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SOME ALMOST PERIODICITY CRITERIA FOR ORDINARY
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In their paper [ 1 ],H. Bohr and 0. Neugebauer considered for the first time
the almost periodicity problem of bounded solutions of ordinary differential equ-
ations/systems.Dealing (basically) with the finite-dimensional linear system
x' = Ax + f(t),where A is a constant matrix,and f(t) is an almost p.. -~dic vector
valued function,Bohr and Neugebauer have proved the following clasical result:Any

bounded solution on the whole real axis is necessarily almost periodic.The proof

of this result is rather elementary,and besides the above quoted paper it can be
found in several monographs and textbooks.See,for instance,[ 71 [ 161 ,[ 20]

The research direction initiated by Bohr and Neugebauer turned out to be a
very fruitful one,and a good deal of results has been obtained particularly du-
ring the last three decades.Most of the efforts are now concentrated on the almost
periodicity properties of solutions to partial differential equations,to different
other types of functional equations,or to abstract differential equations.In ge-
neral,more sophisticated types of equations than the ordinary ones drew the at-
tention of many researchers.Nevertheless,the almost periodicity problem of boun-
ded solutions for ordinary differential equations is still : challenge for many
researchers in this field.The list of references at the end of this paper is an
illustration in this regard.

Without any attempt to discuss this topic in full generality,ve would 1like
to emphasize a few features of the research work conducted in this field.

J. Favard [15] has undertaken a systematic investigation of linear systems
with almost periodic coefficients,obtaining several significant results.For the
first time,Favard recognized the significance of the property of "separation'" of
solutions of almost periodic (finite-dimensional) systems,as well as the role of
the "hull" of such a system.Later on [ 2] ,L.Amerio extended such properties to

the case of almost periodic nonlinear systems.
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Amerio has provided also a criterion of existence for almost periodic solu-
tions,in which a basic assumption is the existence of a semitrajectory of the al-
most periodic system x' = f(t,x) that belongs to a compact set in R".Results of
this kind have been also obtained by W. A. Coppel [ 6 ],whose results involve the
asymptotic almost periodicity of the semitrajectory:

The case of linear equations in Banach spaces,With constant or almost peri-
odic operators,has been investigated by several authors.Yu. L. Daleckii and M.

G. Krein [ 14 ] are mainly concerned with the equation x' = Ax + f(t),where A

is a linear stationary operator on a Banach space E,while f is an almost periodic
map from R into E.Spectral conditions are indicated,under which the existence of
almost periodic solutions is assured.In their book [ 24 ],J.L.Massera and J.J.
Schaffer obtain almost periodicity criteria for linear equations with nonstati-
onary operators x'(t) = A(t)x(t) + £(t),where both A(t) and f(t) are almost pe-
riodic.S.Zaidman [ 34] , [ 35 ] has been particularly concerned with almost
periodicity in abstract equations,obtaining several results which can be applied
to both ordinary and partial differential equations.In [ 13 ],C.Corduneanu and
J.A.Goldstein deal with some classes of nonlinear abstract equations,finding some
almost periodicity criteria.The common feature of the research work conducted in

this area is the constant use of functional analytic methods.

M.A.Krasnoselskii and his coworkers [ 20 ] have extensively used the method

of integral equations.The basic idea relies on the use of certain Green's type

functions,which naturally appear in the inversion of some differential operators
with almost periodic coefficients.By means of the Green's function,the study of
nonlinear almost periodic equations can be reduced to the investigation of boun-
ded solutions (on the whole real axis) to nonlinear integral equations.This ap-
proach conducted to interesting results which seem to be of a rather different na-
ture than those obtained by the use of other available methods.

Another valuable method in the study of almost periodic differential equ-
ations is based on the construction of the Fourier series.For earlier results ob-
tained in this regard,see I.G.Malkin [ 23] .More recent contributions have been
brought by W.A.Coppel [ 6] .We think that this method Has yet a good potential
for further application.

ﬁinally,another method that has been used in investgating almost periodicity

properties for ordinary differential equations is the Liapunov's function method.

Most of the si#gnificant results obtained by means of this method are included in

Yoshizawa's book [ 33 ] ,this author being a main contributor to the topic.
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The results we shali give in this paper are also based on the use of some
Liapunov's type functions.The new feature of the results consists in the fact
that we rely on certain differential inequalities [ 8 ], [ 9] ,that seem to be
particularly adequate when the unknown function is bounded on the entire real
(as a potential almost periodic solution always is).It should be also noticed
that our approach provides connections in between the almost periods of the right
hand side of the equation/system,and those of the solution.It is also proper to
stress the fact that we do not rely on the "hull" of the almost periodic system.
The conditions imposed to the almost periodic system for obtaining the almost
periodicity of the bounded solution lead immediately to the uniqueness of such
a solution (within the set of those having trajectories in a given compact set).
Let us mention that several authors (see [ 5] , [ 28 ], [ 31],as well as the refe-
rences in those papers) have studied similar problems to those dealt with in
this paper,using inequalities which are related to the ones we shall use. These
authors choose the Hilbert/Banach space as the framework,but the hypotheses of
continuity leave little possibility of applying their results to partial dif-
ferential equations.The paper [ 5 ] has some potential applications to infinite

dimensional problems.

QUALITATIVE DIFFERENTIAL INEQUALITIES

The method we shall apply in deriving new criteria of almost periodicity of

bounded solutions for ordinary differential equations is the comparison method ,

i.e.,the simultaneous use of Liapunov''s functions and differential inequalities.
Since the almost periodic functions (Bohr) are bounded on the real axis,the dif-
ferential inequalities involved in discussion will usually hold on the entire
real line. No initial conditions will be required,excepting the case when the
inequalities are restructed to a half axis.We already dealt with such kind of
inequalities in [ 8] and [ 9 ],being mainly concerned with the almost perio-
dicity of solutions to partial differential equations.In order to include the
almost periodicity in Stepanov's sense,we considered in[ 10] and [ 11] some
qualitative inequalities which are generalized in this section (Lemmas 3 and 4).
For the reader's convenience,we shall state here the results obtained by the a-

uthor in[ 81 and [91].

Lemma 1

Let x(t) be a differentiable map from R into R+,such that
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(1) x'(t) 2 wx(t)) , teR,

with w continuous from R+ into R,and satisfying the condition w(x) > 0 when

x > M > 0. If x(t) is bounded on the real line,then it must verify
(2) x(t) < M, t e R,

The proof of this Lemma is provided in[ 9] .More precisely,in order to obtain
the statement ,one has to change t into -t in [ 9] .
It should be also noticed that instead of the derivative of x(t),one can use

the upper Dini derivative at the right.

Lemma 2

Let x(t) be continuously differentiable of the second order,from R into R+,
and such that
(3) x"(t) 2 wx(t)) , t ER,

with w satisfying the assumptions of Lemma 1. Then the conclusion of Lemma 1 is

valid,i.e.,(2) holds true.

The proof of Lemma 2 is given in [ 8 ] as well as the proof of the following

Cornollary

Let x(t) be a map from R+ into itself,continuously differentiable of the se-
cond order,and such that (3) holds true on R+.If x(t) is bounded,and in addition

x(0) = 0, or x"(0) - hx(0) = 0 , h > O,then the estimate (2) is valid on R+.

While Lemmas 1 and 2 proved to be useful tools in establishing almost perio-
dicity of bounded solutions to equations/systems which enjoy almost periodicity
properties in Bohr's sense [ 8 ], [9 |, somewhat different results are necessary
when the right hand side of the equation/system is almost periodic in a weaker
sense (say,for instance,in the sense of Stepanov).It has been noticed in [10] and
[ 11 ], that some differential inequalities,involving functions which are not ne-
cessarily bounded on R,can be dealt with in view of obtaining boundedness and es-
timates for their solutions.

Let us first consider the differential inequality

(4) x'(t) 2 kx(t) - £(e)Aalx(r)) , t e R,

where k> 0 is a constant,f is a locally integrable map from R into R+ ,such that
t+1

(5) sup / f(s)ds = "f"M <o . tgegR.

t
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Furthermore,we shall assume that A(r) is a map of R+ into itself,continuous

and nondecreasing,such that A(r) = 0 implies r = O,while
-1
(6) u(r) = r{d(»)} ~ , r >0, u(0) = 0,

belongs to the class K , i.e. , vanishes at the origin , is strictly increasing
for r > 0 , is continuous and tends to infinity with r. It is obvious that the

inverse of such a function always exists,and belongs also to the class K.

Lemma 3

Let x(t) be a differentiable map from R into R+ , such that (4) holds true,
where k , £ and \ verify the above stated conditions. If x(t) is bounded on R,
then necessarily

-1
7 sup x(t) < u "(KIfl,) , te R,
where K is a constant depending on k only.

Proof. If one multiplies both sides of (4) by exp(kt),and integrates from
t tot (t_ < t),one obtains
o o

t
(8) x(t) < x(to)exb{—k(t - to)} + Sa(x(s))f(s)exp{-k(t - s)}ds .

t
(o]

Since x(t) is bounded, (8) yields for to - - o and fixed t

t
9) x(t) < A(m) S £(s)exp{-k(t - s)}ds ,

-—00
where m = sup x(t) , t € R. Taking the supremum (with respect to t € R) in both

sides of (9),one obtains after dividing by A(m);

(10) p(m) < KHfHM s
which 1is obviously equivalent to (7). (See [24 1 for the definition and the pro-

perties of the norm in the space M).

Remanrk 1
The results obtained by the author in 10 and 11 can be derived also

from Lemma 3, choosing A(x) =1 , and X(xr) = /r .

Remark 7

Instead of (4), one could obviously deal with the equivalent inequality
(4") x'(t) € -kx(t) + £()A(x(t)) , t e R,

with k , £ and A as above.
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Remark 3
If we restrict the inequality (4) to the half-axis R+ , one obtains easily

the same estimate (7) for any bounded solution (on R+) of (4):

(10") sup x(t) < u_l(Kuf"M) , te R+,

where "f"M is defined by (5), with t ¢ R, instead of t e R.

Of course , (4') restricted to R+ leads to a different estimate,which invol-
ves Xo = x(0) .We leave to the reader the task to get this estimate,following an

approach to that used above.

We shall state now a lemma which deals with second order differential ine-

qualities on the real axis.

Lemma 4

Let x(t) be a map from R into R+,twice differentiable,and such that
2
(11) x"(t) 2 kx(t) - £(e)A(x(t)) , t e R,

If x(t) is bounded on R , and k , £ and verify the conditions stated in Lemma 3,
then x(t) satisfies

(12) sup x(t) < u"l(KufuM) , teR,

with K > 0 depending of k only.

Proof. The inequality (11) can be rewritten in the form
(13) (x'" - kx)" + k(x" - kx) > -f(e)r(x(t)) , t e R,

which leads to the first order inequality

(14) {x"(t) - kx(t)lYexp(kt) 2_{x'(to) - kx(to)}exp(kto) -
t
I M(x(s))f(s)exp(ks)ds , t > to.
t
o

The boundedness of x(t) implies the existence of a sequence tn , I 1 , such

that tn ! -»= | and x'(tn) -+ 0. Let now t0 ¢ -« on such a sequence in (14). Omne
obtains the inequality

t
(15) x'(t) - kx(t) > - SAa(x(s))f(s)exp{-k(t - s)}ds ,

—0o0

holds true for any t e R. If we denote as in Lemma 3 sup x(t) = m , £t € R, then
(15) leads to
(16) m < A(m)xufuM s
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from which the inequality (12) follows immediately (the constant K in (12) does

not equate that occuring in Lemma 3).

Remark
If the inequality (11) holds only on R, , then estimates for the bounded so-
lutions on R+ can be obtained using the same approach as above. In particular , if

we know that x(0) = 0 , then (12) keeps its validity.

ALMOST PERIODICITY RESULTS

We shall apply now the Lemmas from the preceding section in order to obtain

almost periodicity criteria for the systems

(17) x"(t) = f(t,x(t)) , t e R,

(18) x"(t) = £(t,x(t)) , t e R,

where x , £ ¢ R" , and £(t,x) is almost periodic in t , uniformly with respect
to x in any compact subset of R" . The almost periodicity of f(t,x) will mean
either Bohr's almost periodicity , or the almost periodicity in Stepanov's sense.
The almost periodicity of the solution will be always meant in Bohr's sense.

Let us formulate now the conditions that will be required for £(t,x) by the
criteria of almost periodicity we are going to establish in this section.

1) The map £ , from R x R" into Rn, is continuous,and such that there exist

two functions ¢(r) and Y(r) , from R+ into itself , with

(19) ¢ £(t,x) - £(t,y) , x —y) 20(x - y) - ¥(x -y]) 3
2) The functions ¢(r) and ¢(r) satisfy

(20) ¢(r) = o(r) as r + 0,

(21) lim inf{ r"1£¢(r) -9y} > 0,as r+t e,

while the greatest root of the equation

(22) ¢(xr) = Y(r) +er , e >0,

say r(e) , is such that

(23) lim r(e) =0 as € ¢ 0

3) The map t f(t,*) , from R into R , is (Bohr) almost periodic, unifor-
mly with respect to the second argument in any bounded set of R

We can state now the following result.
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Theorem 1
Let x(t) be a bounded (on R) solution of the system (17) , in which f satis-
fies the conditions 1) , 2) and 3). Then x(t) is (Bohr) almost periodic. If f is

periodic in t , of period T , the so is x(t).
Proof. Let T € R be a translation number , and denote
) 2
(24) y(e) =ix(t +1) - x(£)] , te R.

From (17) , and the analogous equation obtained by changing t in t + T, one de-

rives after subtraction and scalar multiplication by x(t + 1) - x(t)
(25) v 2 2060/y) - vy )-ely} , teR .

The number e in (25) is defined by

(26) e = sup {|£(t + 7,x(t)) - £(t,x(£))|; t € R},

and is certainly finite because of the assumtion 3) on f(t,x). Of course,we can
choose € as small as we want , provided T is chosen among the e-almost periods
of the almost periodic function f£(t,x).

Now , we can apply the result given in Lemma 1 to the differential inequa-
lity (25) . Indeed , on behalf of (21) one has ¢(r) - ¢(r) - er > 0 , provided
r is taken large enough . On the other hand , because of the assumption (20) and
condition ¥(r) > 0 , one sees that ¢(r) - ¢y (r) - er < 0 for small values of r.

Consequently, taking into account the boundedness of y(t) on R , (25) implies
X
(27) {y(e)}? = 1x(t + 1) - x(£)] < r(e) , te R,

and condition (23) guarantees the (Bohr) almost periodicity of x(t)
The periodic case can be dealt with in the same manner , taking T = T , and

noticing the fact that (25) holds true for any e > 0 .

Cornollary )
A noteworthy special case of Theorem 1 is obtained for ¢(xr) = mr2, and Y (r)
identically equal zero (m > 0). It means that f£(t,x) is strictly monotone in x ,
a case that has been dealt with by several authors. For the finite - dimensional
case the papers [ 191 and [ 29] are relevant . They contain further references
related to this topic . The case of equations in a Banach/Hilbert space has been
considered , under monotonicity assumption , in[51 , [ 26] , [ 271 , [ 28] ,

31 ] . The paper [ 13 ] is also dedicated to equations in Banach spaces , and

uses the same approach.
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Next almost periodicity result we are going to prove deals with second or-
der differential systems . Lemma 2 of the preceding section is providing the ne-

cessary tool in carrying out the proof.

Theorem 2

Let x(t) be a map from R into R , twice differentiable , bounded on R , and
satisfying the system (18) . We assume that f(t,x) verifies the conditions 1) ,
2) and 3) stated above . Then x(t) is (Bohr) almost periodic . If £(t,x) is pe-

riodic in t , of period T , then so is x(t)

Proof. We shall proceed exactly as in proof of Theorem 1 , keeping the no-
tations used there . This time , we shall rely on the simple identity yy" =

2
(yy")' - (y") , in order to obtain the inequality

(28) y' 2 2(6(/y ) - vy ) - efyl, teRr,

where € 1is defined by (26) . The Lemma 2 is now applicable to the inequality (28),
which leads to

(29) {y(t)}l/2 = | x(t + 1) - x(t)l <1r(e) , £t eR.

On behalf of our assumptions , (29) implies the almost periodicity of the solu-
tion x(t)
Again , the case of periodic f(t,x) is covered by the considerations exposed

at the end of the proof of Theorem 1

Conollary

2
If one chooses Y(r) to be identically zero , and ¢(r) =mr , i.e. , con-

dition (19) takes the form of a monotonicity condition for £(t,x) ,
2
(30) (f(tgx)_f(tsY) s X =¥ ) zm1x—y| ’m>0'

In order to be able to deal with Stepanov's almost periodicity of the right
hand side of the differential systems under investigation , the use of Lemmas 3
and 4 is required . Nevertheless , we still assume the continuity of f£(t,x) , in

order to secure the existence of continuously differentiable solutioms.

Theorem 3

Consider the system (17) , under the following assumptions:

a) the map £(t,x) , from R X R" into R" is continuous, and such that (3)
holds true ;

b) the map t + f(t,+) , from R into R" ,is almost periodic in Stepanov's
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sense (with p = 1) , uniformly with respect to the second argument in any compact
n
set of R .
Then , if x(t) is a bounded (on R) solution of (17) , x(t) is (Bohr) almost

periodic . Moreover , the almost periodic solution of (17) is unique .

Proof. Let T € R be a fixed number , and consider again the function y(t)
defined by (24) , where x(t) stands for the bounded (on R) solution of (17) whose
existence is guaranteed by our hypotheses . Proceeding again as in the proof of

Theorem 1 , one obtains the following inequality:

(31) y'(£) 2 2{my(t) - g(e)/y(®O} , te R,
where one denotes

(32) g(t) = | £(t + t,x(t)) - £(t,x(£)) |, t € R .

Since g € M , the Lemma 3 is applicable , and (31) leads to the estimate

i
(33) {y()}* = Ix(t +e) - x(£)| < Kigly »
where the constant K depends only of m . From (32) it is obvious that
t+1
(34) | 8ly = sup I f(s + 1,x(8)) - f(s,x(s)ﬁlds , teR,
t

can be done arbitrarily small , provided the translation number T is chosen among
the almost periods of f (noticge the boundedness of x(t)). Consequently , any
K_le—almost period of f is an e-almost period for the solution x(t).

The uniqueness of an almost periodic solution to (17) can be obtained again
by means of Lemma 3 , if one takes into account the fact that y(t) = |x(t)- i(t)lz,
here x(t) and x(t) stand for two bounded solutions of (17), verifies the inequa-
y' > 2my - ¢ , for every positive €
Remark 1

Results like Theorem 3 can be found in the literature,even in the case of
equations in Banach/Hilbert spaces : [ 18 1 , [ 221 ,[261, [28]. In most ca-
ses , the conditions imposed are somewhat stronger , either for the proof of
existence of solution , or in order to compensate for-the noncompactness of boun-
ded sets in such spaces . The proof we provided above seems to be new , even

though the result appears to be familiar to the reader.

Remark 2

The existence problem for almost periodic solutions of (17) , under the as-
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sumptions of Theorem 3 , is a rather simple problem if we rely on the Amerio's
result that guarantees the existence of a bounded solution (on R) for any almost
periodic system for which there exists a bounded half-trajectory. Indeed , the
comparison equation attached to (17) is obtainable from (31) , in which the sign
> is replaced by the sign = . If g e M , then the comparison equation has boun-
ded solutions on both positive and negative half-axis (see [1 ] for recent con-

tributions to this topic. This implies the existence of bounded semitrajectories

for the system (17).

Theorem 4

Consider the differential system (18) , under the assumptions a) and b) of
Theorem 3 . Then , if x(t) is a bounded (on R) solution of (18) , x(t) is (Bohr)
almost periodic . Moreover , there exists only one almost periodic solution of

this system .

Proof. We shall proceed again as in the proof of Theorem 2 . One derives the

following differential inequality :
(35) y"(t) 2 2{my(t) - g(e)/y(t) } , t e R,

where y(t) is defined by (24) , and g(t) is defined by (32) .Since y(t) is obvi-

ously bounded on R , from (35) and Lemma 4 we obtain
1,
(36) {y(©)}* =Ix(t + 1) - x(t)I <Kigl, » t e R,

with K depending on m only . In Lemma 4 of the preceding section one has to take
A(r) = /r , in order to obtain (36)

The (Bohr) almost periodicity of x(t) follows now from (36) , if one takes
into account the almost periodicity (Stepanov) of f(t,x)

The uniqueness of the almost periodic solution is an immediate consequence
of Lemma 2 . Indeed , if xl(t) and xz(t) are almost periodic solutions of (18) ,

then their difference y(t) verifies the inequality
(37) y'>2my , t e R,
which is strengthened if one subtract an arbitrary e > 0 from its right side.

Remark
Theorem 4 is somewhat more general than the result obtained in [1 ] by R.

Aftabizadeh , where f(t,x) is supposed to be of gradient type and almost periodic

in Bohr's sense . This author deals also with the existence problem .
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LIAPUNOV FUNCTIONS , AND FURTHER RESULTS

The reader who is familiar with the Liapunov's functions technique in the
theory of differential equations has certainly noticed that all the results in

the preceding section are , in fact , obtained by means of the Liapunov function

V(t,x,y) = |x - y|2, whose derivatives are evaluated with respect to the systems
(38) x' = f(t,x) , y' = £(t + 1,y) ,
(39 x" = f(t,x) , y"=£(+1,5),

where T is an arbitrary real number , to be chosen among the almost periods of
the function f(t,x) .

Several criteria of almost periodicity of solutions , based on the existence
or construction of a convenient Liapunov function , are given in Yoshizawa [33 ].
Of course , such criteria are usually related to those concerning stability pro-
perties of solutions (for which reason the Liapunov functions have been devised)
and ~ to the best of our knowledge - all such criteria involve only the first de-
rivative of the Liapunov function .

On the other hand , in stability theory several authors [21 ] , [ 25171 ,

[ 321 have dealt with inequalities or properties of the second derivatives of
the Liapunov functions , obtaining new stability criteria .

As we shall see in this section , Lemmas 2 and 4 provide the necessary tools
in connection with the use of Liapunov functions satisfying certain second order
differential inequalities , in view of finding new criteria of almost periodicity
of bounded solutions . Actually , Theorems 2 and 4 of the preceding section cons-
titute good illustrations of such kind of new criteria .

Let us now state some almost periodicity criteria for bounded solutions of
the system (17) , involving a rather general type of Liapunov function , and sa-
tisfying differential inequalities like those discussed in the Lemmas proven in
the second section of this paper .

A few notations will be necessary in order to formulate the basic results of
this section . They are mainly those used in [ 33 ].

First , we shall use a system derived from the system (17) , namely
(40) x' = £(t,x) , y' = £(t,y) .

This system differs from the system (38) , but it allows the statement of the

assumptions on the Liapunov function in adequate form . It is worth pointing out
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that the system (38) involves the real parameter T, which implies the fact we

have to deal with a family of systems , rather than a fixed one .

Let V(t,x,y) be a map from R X B* x B* into R+ , where B* denotes a bounded
neighborhood of the ball B = {x | x ¢ R, jx | £t }. We shall assume the follo-
wing conditions hold true for the function V(t,x,y)

1) v(t,x,y) € C(l)

bounded , together with the restrictions of VX and Vy (the gradients of V in

in R x B* x B* | and its restriction to R x B x B is

respect to x and y) ;
2§ there exists a continuous map A from [O0,A) into R, , for some A > 0 ,

such that A(0) =0, A(r) >0 forr >0, and
(41) A(x - y]) s V(t,x,y) , te R , x,ye B*;
3) V(t,x,y) satisfies the differential inequality

L >
(42) V(kO)(t’X’Y) 2 w(V(t,x,y)) ,

in the whole domain of definition of the function V(t,x,y) , where w is a conti-
nuous map from some interval [ 0,0 ) into R , and such that the gratest positive

root , say r = r(e) , of the scalar equation

(43) w(r) —e=0,¢e>0,
verifies
(44) lim r(e) = 0 , as e¥0 ,

while w(r) - e > 0 for r > r(e)

We shall notice the fact that under our assumptions one has

(45) (t,x,y) = VetV f(t,x) ) +¢ Vy , £,y

Vl
(%0 )
Let us also notice that , without loss of generality , the function A(r) in

(41) can be assumed strictly increasing . Indeed , if A(r) is not strictly increa-

sing , then Ao(r) = s exp(-t)A(t)dt is , while Ao(r) < A (x)
o

Theorem 5

Consider the system (17) , with f(t,x) almost periodic in t , uniformly with
respect to x € B . Assume there exists a Liapunov function V(t,x,y) satisfying
the conditions 1) , 2) and 3) , specified above . If the system (17) has s aemi-

trajectory { xo(t) ] t > to } ¢ B, for some t0 e R, then there exists a unique
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almost periodic solution x(t) of the system (17) , such that { x(t) | teR}YcB

Proof. As pointed out in the previous section , the existence of the almost
periodic solution x(t) follows from a well known result of Amerio [ 2 ]. See
also[ 7 1, [ 161 , [ 33 1. We need only to prove that x(t) is an almost pe-
riodic solution . Indeed , if T € R is an arbitrary (translation ) number , then
x(t) and y(t) = x(t + 1) satisfy the system (38) . The last equation in (38) can

be rewritten in the form
(46) y'(t) = £(t,y(t)) + [ £f(t + 7,y(t)) - £(t,y(eN]

This equation appears as a perturbation of the seconll equation in the system (40).
The relationship between the derivatives of the function V(t,x,y) taken with res-
pect to the systems (40) and (38) respectively is
(47) Vi) <V (6%, +Le,

(x0) (38)

where L is a constant dominating 1Vx| and | Vyl in R x B x B , and
(48) e = sup |f(t + 1,y) - f(t,y)I, t e R, y e B

The supremum in (48) is alwys finite , because of the almost periodicity of f£(t,x)
and of the compactness of the set B[ 7 ]. Of course , the number € can be ar -
bitrarily small if t is chosen among the almost periods of f(t,x).
From the inequalities (42) and (47) one derives
(49) v' (t£,%x,y) > w(V(t,x,y)) - Le ,
(38)
which constitutes the basic inequality . Indeed , since V(t,x,y) is bounded on the

set R x B x B , the Lemma 1 applies , and we obtain
(50) V(t,x(t),x(t + 1)) < r(Le) , t e R,

rovided T € R is an € - almost period of f(t,x) in R x B . Hence , taking into

account properties 2) and 3) in Theorem 5 , one obtains
(51) AMlx(t + 1) - x(£)] ) £ r(le) , t e R,

from which the almost periodicity of x(t) follows immediately .

To prove the uniqueness of the almost periodic solution for the system (17)
we will use again Lemma 1 . Indeed , if we assume the system (17) has two almost
periodic solutions in R x B , say x(t) and y(t) , then (42) yields

(52) V' (t,x,y) 2 w(V(t,x,y)) - €, €>0 .
(40)
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The Lemma 1 provides now the following inequality :
(53) A x(E) - y(E)1) < V(E,x(£),y(t)) < r(e) , t e R,

from which the uniqueness follows immediately , taking into account the fact that

e > 0 is arbitrary . This ends the proof of Theorem 5 .

We shall compare now the result of Theorem 5 , with a similar onme given in
Yoshizawa [33 ]. A feature of Yoshizawa's result consists in the fact that the
Liapunov function V(t,x,y) is defined only on R+ . But this does not prevent us
to apply the result in Theorem 5 , since a rather elementary procedure allows the
extension of V(t,x,y) from R+ x B* x B¥ , to R x B¥ x B¥

Let us formulate first the result of Yoshizawa , slightly modifying some of
the conditions involved . In particular , we do not require the upper estimate
V(t,x,y) £ u(jx - y|) , replacing it by the boundedness of V(t,x, ) . Instead ,
we will impose somewhat more restrictive conditions in regard to the growth of

V(t,x,y) in t , as well as in regard to the existence of V'(t,x,y) .

Theorem ( 19.7 4in [331 )

Consider the system (17) and assume that f(t,x) is almost periodic from
R B* jinto R , uniformly with respect to x in any compact part of B* . Let
V(t,x,y) be a Liapunov type function , satisfying the following conditions :

i) there exists a positive definite function A(r) , such that
A% = y1) < V(E,x,5) SV <+,
in the whole domain of definition of V(t,x,y) , VO = const. ;
ii) there exists a constant L > 0 , such that
IV(t,x,7) - V(E,x,9)1 <Lt -t +|x-% |+ |y=y ) ;

iii) the derivative of V(t,x,y) , with respect to the system (40) ,defined
as in [ 33 ] , verifies the inequality
v\ (t,x,y) 2 aV(t,x,y) , a >0,
(+0)
and is supposed to exist uniformly with respect to t € R .
If the system (17) has a semitrajectory that belongs to B , then there exists

a unique almost periodic solution of (17) in B .

Proof. Before we derive the proof of the theorem stated above from the The-

orem 5 , we shall notice that the change of sign that appears in iii) does not
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mean anything else , but the fact that the first order differential inequality
on R is equivalent to its dual inequality (the one obtained by the change of
the variable t into -t)

We are going to prove that V(t,x,y) can be extended to the whole real axis
with respect to the variable t , such that conditions i) , ii) , and iii) keep

their validity . Indeed , let us denote Vm(t,x,y) = V(t + tm,x,y) s t2-t o,

X , ¥y € B* , form=1,2,3, ..... , where {tm} is a monotone sequence of
positive numbers that tends to + «, and such that
(54) 1lim f(t + tm,x) = f(t,x) as m~+ o

uniformly on R x B . See , for instance , [16 ] in connection to the existence

of such a sequence {tm}. Let us fix now t < 0 , and notice the fact that all the
terms in the function sequence { Vm(t,x,y)} are defined at t , starting with a

sufficiently large rank . Moreover , on behalf of the assumptions i) and ii) ,

one sees that this function sequence is uniformly bounded and equicontinuous on
% .

any compact part of B" x B*, Therefore , without loss of generality , we can as-

sume {Vm(t,x,y)} is uniformly convergent on any compact part of B* x B* .Let us

denote now , for each fixed t < 0 ,

(55) V(t,x,y) = lim Vm(t,x,y) , m > ®

It is obvious that conditions i) and ii) are preserved for the extended function
defined by (55) . It remains only to prave that condition iii) holds true for the
negative t's . More exactly , one has to prove that

V(t + h,x + hf(t,x),y + hf(t,y)) - V(t,x,y)

(56) lim sup >
h+0 h

av(t,x,y)

We already know that (56) holds true for t > 0 , and the limit exists uniformly

with respect to t € R+. Therefore , we can find a sequence {hk} s hk + 0, for

which

. V(e + tp thox F W E(E 4t LX),y + h f(t + t»y) - V(e + t 5%,y)

hy
> aV(t+ tm,x,y) -n,

where n > 0 is arbitrarily chosen (it does not depend on m , k or t).But (54)
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and ii) obviously imply

V(t+tm+hk,x+hkf (t+tm,x) ,y+hkf (t+tm,y) ) - V(t+tm+hk,x+hkf (t,x) ,y+hkf (t,vy))

(58)
L

< 2Lsup| f(t + tm,x) - f(t,x)!,

where the supremum is taken with respect to (t,x) € R x B . From (57) and (58)

one obtains

V(t+t +h ,x+hkf(t,x),y+hkf(t,y)) - V(t+tm,x,y)

k

(59) 2Lsup|f(t+tm,x) - f(t,x)| +

By

> av(t+tmsx’Y) =0

On the other hand , (59) can be rewritten in the form

Vm(t+hk,x+hkf(t,x),y+hkf(t,y)) - Vm(t,x,y)

(60) 2Lsup|f(t+tm,x) - f(t,x)| +

by

> an(t,x,y) -1

Let us keep now k fixed , and let m tend to @ . Then (60) implies

V(t+hk,x+hkf(t,x),y+hkf(t,y)) - V(t,x,y)
(61) 2 avV(t,x,y) = n

By

Now , let us make k tend to infinity in (61) . One derives
(62) V' (t,x,y) 2 aV(t,x,y) - n ,

(%0)
and since n > 0 is arbitrary , (62) implies the condition iii) for V(t,x,y) . It
should be pointed out that the existence of the upper right derivative for the
function V(t,x,y) is guaranteed by the fact it satisfies condition ii)

This ends the proof of Yoshizawa's theorem , in the variant stated above.

Remask 1

The proof shows , actually , that the existence of a Liapunov's type fun-
ction on a half-axis implies the existence of a similar function which is defined
on the entire real axis . This fact appears to be quite natural , if we keep in
mind the fact that the system (17) is almost periodic , and that any almost pe-
riodic function is completely determined when given on a half-axis [ 7]

Remank 2
(1)

In Theorem 1 we did require V(t,x,y) to be of class C . Theorem 1 is valid

with V(t,x,y) possessing only Dini's derivative , like in [33 ].
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Let us comsider again the second order differential system (18) , in view of
obtaining a result of almost periodicity , using a Liapunov function which is of
a more general form than the one used in Theorem 4 of the preceding section .

First , let us point out that we need to estimate the second derivative of

the Liapunov function with respect to the system
(63) x" = f(t,x) , y" = f(t,y) ,

which does not involve the derivatives of the first order . Normally , we look
for Liapunov functions (fo such systems) involving both variables x and y , as
well as their first order derivatives . In what follows , we shall be concerned

with the construction of a Liapunov function for (63) , having the special form
(64) v(t,x,y) = A(x - y?) ,

where A(r) is a convex function of class K (see the second section of this paper
for the definition of this class) . The advantage of seeking such Liapunov func-
tions will follow from the fact that estimates can be found for the second deri-
vative V"(t,x,y) , independent of the first derivatives x' and y'

Indeed , if we assume A(r) to be continuously differentiable of the second
order , then V" can be expressed in the form

2

(65) V'(t,x,y) = 2 A'Ux - vk - y'1% +2 2 (x - FI2)Nx - y,x" - y") +

" 2 2
4X"(x -yl ) (x - y,x" - yhH

Since the first and third terms in the right hand side of (65) are nonnegative
(the second , due to the convexity of 1) , one obtains the following inequality

in case we estimate the second derivative with respect to (63)

(66) V'E,x,y) 22 A% -y Nx - y,£(E,%) - £(t,y)
(63)

We shall make now an assumption on f(t,x) , which is somewhat less restric-

tive than (30) . Namely , let us assume that
(67) ¢ x - y,f(t,x) - £(6,y) ) 2 gllx - y1?) ,
where g(r) is a function of class K , such that

(68) flgw)] lau = +
o+

From (66) and (67) one dexives the inequality

(69) V"o (t,x,y) 2 2 M (Ix - ylz)g(lx -y,
(63)
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which can be rewritten in the form

(70) v (t,x,y) > V(t,x,y) ,
(63)

provided A(r) is chosen such that

(71) 2 2'"(0)g(r) = A(x) ,

or , equivalently ,

(72) M) = exply S Lg(w)] lau} |

where the lower limit in the integral can be taken at any positive number . Since
(68) holds true , one finds out that defining A(0) = 0 the resulting A(r) will be
in the class K . Of course , A(r) does not necessarily verify the convexity as-
sumption , under which we have obtained the inequality (66) . Actually , this pro-
perty must be imposed on g(r) , together with (68) . Moreover , the existence of
the second derivative of A(r) has to be assured , which means one more restric-
tion for g(r) . Nevertheless , it can be easily seen that g(r) = mr , with suf-
ficiently small m > 0 , verifies all three conditions required for g(r)

If one takes into account (66) and (70) , one obtains the following inequa-
lity :

(73) V(39)(t,x,y) 2 V(t,x,y) - 2Kg(t)|x - y| ,

where K > 0 is a constant that dominates A'(r) on a certain interval [0,A ],
and é(t) is defined by (32) . The inequality (73) has the form required by the
Lemma 4 , and consequently we can derive an estimate similar to (12) . It re-
mains only to provide for a function u(r) ,like the one defined by (6) , such
that it belongs to the class K. It might be also useful to notice that a function
and its inverse belong simultaneously to the class K .

Taking into account (64) and (73) , the condition corresponding to (6) in

Lemma 4 takes the form
-1 I -1
(74) r “exp{/ [g(u)] "du} € K,

which can be easily checked . In particular , it is true for g(r) =mr , m > 0 ,
provided one chooses m < 1

The discussion conducted above leads to a theorem which constitutes a vari-
ant of Theorem 4 in this paper . It also proves the potential of the comparison

method in dealing with qualitative problems.
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Theorem 6

Consider the system (18) under the following assumptions on f(t,x)

a) the map t - f(t,*) , from R into rR" , is (Stepanov) almost periodic , u-
noformly with respect to the second argument in any compaét set of R s

b) the map (t,x) » f(t,x) , from R x R"  into R® is continuous , and such
that condition (67) holds true ;

c) the function g(r) , occuring in (67) ,'is subject to (68) , (74) , and
such that (72) defines a convex function (i.e. , there exists a second derivative
to A(r) , excepting perhaps at r = 0+ ,which is nonnegative)

Then , any bounded (on R) solution of (183 is (Bohr) almost periodic .

Remark

The proof of Theorem 6 has bee carried out above . We only want to precise
the way K must be chosen in (73) . As mentioned above , K must serve as an upper
bound for A'(r) on some interval [ 0,A ]. If we are given a bounded solution x(t)
of (18) , say |x(t)] 2 M on R , then A must be at least 4M2. This is clear from
the formula (64)

In concluding this paper , we take the opportunity to point out that by the
use of similar inequalities to those discussed in the second section , but res-
tricted to a half-axis , one can prove the asymptotic almost periodicity of the

solutions bounded on that half-axis .

REFERENCES

[ 11 Aftabizadeh , A. R. , Bounded solutions for some gradient type systems ,
Libertas Mathematica ,Vol. II , 1982 , pp. 121 - 130 .

[ 2] Amerio , Luigi , Soluzioni quasi-periodiche , o limitate , di sistemi dif-
ferenziali quasi periodici , o limitati . Annali Mat. Pura ed Appl. , Vol.
39 , 1955 , pp. 97 - 119

[ 3] Amerio , L. & Prouse , G. , Almost periodic gfunctions and functional equ-
ations , van Nostrand - Reinhold , 1971 , New York and London .

[ 41 Bohr , H. & Neugebauer , 0. , Uber lineare Differentialgleichungen mit
konstanten Koeffizienten und fastperiodischer rechter Seite , Nachr. Wiss.
Ges. Gottingen , Math. - Phys. Klasse , 1926 , pp. 8 - 22 .

[ 5] Bruck , R. E. ,0n the weak asymptotic almost periodicity of bounded solu-
tions of u" Au + f , for monotone A , J. Math. Analysis Appl., Vol. 37 ,
1980 , pp. 309 - 317



C.Corduneanu 41

[ 61 Coppel , W. A. , Almost periodic properties of ordinary differential equ-
ations , Annali Mat. Pura ed Appl. , Vol. 67 , 1967 , pp. 500 - 521
[ 7] Corduneanu , C. , Almost periodic functions ,Interscience Publishers ,
John Wiley & Somns , 1968 , New York , London , Sydney , Toronto
[ 81 Corduneanu , C. , Bounded and almost periodic solutions of certain non-
linear elliptic equations , Téhoku Math. J. , Vol. 32 , 1980 , pp. 265 -
278
[ 91 Corduneanu , C. ,Bounded and almost periodic solutions to certain non -
linear parabolic equations , Libertas Mathematica , Vol. II , 1982 , pp.
131 - 139
[ 10 ] Corduneanu , C. , Almost periodic solutions to nonlinear elliptic and pa--
rabolic equations , Nonlinear Analisis - TMA , vol. 7 , 1983 , pp. 357 -
363
[ 11 ] Corduneanu , C. , Almost periodic solutions to some nonlinear parabolic
equations , to appear in the Proceedings of the Arlington Conference on
Nonlinear Equations , M. Dekker , New York .
[ 12 ] Corduneanu , C. & Lakshmikantham , V. , Equations with unbcunded delay :
a survey , Nonlinear Analysis - TMA , vol. 4 , 1980 , pp. 831 - 877
[ 13 ] Corduneanu , C. & Goldstein , J. A. , Almost periodicity of bounded so-
lutions to nonlinear abstract equations , to appear in the Proceedings
of the Birmingham (Alabama) Conference on Differential Equations , North
Holland Publishing Co. ,1983
[ 14 ] Daleckii , Yu. L. & Krein , M. G. , Stability of solutions of differen-
tial equations Ain Banach space (Russlan) , Nauka Publ. House , 1970 ,
Moscow .
[ 15] Favard , J. , Lecons suwr Les fonctions presque - periodiques , Gauthier-
Villars , 1933 , Paris .
[ 16 ] Fink , A. M. , Almost periodic differential equations ,Lectures Notes in
Mathematics , Springer-Verlag , 1974 , Berlin , Heidelberg , New York .
[ 17 1 Harasahal , H. , Almost periodic solutions of orndinarny differential equ-
ations (Russian) , Nauka Publ. House , Alma Ata , 1870
[ 18 ] Haraux , Alain , Nonlinear evolution equations ; global behavior of s0-
Lutions , Lecture Notes in Mathematics , Springer-Verlag , 1981 , Berlin ,
Heidelberg , New York .

[ 19] Kartsatos , A, G. , Almost periodic solutions to nonlinear systems , Bol.



42 Almost Periodicity Criteria

Unione Mat. Italiana , Vol. 9 , 1974 , pp. 10 - 15 .

[20 ] Krasnoselskii , M. A. , Burd , V. Sh. & Kolesov , Yu. S. , Nonlinean al-
most perlodic oscillations , John Wiley & Soms , 1971 , New York .

[21 ] Kudaev , M. B. , A study of the behavior of the trajectories of systems of
differential equations by means of Liapunov functions (Russian) , Doklady
Akad. Nauk S.S.S.R. , Vol. 147 , 1962 , pp. 1285 - 1287 .

[22 ] Levitan , B. M. & Z hikov , V. V. , Almost periodic functions and differen-
ial equations , Cambridge Univ. Press , 1982 , Cambridge , London .

[23 ] Malkin , I. G. , Some problems of the theorny of nonlinear oscillations ,
(Russian) , Gos. Izdat. Techn. - Teoret. Lit. , 1956 , Moscow .

[24 1 Massera , J. L. & Schaffer , J. J. , Linean differential equations and
function spaces , Academic Press , 1966 , New York .

[25 ] Matrosov , V. M. , On the stability of motion , J. Appl. Math. & Mechanics ,
Vol. 26 , pp. 1337 - 1353 .

[26 ] Pankov , A. A. , Bounded and almost periodic solutions of evolutionary va-
riational inequalities , Math. USSR Sbornik , Vol. 36 , 1980 , pp. 519 - 533

[27 1 Pankov , A. A. , Boundedness and almost periodicity in time of solutions of
evolutionary variational inequalities , Math. USSR Izvestiya , Vol. 20 ,
1983 , pp. 303 - 332 .

[28 1 Perov , A. I. & Trubnikov , Yu. V. , Monotonic differential equations , I ,
IT and III., Differential Equations , Vol. 10 , 1974 , pp. 619 - 627 ; Vol.
12 , 1976 , pp. 864 - 874 ; Vol. 14 , 1978 , pp. 161 - 170 .

[29 1 Seifert , G. , Almost periodic solutions for a certain class of almost pe-
riodic systems , Proc. AMS , Vol. 84 ,1982 , pp. 47 - 51

[30] Seifert , G. , On uniformly almost periodic sets of functions for almost
periodic differential equations , Tohoku Math. J. , Vol. 34 , 1982 , pp.
301 - 309 .

[31 ] Trubnikov , Yu. V. , Accretive differential equations , Sibirskii Mat. J. ,
Vol. XX , 1979 , 835 - 853 (in Russian)

[32 ] Yorke , J. A. , A theorem on Liapunov functions using V" , Math. Systems
Theory , Vol. 4 , 1970 , 40 - 45 ,

[33 1 Yoshizawa , T. , Stability theory and the existence of periodic solutions
and almost periodic solutions , Springer-Verlag , 1975 , Berlin .

[34 ] Zzaidman , S. , Remarks on differential equations with Bohr-Neugebauer pro-

perty , J. Math. Analysis Appl. , Vol. 38 , 1972 , pp. 167 - 173 .



C.Corduneanu 43

[35 ] Zaidman , S. , Abstract differential equations , Research Notes in Mathema-

tics No. 36 , Pitman Publ. Ltd. , 1979 , San Francisco , London , Melbourne .

SOME RECENT CONTRIBUTIONS (NOT NECESSARILY RELATED TO THIS PAPER)

a. Corduneanu , C. & Goldstein , J. A. , Periodic and almost periodic solutions
to nonlinear abstract equations (in preparation)

b. Hanebaly , Elaidi , Solutions presque-périodique d'équations différentielles
monotones , C. R. Acad. Sc. Paris , t. 296 , 1983 , pp. 263 - 265

c. Haraux , Alain , Generalized almost periodic solutions and ergodic proper-
ties of quasi-autonomous dissipative systems , J. Diff. Equations , Vol. 48
1983 , pp. 269 - 279

d. Hermann , Leopold & Vejvoda , Otto , Periodic and quasi-periodic solutions
of abstract differential equations , An. St. Univ. Ia§i (Mat -atica) , Vol.
XXIV , 1982 , pp. 103 - 108

e. Johnson , R. A. , Bounded solutions of scalar almost periodic linear equa-
tions , Illinq@is J. Math. , Vol. 25 , 1981 , pp. 632 — 643

f. Johnson , R. A. , On almost periodic linear differential systems of Millin-
scikov and Vinograd , J. Math. Analysis Appl. , Vol. 85 , 1982 , pp. 452-460.

g. Simirad , Constantin , Sur les solutions périodiques et presque périodiques
des systemes d'équations différentielles non-linéaires du premier ordre ,
An. St. Univ. Iasi (Matematica) , Vol. XXIV , 1978 , pp. 299 - 305

h. Traple , Janusz , Weak almost periodic solutions of differential equatiomns ,
J. Diff. Equations , Vol. 45 , 1982 , pp. 199 - 206 .

i. Zaidman , S. , Solutions presque périodiques des équations différentielles

abstraites , L'Ensegnement Mathematique , Vol. XXIV , 1978 , pp. 87 - 110 .



