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CONFORMAL COSYMPLECTIC MANIFOLDS ENDOWED
WITH A PSEUDO-SASAKIAN STRUCTURE

Radu Rogca

INTRODUCTION

Let M(&,n,§,g) be a (2m+l)-dimensional Riemannian or pseudo-Riemannian
Cm—manifold. The structure tensor fields (E,ﬁ,ﬁ,é) are defined as follows:

1) & is the canonical vector field (or Reeb's vector);

2) T is the dual form of £, or n =& (p: musical isomorphism with re-
spect to the metric temsor g)

3) Q@ is the canonical 2-form of rank 2m, and £ = ker(Q).

If & = grad f and dQ = cfn A 5 (c = const.) we say that the treble
(2,n,f) defines a conformal cosymplectic structure (abr. c.c-structure) and M
is called a conformal cosymplectic manifodd. In addition, we assume that g defines
a pseudo-Riemannian metric of {nertia index m+l, and M admits the para-complex
operator U [1] (U2 = +1) as (1,1)-structure tensor field. Then if for any

vector fields X, Y on M, we have

) = &) + n@n®,
(a) g&,e) = n(®, Vg = 0, QX,¥) = -g&,UD),
Vet = f(-X + 7(08);
we say that the c.c-manifold M wunder consideration is endowed with a pseudo-
Sasakian sthucture [2].
It is shown that any such manifold is foliated by para Kahlerian hypersphere

MO’ orthogonal to & and if M 1is a space-form ﬁ(c), then MO is an Eismstein
submanifold. In addition: (i) the scalar field f is an elgenfunctionof the
harmonic operator; (ii) the Lie derivative of Q with respect to & is exterlon
necwurent (iii) if ¥ X € Dﬁ (Dﬁ: distribution annihilated by n), then neces-

sary and sufficient condition that X be an Anfinesimal automorphism of the
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c.c-structure (ﬁ,ﬁ,f) is that it's dual form with respect to & be exterion
necwurent, with -2fn as recurrence for m [3]; (iv) any globally defined
(2p+1)-form ép (p < m) defined by ép=2LPﬁ (u = (i—EZ)ﬁ) is: 1° closed;
2° E-conformal invariant; 3° has exterior recureent Lie derivative with
respect to £&.

In section 3° we consider the proper immersion of a &-vertical CR sub-
manifold M in M. If D-L is the vertical distribution on M, then D¢ is
always involution and the necessary and sufficient condition that M be
minimal is that it be Dl—minimaﬁ [4]. Further, the necessary and sufficient
condition that M be foliated is that the simple unit form which corresponds
to Dp’ be exterior recurrent. In this case if M' is the maximal integral
manifold tangent to the horizontal distribution D, then M'  is mindimal in
M and is endowed with a symplectic sthucture M™T,Q). With respect to this
structure one defines two pofarizations.

In section 4° we discuss some properties of the improper immersion
x:M +~M where MC is a codisotrnopic hypersurface. It is shown ihat M is
a E-vertical CR submanifold of M whose vertical distribution D is always
involutive. 1In addition one proves that:

1° M is almost mindmal and Dl—totaﬂﬂg geodesics

c
2° the restriction § = ﬁﬂnc is D -conformal Lnvariant.

1° PRELIMINARIES

Let ﬁ(U,E,ﬂ,ﬁ,é) be a (2m+1)-dimensional pseudo-Riemannian ¢ -manifold
of Ainentia Aindex m+l. The quintuplet (U,£,7,{,g) defines the structure
tensors of M as follows:

(i) U is the para-complex operators of square +1 [1] and it defines a
para-f-sthucture [2] on ﬁ;

(i1) & 4is the canonical vector field and is time-like;

(iii) n = Eb where ) :E > E* defines the musical Lsomorphism with respect
to g [6];

(iv) @ 1is a canonical 2-form of rank 2m (Rer $:Q(£) = 0) which defines
a conpomal cosymplectic structure on M (abr. c.c-structure), i.e.,
dog=ctrhpn g £ € Cw(ﬂ); ¢ = const;

(v) g is the fundamental metric tensor of M.
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Let V and E,il be the covarniant, derivative operaton and any vector
fields on ﬁ. Then referring to [2] if one has

25 = 3w, 32,0 <z, 2h+R@RED

fon
I

(1.1) §(7,6) = 7@, UE = 0, 8(Z,2Y) = -5@,0zh)

we say that the conformal cosymplectic pseudo-Riemannian manifold under consid-
eration is endowed with pseudo-Sasakian structune (U,£,n,R,g,f). It is easy to

see by the last equation (1.1), that one may move to

(1.2) £ = grad f¢=>ﬁ = df.

Remark: Since one has
2 5 o - I
(1-3) UE = 0, UZ=172- ﬂ(Z)E, T](E) = ly TI(UZ) = 0’

the manifold M(U,&,n,0,g,f) can be also considered as a paracontact manifold
in the sense [7]. Let (‘M) be the bundle of orthonormal frames over M and
let 0 € 0M) be an element of (OM) (i.e., a moving frame on M).
% *
Set 0 = {ea,ea ,€,a=1...m; a =a+m} (since e % = Uea, Ug =0, Uea* =e

one may say that the vector basis (0 1is a U-vectorial basis).
* ~a ~a* -~ , %
1f 0 = {o%, o ,n} is the dual basis, the Line efement dp (i.e., the

canonical vectorial 1-form on ﬁ) is given by [2].

4= 8 il +N®E=
(1.4) P=uw ®e, =0 % LA

a*

N N va*  .ak ..
Xa(ma ® 0 - wa’ ® o ) + n®n.

4
A
(W
o
[=Y
ke
v
]
09 2
]

Next, set

~A _~A ~C_ ~A o~
= . =

(1.5) Wp = Ygo W5 Yo € C M)
for the connection forms on O(M) (A,B,C,D = 0,1,...,2m); ;QC: connection co-
efficients), Then by (1.1) and (1.4), Cartan structural equations, are:

~ -b ~b* ~~a

Vea—aa®cb— wa ®eb*+fu) ® £,

= ~b ~b* ~~g%
(1.6) Vea* = Wk ® Chp T Wk ® e x + fu ® g,

2
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- o % ~b* a ~
dwa = wb A wg - wb A mg + fwa A7,
(1.7) N N
dw =w A wb - w A mb* + fw A n,
dn = 0;
and
| ~a %€ ~a .c* ~a | -b
= - +
dwb Qb + b A w, - o A - f70 A @,
~a%* ~a%* e .a* .c* .a* ~2.a*% ~b*
(1.8) dw,_, = Qb* + B s i\ o, D % i\ % +f0 Ao o,
; “b* * * * . *
R LU L N Ll W L L Ll Wil
a a a c
where o = 1 g4 Zuca AP the cwwature {o/uns and A is the cwwature
B 2 Rpcp w are e C an BCD s e
tenson.

Since 0 is an orthonormal frame, one has &A + &B =0, In addition by

B C
(1.1) and (1.6) one has

~a | ~a¥ _ ~a ~a%* _
(1.9) wb + mb* =0, wb* -- wb =0
and also
- ~ ~a%
(1.10) 0= Zawa A w3,

Finally by (1.7) and (1.9), exterior derivative of (1.10) gives

(1.11) dQ = -2fn A Q.

2° C.C.-MANTFOLD ENDOWED WITH A PSEUDO-SASKIAN STRUCTURE

Let Tﬁ(ﬁ) be the tangent space of M at ¥ p € M. We agree to denote by

Dﬁ’ the distribution of Tﬁ(ﬂ)’ which is annihilated by n, i.e.:
ph = (¥ X € Tf)(ﬂ); a(X) = 0}.

Referring to (1.11) and the last equation (1.7) we quickly see that D~ is both

a symplectic vector space and an involutive distribution. "
Therefore we may say that M is foliated by 4ymplectic hyperswiface M,

orthogonal to the canonical vector field ¢. Moreover, let Py be any point

of MO and gO’fO the restrictions on MO of g, f. Since the second funda-

mental quadratic form ZE of MO is given by Ka = <dp0,V£>, one readily finds

by the last equation (1.6) that: KE = fogo.

Hence, according to a well-known definition, M, is an umbilical hypersurface

" of M. But by (1.2) it follows fO = const. Therefore since all the principal
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curvatures of MO’ are equal to the same constant, we conclude that M0 is a
hypersphene of M,
Since by (1.11) the netric tensor g defines a neuwtrhal [15] metric on

the symplectic manifold M we may say (taking into account of the restriction

O,
on M, of equations (1.1)) that MO gives an illustration of a para-Kihferian

[1] hypersphere.
Moreover, since as is known III = <Vg,VE> represents the thind quadratic
fundamental form of My fégo.

Therefore 1III being also conformed to 8o if M(C) 4is a space form, it

one finds by the last equation (1.6) III =
follows according to [8], that M, is an Edinstein submanifold.

~ ~1 w2
Let now o =w A ... A w

help of (1.1) and (1.7) one readily finds

0
™ A R, be the volume element of M. With the

(2.1) Lga = -omf ¢ =div £ = -2nf

(L: Lie derivative).

Denoting like iisual by A = do§ + Sod the haunonic operator on M, a short

calculation gives with the help of (1.2)
(2:2) Af = 6df = -2mf

(6:co-differential operator). Hence f 1is an eigenfunction of the harmonic
operator.

On the other hand from (1.10) and (1.11) one gets instantly:

(2.3) LgQ = -2fQ.

Taking now exterior derivative of (2.3) one quickly obtains with the help of

(1.11) and (1.2).
(2.4) dL & = ( 2‘—:3 A LG
From the above, we may say that:

(i) Q is g-conformal invariant;

(ii) the Lie derivative LEQ is exterlon necwurrent [9].

Clearly the nrecwtrence 1-form in (2.4) is a gradient and this is in accor-
dance with the fact that rank Lgﬂ > 4 [3]. Let now u:T(ﬁ) > T*(M) be the
fibre isomorphism defined by u:z - iZQ; ¥Z € T(M) and let X be any vector

field of Dﬁ'
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By (1.1) and (1.10) one finds

2.5) p@ = @b e ata.
Setting
(2.6) pX) = o,

one readily finds by (1.11) and the last equation (1.7)

LiQ =do +2fnAa
(2.7)

Il

L-n =0
X

First of all, exterior derivative of the first equation (2.7), gives
d(LiQ) = =2f n A LQQ.

Hence the Lie derivative Liﬁ of © with respect to any vector field X e Dﬁ
is exterior recurrent, with the gradient -2f n as recurrence 1-form.

Further, we derive from (2.7) that the necessary and sufficient condition
that X be an Anfinitesimal auwtomorphism of both § and n is that w be
exterior recurrent with the same recurrence 1-form as that of Liﬁ. We say
in this case that X is an {nfinitesimal automorphism of the c.c-structure
define by the treble ({3n,f).

If 7 is now any vector field on ﬁ, and Ric. means the Ricci tensor
one has with respect to an orthonormal basis {eA} the formula of K. Yano [10].
div(V,7) - div(div Z)Z = Ric(2)

(2.8) % S .
+ ZA,Bg(veAZ’eB)g(eA’veBZ) - @iv 2)°.
Now with the help of (1.1), (1.4) and (2.1) and setting 7 = ¢ in (2.8), a

short computation gives:
)
(2.9) Ric(g) = 2m(1-£7).

In the following we agree to call ﬁg, ﬁg* the vertical cwwature 2-forms as-—
sociated with the conmnection ¥. Making use of (1.6), (1.8) and (1.9) we ob-

tain after some calculation

.0 Zow .
Q, = (1-E%)n 2 wa,
-0 22~  .ak
(2.10) oy = -EDR A 0.

In order to simplify, the form (l—%z)ﬁ which vanishes nowhere, will be denoted
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by @ (clearly by (1.2) @ 1is an exact form).
Next let L be the (1l.l)-operator defined for any p-form & € Ap(ﬂ) by:
10 = o A 9. Then we derive from (2.10) the global 3-form él expressed by

(2.11) él = 2(52 p e - 2% ne?) = oL

Referring to (1.1) one readily finds d0. = 0, and be a simple argument one has
also dép = 0, for any (2p+l)-form ép = ZLpﬁ, (p <m). Since u = (u-F)7

one quickly finds by (1.11)

= =2
(2.12) L6 =2ARED) 5
EPp 21 P
. =2
2£0A-p(ETI) _ g
o1

2.13 dL & ===nLO0 .
C ) Ep i Ep

Moreover if we set one finds with the help of (1.2)

Therefore we may say, that all globally defined (2p+1)-forms ép’ are closed,
t-conformal invariant and having exterior recurrent Lie derivative with respect

to Es

Theonem. Let M(U,g,n,0,8,f) be a c.c-manifold endowed with a pseudo-Sasakian
strnuctune and with the sixfokd (U,g,n,0,8,f) as stwucture tensons.

Any such manifold is foliated by para-K#nlerian [1] hyperspheres My, ortho-
gonal to & and if M is a space form M(c), then M, are Einstein sub-
manifolds. In addition on M(U,£,7,Q,g,f) one has the following properties:

(i) the scalar function f is an eigenfunction of the harmonic operator;

(ii) the structure 2-form { 1is g-conformal invariant, and the Lie deri-
vative of § with respect to & is exterior recurrent;

(iii) let X be any vector field of the distribution Dﬁ annihilated by 7.
Then the necessary and sufficient condition that X be an infinitesimal auto-
morphism of the c.c-structure (Q,n,f) is that the 1-form u(X) (n:fiber
isomorphism defined by Q) be exterior recurrent, with the gradient -2fpn as
recurrence form;

(iv) any globally defined (2p+1)-form ép (p < m) defined by
ép = 21P% (u = (l-fz)ﬁ; LPJ==G A (Aé)p) is: 1° closed; 2° E-conformal in-

variant; 3° and has exterior recurrent Lie derivative with respect to &.
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3°  g-VERTICAL CR SUBMANIFOLD OF M(U,£,n,Q,g,f)

Let x:M > M be the proper immersion in M of a submanifold M tangent
to the structure vector field &, and let TP(M) (resp. T;(M)) be the tangent
space (resp. normal space) at each point p of M (we denote the lements in-
duced by x, by suppressing ~).

Referring to [4], [11], [12] we give the following:

Definition 1°. M is called a £-vertical CR submanifold of M if there exists a
differentiable distribution D:p »-Dp C Tp(M) such that:
(i) D 1is invariant with respect to U, i.e., EDPCDpr for each p € M,and
(ii) the complementary orthogonal distrigution D :x ~> Dp C Tp(M) is antil
Lnvariant with reipect toU , i.e., UDp c TP(M) for each p €M, and ¢ € Dp.
D (resp. D ) 1is called the horizontal distribution (resp. vertical
(distribution).

Let £ < m be the codimension of M. Without loss of generality we assume

that M 1is defined by
(3.1) W = O;

where r*, s*, t* = 2m-f+1,...,2m, denote the normal indices. Consider then
the 2(m-£)-dimensional distribution D = {ei,ei*; i= ,...,m—4; i*=i+m} and its
orthogonal complement Dp = {er,g; r=m-£+l,...,m}. Since Uea = ea*; U2 = +1,
one has UDp € Tp(M) and UDp = Tp(M).

So we conclude that the submanifold M, defined by (3.1) is a g-veatical
CR submanifold [12] of M.

Denote by ¢ the Aimple unit from which sorresponds to Dp' Clearly by

(1.10) and (3.1), the restriction § = ﬁ/M of 9 on Dp is:

(3.2) Q= Ziwi A wi*
and we readily infer
-L
_ oo™
(3.3) Y = DT

Taking account of (1.11), exterior derivative of (3.3), gives
(3.4) dy = =2(m=£)f n A U,

which shows that ¢ dis exterior recurrent. It follows that the ideal
L 4
I(MD ) = {w € A(M) , ¢ annihilates D , and is completely integrable} is a
v 5 ; £
differentiable ({deal and we conclude that the distribution D is always
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involutive (as in the case of CR submanifolds of para Rihlerian manifolds [13]
and of pseudo-Sasakian manifolds [14]). Further if X and Y are any vector

fields tangent to M, one has the Gauss formula

(3.5) 6XY = V.Y + B(X,Y)

X
where B(X,Y) which is called the second fundamental forum of M, is the normal
part of (3.5).

Making use of (1.6) and (1.9) and referring to [11], [2] one finds

]
(o]
]

- Zi(B<ei,ei)—B(Uei,Uei>)
(3.6) ’

J (B(e,,e.)-UB(e,,e.)) = O.
i B L 1 s 1 s 18

Hence, according to [4], the above formula proves that any £-vertical CR sub-
manifold M of M(U,&,n,8,g,f) is D-minimal. TFurther, the mean cwwatwre
vecton H of M is given by

1
(3.7) H = 57— [(3;B(e e )-B(Ue,,Ue ))+E Ble ,e )]

ErB(er,er)
2m+1-£ :
that the necessary and sufficient condition that M be minimal is that it be

and taking account of (3.6) one has H = Consequently we may say
Lo
D -minimal.

Let now

(3.8) o = wm_£+l Ao 0t A n

A4
be the simple unit form which corresponds to the vertical distribution Dp.

Assume that ¢ 1is exterior recurrent, that is d¢ satisfies:
(3.9) d¢ =y A ¢; Y = recurrence 1l-form.

Under this condition, and since ¢ annihilates Dp’ it follows by an argument
we have already used, that the distribution D is involutive. In this case
we say that the submanifold M under consideration is foliate [4].

Now by (1.7) and (1.9) one finds that necessary and sufficient conditiomns

that equation (3.9) be fulfilled are

r * r*

T T
Ye. = Y., = 0, v,

ij ji i*j =0,

and Yy 1is given by
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Then if X, Y are any vector fields of Dp, one checks by a direct coputation,
that [X,Y] = 0.

It is worthwhile to remark, that condition (3.9) is equivalent to:
B(X,UY) = B(UX,Y); ¥ X,Y € Dp.

i
In the following we denote by MT (resp. M ) the maximal integral manifold of
D (resp. D ). Clearly by (1.10) and (1.11), the 2-form & is closed and of
maximal rank on M'. Hence M is a symplectic manifold. Let
i

L%
(3.10) dp = w & e, - wh ® €x

be the line element of M’. Then the mean cuwvatwie foam [15] of M* is the
7
vectorial (2(m—£)—l)—forn1{J£:/= *dp. By virtue of (3.10) one finds

i-11 A1 m 1* m*
wo A ..

&EI): Zi(—l) LA w A L. Aw A w Aeee N w ® e

1% ~ik m*

Fem o o A A e A At A AW ®e,

+ Zi*(—l)

,'¥\\y r
(A: indicates the missing terms). Since KEJ_'iswgefined by (3.7) and w =0,
= 5
n = 0, taking exterior covariant derivative d of HTE gives with the help of (1.9) and
7.5 e
(3.10), d¢gf> = 0. Hence (Ei) being closed it follows as 1s known that

+

M'  is minimal. We shall now make some considerations regarding the symplectic

structure Sp(2(m-£),R) of the symplectic manifold MT(Q,gT) where gT is the
metric temsor of M'.

Since the metric gT. is newtral [15] we shall consider on M' an adapted
Witt grame W = {hi’hi*} [15] derived from 0 = {ei,ei*}. The real null basis

of - W is given by:
(3.11) h, = (e1+Uel)//§'; he, = (ei—Uei)//E

(i=1,...,mf; i* = (@-£) 5 Vhy = h 3 Uhy, = -h;,) and S = {n,}, 5% = {h .
are two self-onthogonal distibutions [15] on M.
*L *
According to [13] we shall set Dp = Cs*Tp(MT) N Sp and consider on MT

the two following distributions:

1 % % %l
(3:12) L =S\D CD ;L =S\D CD.
P P P P P P P P
It is an easy matter to see that with respect to the symplectic structure of

MT(Q,gT) one has



Radu Rosca 91

L = orthog(L ), L* = orthog(L¥*)
(3.13) P P p P
Q/L_ =0, Q/L* =0,
P P
and the above relations prove that Lp and Lg are two Lagrangian distributions
[16] on MT,
Let now X, Y (resp. X*,Y*) be any two vectir fields of Lp (resp. L;).

Making use of (3.10), (3.11) and (1.6) one finds:

(3.14) [X,Y] C Lp, [X*,Y*] C Lg.

Hence we may say that Lp and L; define two polarizations (i.e. Lagrangian
foliations) on MT(Q,gT). Referring to (3.12) and [15] these polarizations are

defined as principal.

Theorem. Let x:M > M(U,E,n,0,g,f) be the proper immersion of a g-vertical CR
submanifold M in the manifold M discussed in section 2°, and Let D-L
(nesp. D) be the verntical (nesp. hornizontal) distnibution on M. Then Dl A5
always involutive and the necessary and sufficient condition that M be minimal
i that it be D -minimal.

Fwithen the necessany and sufficient condition that M be 5ofiat§ (L.e.
D be nvolutive) is that the simple unit fom which cormrnesponds to D be
exterion necwvent. 1§ MT s the maximal integral manifold of D, +then MT
8 minimal in M and is endowed with a symplectic sthicture ™' ,Q). More-
overn the two principal Lagrangian distributions on M',Q) define two polari-
zations.

4° CO-ISOTROPIC HYPERSURFACE OF M

Let x:MC > M be the improper immersion of a co-isotropic hypersurface MC
in the manifold M(U,&,n,0,g,f) defined in section 2°. Denote by e the normal
vector field at each point of Mc' As is known [7], [2], ¢ 1is a nufl vector
field, tangent to MC and in [17] we have called it the characternistic vector

of Mc'
In the case under discussion, one may, without loss of generality, define
M b
¢ Y m 2m
(4.1) w o= = w.

By a simple argument it follows
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(4.2) e=e -—-e m=> <e,e> = 0,

and so the line element dp of Mc is given by

g i
(4.3) dp = v ® e, - W ® €% +N®E+wu®e,

where the range of indices is i = 1,...,m-1; 1* = i + m. Taking covariant

derivative of (4.2) one finds by (1.6)
m, m
(4.4) Ve = zi(wi+mi*) ® (ei*—-ei).

On the other hand, one derives from (4.1) by exterior differentiation

m m m m
(4-3) Yim ¥ Yirm T Yige ¥ Yiuge = 0

With the help of the above equation one readily gets from (4.4)

(4.6) Ve=0.
e
Since <e,e> = 0 we may say that the null vector e, is a strict geodesdic.
Next by (1.6), (4.1) and (4.2) one finds

4.7) vE = ~f( e - & + 0w ®e)

" £ = w ei W ei* w e
and from (4.4) and (4.7) we obtain

2

(4.8) [e,e] = Le = (£ + w "(E))e.

The above equation proves that e defines an Anfinitesimal thansgormation of
generaton .
- * *—
Let now o =wr A coo A ™ T a ol A oo A T4 n A w be the volume

element of Mc' By (4.5) one finds after some calculation
(4.9) LeO = 0=> div e = 0.

Since e 1is the characteristic vector of M , equation (4.9) proves according
to [17] that the co-isotropic hypersurface ﬁc is almost minimal. This
property is also in accordance with some more recent definitions [18].

ansider the two complementary differentiable di?trbufions Dp = {ei,ei*}
and Dﬁ = {e,g}. One readily finds UDP C Tp(MC), UDp @ Tp(Mc) and we
conclude that Mc is a g-vertical CR submanifold of M. Let now ¢X,Y be any
vector £ields of DP. With the help of (4.7) onme finds [X,Y] € Dp, which
that Dp is always involutive (as for proper immersion). Clearly the restric-

tion Q@ of { on MC is given by
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(4.10) Q= Ziwl Aot

» *
and obviously ker(Q) = D . Then for any vector field X € Dp’ one readily
finds by (1.11)

(4.11) LXQ = =2fn(X)Q

since X € D; = {E,e}, in general n(X) # 0).

Definition. Let 1 be a q-form and 0 a distribution annihilated by 1. If
for any vector field W of DU one has LWH = Al  (A:scalar field) we say that
I is D-conformal invariant. Hence in the case under consideration, & is
D*-conﬁonmaﬂ invardlant.

Finally consider the second fundamental quadratic form II = -<dp,Ve> of
Mc' By (4.3), (4.4) one quickly obtains:

i

(4.2) II = J(uj+ly) ® i -uly.

* * *
Then by (4.5) one finds that  X,Y € Dp’ one has II(XY) = 0<=II(D ,D ) = 0.
Hence according to [4] we may say that the hypersurface M is Dx—zoiaﬂﬂy
geodesdc.

Theorem. Let XM > M(U,E,n,0,8,F) be the improper immension of a co-Lisotropic
hypersurnface M, dn the manifold M defined in section 2° and Let e be the
characteristic vecton of M. Such a hyfenAunﬁace L5 a g-vertical CR submanifold
of M, and the vertical distnibution D = {e,£} s always involutive.
In addition, one has the following properties:
(£) e defines an infinitesimal transformation of generation €;
(L) M, A5 akmost minimal and D*—toially geodesdic; .
(LLl)  the nestriction ¢ of the stweture 2-fom @, on M 48 D -
congormal invariant.
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