h » 0. The stability hypothesis is that this must oc-
cur uniformly in the frequency .

This is not a very restrictive condition, we shall show that, for example,
the forward Euler method satisfies (H2).

If x(t) = elxt, then

Lx(t) = [ix+a]elxt.
) -1 & ijhA
If the difference scheme L, is to be comsistent with L then h Z Qje
must approximate i)\ well in a neighborhood of zero.
Hypothesis (H3). Assume that there is a function r(z) = O(Zk) as |z| »~ 0
for some k > 0 such that

et g+ rom) ],

The proof of the convergence of the scheme (4.2) to x in the linear

case is then identical to the proof of theorem 2.1. We shall state the result
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without further comment.

h
Theorem 4.1. Assume a # 0, Lx =e and Lx =e
yk
(H1), (H2) and (H3) hold and e€ B2**I,

. Asgume further that
Then, xh -+ x 1in B2 and the

error satisfies

h k
=[] < en™{lelyy; -

where C 1is independent of h, x and e bug depends upon a. 0
The proof in the nonlinear case goesithrough with only one minor modi-

fication. We shall give a sketch and indicate where it occurs.

Theonrem 4.72. Assume (NR)' holds, h is sufficiently small and (u’), (H2)

and (H3) hold. Then Xb(t) S B2 exists uniquely. If x€ B2’k+1,

y = gx(t),x(t-1)) € B, then

h k
x < + .
= < el + Nyl )
Proof. TFirst note that the square in the second formulation of (NR) can be
situated so that it is symmetric about the a-axis. This implies, in partic-
ular, that the b-coordinate of its center must be zero.

Next rewrite (4.1) as in section 3

Xh(t) = L;l[N(xh(t)) +e(t)] = F(t) + L;le.

For h sufficiently small, Fh is a contraction. To see this note that (H2)

gives the estimate on L; :

”L;1||<j — , €h) 0 as h > 0.

]a[-e(h)

Proceeding as in the proof of theorem, consider for x,y € B2

HFh(x)—Fh(y)||§_ sup{]a—gx(u,v)1+|b-gy(u‘,v‘)[:u,&,u',&‘ € jR}Hx—yH.

|a|—e(h)
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Picking a to be the first coordinate in the (a,b) plane given in lemma

3.1 and noting that the choice of b in lemma 3.1 will be zero gives that

—l—-sup{...} = d_1 sup{...} = a < L.

|a|
Since e(h) >~ 0, it follows that for h sufficiently small

1
|a'—e(h)

sup{...} = o' < 1.

Thus, for h <h (sufficiently small) xh exists uniqely.

The error egtimate follows from the proof of theorem 3.3, mutatis
mutandis. O

Thus, the convergence of a fairly generwal class of difference approxima-.
tions to almost periodic solutions of nonlinear functional differential e-
quations can be reduced to the stability and consistency of the schemes on
periodic (eﬂt) so0lutions of a constant coefficlent, Linear, ordinary dif-
terential equation.

EXAMPLE: The foward Eulern method.

Consider the simple forward difference approximation to L:

h h
h _ x (t+h)-x (t) h
th = ™ + ax (t).
h :
If xh is the solution to th = elXt, then a simple computation gives

Xh(t) = [(eilh-l)/h + a]nlei)\t

Consider the multiplier m? = (elxh—l)/h + a:
]mi’l2 = 0! cosm)-n7lay? + 7! sin(in))?

= h_2 cosz(kh) + 2(.':1—1',1_1)(1'1_1 cos(Ah)) + (a—h_l)2

. sinz(Ah)
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b2 4 20 @™ cos(h)) + (ab 12

>t ca e ¢ aTa?,

for h sufficiently small that h_1 - a > 0. Thus,

2

12> @@ tay? = 2.

|n®
A
Thus, (Hl), and (H2) hold ((H2) with e(h) = 0). (H3) holds since a Taylor's

series argument yields

€ =l - i)+ ix 0(Ah).

V. REMARKS AND CONCLUSIONS

In this paper difference approximations to nonlinear functional differ-—
ential equations have been analyzed in the almost periodic case. It is shown
that the difference approximation will converge to the true solution with no
extha assumption on the nonlinearity othen than the one needed forn the exist-
ence of a sofution. Convergence is shown for a wide class ‘of difference schemes.

Aside from the obvious problem of approximating the solutions of nonlinear
differentialvequations, the theorems stated herein can be thought of as giving
a theory of nonlinear recursion relations, or (with a change in emphasis in
the presentation) a constructiﬁe existence theorem for the nonlinear differ-
ential equatién.

The extension of this material systems of equations of the same form as
(1.1) is almost immediate under the added hypothesis that g € CI(RPXZRH;]JB
is a gradient operator with respect to each of its Qariables separately (see
the last section of [8] for more details). Also, higher order equations can be
treated proGided the program of [8] can be carried out on the continuous e-
quation.

Let us remark that the regularity required of x(t) can be reduced to
smoothness conditions on g and the forcing term e(t). This was done in the
periodic case in [3], corresponding results can be expected in the almost peri-

odic case.
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h
Since the existence of x (t) was proven using a contraction argument,
h .
the difference equations giving x (t) could be solved iteratively by the

modified Picard iteration used in the proof of the theorem.
VI. APPENDIX: ALMOST PERIODIC FUNCTIONS AND DIFFERENTIAL EQUATIONS

The theory of almost periodic functions was begun by the Danish mathe-
matician Harald Bohr. The space of uniformly almost periodic functions intro-

duced by Bohr can be characterized in several ways, for example:

Definition. f:R »R is uniformly almost periodic, written f € AP(R;R),

if, for any € > 0, there is a real trigonometric polynomial Te(t) such that
[£(E)-T (t)| <&, == <t <o,

In brief, the space AP(R;R) can be characterized as the closure of the real

trigonometric polynomials

n ikst _
6.1) T(t) = ) ae » ag=a _€¢C A_=-2€R,

S=-n

where - < t < o, in the uniform norm.
There is also an equivalent pointwise definition of the space AP(R;R)

"e-translation numbers" of the almost periodic function

given in terms of
f(t), see Corduneanu [2] for more information.

This definition has been generalized in several directions. The one used
in this paper was introduced by Besicovitch [1] who proved that if another
norm is chosen the resulting space of almost periodic functions becomes a
Hilbert space with a continuum of orthonormal basis functions {eiXt|A € R}
in which the Parseval formula holds.

The space of Besicovitch almost periodic functions, BZ(R;]R), is the

closure of the set T of real trigonometric polynomials (6.1) in the norm

T
= 1im% J lf(t)[zdt.
T ©0 0
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As usual, functions n.EB2 whose difference has norm zero are identified. An
2 . o
alternate definition of B2 is as follows. B~ consists of all real trigo-

nometric series

® ixjt _
6.2 f(t) = . % .= a.,, A . = =\,
(6.2) (t) ) a e ag=a; Ay 5

j=—oo

for which the B2 norm is finite:

-
=)

2 ; 2
lell? = T Jal? <=

j:—ao

In Layton and Drager [4], a one parameter family of such spaces, BZ’S(I{;R)
is introduced to study the solutions of differential equations. Using the
Fourier series definition (6.2) of B2, BZ’S can be defined in the following
way. Write

ir.t -
£(t) = ije J e 3 *(R;R)

where X . = =)\, f,=F, rovided
( -] h J) P
2w 2.8, (2
Nell; = 1 Qr[n [DT]E [T < =

P J J

J——co
295 5 & 2 & P . 2
B can be characterized in terms of weak-B -derivatives of elements in B,
see [4] for more details. When the functions involved are periodic ||-“S

reduces to the norm on the Sobolev space w;.

The almost periodic theory of differential equations was investigated
soon after almost periodic functions were introduced when many people real-
ized the intimate connection between almost periodic functions and many prob-
lems of mathematical physics and, in particular, to certain stability problems
in celestial mechanics. For the basic theory of ordinary and partial differ-
ential equations, see the book [2].

The theory of periodic and almost periodic solutions of 6unCii0”a£ dif-
ferential equations was treated in the fundamental paper [6] of Hale. In the

nonlinear case, he proved a result along the following lines. If the linear
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equation
x"(t) + Ax(t) = e(t)

is uniformly asymptotically stable and is f£(x,t) is a nonlinear term that is
almost periodic in t uniformly in x, and Lipschitz in x, then the non-

linear equation
x"(t) + Ax(t) = ef(tmxt)

will have a unique uniformly almost periodic solution for e sufficiently small.
See also the book [7] by Hale.

In the paper [8] the second author considered this problem of existence
of almost periodic solutions to such nonlinear functional differential equations
when the forcing term is Besicovitch almost periodic. Since the space B2
is a Hilbert space, a nonresonance type condition (condition (NR) in section 3)
was found under which such solutions could be shown to exist. Thus, using the
extra Hilbert space structure, the small parameter restriction mentioned above
was avoided. 1In a later paper [5], Drager and Layton showed that the weak B2
solutions obtained in [8] are in fact Ck (k > 1) classical solutions when

the forcing term is continuous.
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