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EXTENDED CLASSES OF ANALYTIC FUNCTIONS OF
SEVERAL VARIABLES

P. K. Kamthan and G. M. Deheri

1. INTRODUCTION. 1In this paper we consider an extended class of analytic
functions of several complex variables and investigate several topological
properties of the same including the Schwartz property. For the sake of
brevity we confine our attention to the two variables case only and attempt to
extend the class of analytic functions of two variables in terms of infinite
matrices. This new class A(P) of infinite matrices envelopes the space of
analytic functions in the bi-cylinder considered in [6] as well as the space

of entire functions of two variables initiated in [8]. Several necessary and
sufficient conditions are laid down to guarantee the Schwartz property of

A(P) and hence of different classes of analytic functions of two complex
variables. Characterizations of continuous linear functionals and bounded sets
in a certain special case of A(P) are also incorporated. In the last section
we confine to a special class of matrices which, in particular, includes the
class of entire functions of two complex variables having order point O and
type point at most equal to 1. Specific attention is paid to characterize

the dual of this class of matrices besides investigating certain unusual struc-

tural properties of the same.

2. NOTATION AND TERMINOLOGY . Let X denote the field of real or complex

numbers. We follow [11] to recall a few unfamiliar definitions and notation.

By Q we mean the collection if all XK wvalued infinite matrices (a n) with
m

mn T ;
) denote the infinite matrix

usual coordinatewise vector operations. Let (e
whose all entries are zeros except the meet of m-th row and n-th column which
is one. Any subspace A of Q with A D &, the linear space generated by

{emn:m +n > O}, is called a mataix space. For any matrix space A, let us

introduce the K-dual A# of A as follows:
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AM=b=@m yea )] lab | <=, ¥a€ A},
mn <0 mn mn
Further for a € Q, if
a(s) _ 22 N emn,
O<m<n<s e
then a(s) is called the s-th plane section of the matrix a = (amn)-

Let us also recall the following three inifinite matrix spaces

11
£ = {x = (xmn): zz 'anl < oo};
mtn>0
o0 = {x = (xmn):xmn +~ 0 as mtn -~ w};
and
00 = - . < >
£ {X (an)-SUPlen‘ » m,n ~ 0},
m,
Whenever there is a locally convex space (X,T) (T being the Hausdorff
locally convex topology on a nontrivial vector space X over K), we write
BX or BT for the family of all balanced, convex and T-closed neighborhoods at
the origin for the topology T, and D or DT will stand for the family of

Minkowski functionals i corresponding to u in BT'

Let (X,T) be a locally convex space (l.c. TVS) and u,v € BT with v<u
[u absorbs v]. Suppose X is the quotient of X relative to the kernel
of P, As usual we write KZ for the canonical continuous surjection from

~

AV P v ~

XV onto Xu and Ku for the extension of Ku from XV onto Xu'
In the sequel we shall also be using the concept of the Kolmogorov diameter

6n of an arbitrary closed unit ball Uu = {x € X:pu(x) j_l} corresponding to

the Minkowski functional P> for u in BT' In fact, if A and B are
subsets of a vector space X with A <B, then the infinum Gn(A,B) of all
positive numbers & such that there is a linear subspace F of X with

dimension at most n for which
AC B + F,

is called the n-th Kodmogorov diameter of A with rnespect to B. The relevant
information concerning this matter can be found in [16] and also in [20]. We

shall have occasions to use the following well known results from [16] and [20]:
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Lemma 2.1. Let A be a bounded subset of a nowmed space (x, ) and
U= {x:x€X,||x|| <1}. Let L bean (ntl)th dimensional subspace of X.
Suppose o > 0 satisgies the relation

a(U N L) > A,
Zthen
§ (A,u) > oa.
i Z

Lemma 2.2. Let X be a vector space containing two sets A and B with
A< B. Let Y be another vecton space and F a Linearn operatorn from X to
Y. Then

s (F(A),F(B)) < 6 _(A,B)
n = 1

Proposition 2.3, A bounded subset B of an 2.c.TVS(X,T) is precompact iff

for each u € BT’ 6n(B,u) -0 as n > «,

Proposition 2.4. Gn(Ku(v), Ku(u)) = Gn(v,u), Ku being the canonical injection

from X onto Xu.

3. KOTHE MATRIX SPACES. We begin with the following:

Definition 3.1. A set P CQ is called a K-box if the following three conditions
hold:

(i) For each x in P, x >0, ¥m,n > 0.
mn — 7 —

(ii) For x,y in P, there exist z € P such that

X <z , ¥ <z ,%mmn>0.
mn — mn’ “mn — “mn —

(diidi) For each (m,n) € N0 x NO, there exist x € P with x > 0.

Corresponding to a K-box P, let

Ak = {X . Q:pa(X) ) 2220|an|amn <, ¥a€ P}'
m+n>

The family {pa:a € P} generates a Hausdorff locally convex topology on

A(P) and we shall denote it by Tp.

8.

The space 8% We consider a particular type of the K-box Pu 8 given by
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a B
n .
P="P ={leR2 0 < By <@, 1= 1,3},
where o,8 € w and satisfy the condition

< B < ... <B >,

n

< LRI s
0="1= — m 0 1

The space ( ) envelopes in particular the space of all entire functions

P
a,B
of two complex variables. Indeed we have,

Proposition 3.2, Let a,B € w be allowed to satisfy the E-cond{tion, namely,

-0 -
(3.3) 1) leR2“<m,
m+ni0
for some Rl’RZ > 1, Then 1
a,B OLm-'-B‘n
A(R) = 67" = {x€qQ: lim |x | M =0},
mn
mtn-e

Proof. Let x € A(P) and suppose

1

o +8
m

Ian| "5+ 0 as mtn > o,

Hence for some ¢ > 0, we can find increasing sequences {mi}, {nj} such that
|x | >g o J i+j > 0.
- Z

Choose Rl’ R2 so that eRl, ERZ > 1; then we have
o B o g8
m, nj m, nj
‘ Zz ]Xm,n,|Rl R2 i. Zz (eRl) (€R2) = o,
i+j>0 i3 i+3>0
which is a contradiction to the fact that x € A(P). Thus A(P) C 6u’8.

Let now x € 5a’8. Then we get
1
o +8
1lim |x | Tm_ .,
mtn—>*°
a
The condition (3.3) is equivalent to the following, ZI ulmuzn < o for some

m+n>0
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u, u, with 0 < uy <1, i=1,2. Then for any Rl, R2 with 0 < Ri < ®,
choose € > 0 so that eRl < uss eRz < U, By (+) there exist integer N
such that
ocm+8n
IX ‘ < g for mtn > N.
mn
Hence we have
“n Bn “n 8 m n
Il IRV RT e 0] (R T(eRy) P < J) w M)t < e
m+n>N m+n>N m+n>N
Therefore, x € A(P); that is, 6&,8 = A(P).

Conollany 3.4. 1§ o =m, B =mn, then the cornesponding space §%0F 4
the space § of all entirne functions of two complex variables considered in [6].

B

a
u,B- For x€ 6§’ , let

The TopoLogy on §
1

+
O(‘m 81’1

(3.5) =l o = sup{lxgols || ¥ m,n > 1},

asB

5

a
and denote by Ta the topology on ¢ generated by the F-norm .

,B, OL9B.
We will have occations to make use of the following Mendelbroft restinction

as well on a3;B, namely,
(3.6) 1im (am—am_l) = 2h; lim (Bn—gn_l) = 2k,
us e N

where h,k > 0 are finite numbers.

Lemma 3.7. 1§ o and B satisfy (3.6), then the topologies T and TQ
P
on %P are equivalent.

)

Proof. Let x® > x in T . Take Rl’RZ >0 and € > 0 arbitrarily. One
—— os

can find an integer N such that

o =0 > h; B -B >k, ¥ n > N.
n n-1-— n n-1— —

Choose n > 0 so small that an, nRzyj 1 and
a B
(nRy) l'(”Rz) ' h h K
n + 0 " [N(L—(an) )+(an) J[N(1-nR,) )+(nR,)
[1-(R )" [1-(nR,) ]

k] < e
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Now for p > Q = Q(y),

p p dm+3n
‘XOO—XOO| <n, X on % < , ¥ m,n > 0.
Hence for p > Q, we have
P I P | % Bn
) (x"=-x) = x- -x |R R
Rl’RZ m-i-aniO mn  mn 1 2
“n Bn
<n+ J} (R T(NR,)
m+nzl
a B
N-1 a, (an) N N-1 8 (nRz) N
<n+ (LR T4+ =)L (RS + ———)
i=1 1-(nR,) i=1 1-(nR,)
1 2
a
(r) vy . . .
<n+ " (N(l—(an) )+(an) )(N(l—(nRZ) )

(1- (R (- (R

+ (RS < e.

Thus T CT .
p a,B

Suppose now that xp »> x in Tp’ then in particular XSO - Xoo; suppose
e > 0 and choose Rl’ R2 such that Rl’ R2 i% , then there exists
Q = Q(E,Rl,RZ) such that
p — < . p_ <
%00 X! < & Py g (x X <1,

172

for p > Q. Hence for all m,n with mtn > 1 and p > Q,

1 al
o +8
P _ mon 1 e L 2
*mn an' — a B —R-—°
m n
OLm-'—gn OLm+Bn
Rl RZ
where R = min{R R } > E_l giving x> x din T . Hence T CT.
1’2 — ’ a,B a, B P
Therefore T AT .
or a8 % Tp
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Proposition 3.8. The space (SG’B,H-II ) is complete.

a,B

Proof. It is sufficient to show that for each Cauchy sequence {xp} in

GG’B, there corresponds a unique x € 60’8 such that pr-xH -+ 0. For

e >0, we find Q = Q(e) such that

1
P q P q dm+6n
(*) |Xoo-XOO s |xmn—xmn| <€, ¥ pqg>Q; mn > 0;
and so {xp } is Cauchy in XK for all m,n > 0. So let ¥ s x , say,
mn - mn mn
as p + « for each pair m,n > 0. But we have
1 1 1
a_+8 o_+B o_+B
T B o I o B
mn mn  mn mn

So for any fixed p (say, p = Q) we get
1

a_+8
|xp | TR, 0 as mwhn > o
mn
1
o_tR
= Jlim ’X | mon g 0.
ki@ mn

Hence x € GG’B. Using (*) once again we find that the result is proved.

Lemma 3.9. The space (sa’B,Ta B) L5 nonnormable.

Proof. Consider G to be an arbitrary O-neighborhood in (éa’g, T Y.

a,B

Then for some e > 0 we get

{x:p (x) < a} C G.
Rl,R2

Define xP € SG,B by

1 1
i A S R
1 2
-(a_+8 )
Then x* € G for p>1. If Ep =2 PP , then
P € €
P (EX)=_>_,
2R1,2R2 P 2 4
and so
p ’ <_
e xP & {xes Por. 2R (x) 4 }
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and hence onp +> 0. Therefore, no neighborhood G of 0 is bounded with

respect to T and hence with respect to T by Lemma 3.7.
P

a,B

Theonem 3.10. 1 o and B satisfy (3.6), then (dq’S,T@ o) 4 a nonnormable
Fréchet space.

Proof. This follows from Lemma 2.7, Propositions 2.8 and 3.9.

Remark 3.11. In particular, Theorem 3.10 includes the Theorem 2.1 of [6].

4, ESTIMATION OF KOLMOGOROV'S DIAMETERS

Consider A(P) and u,v € P with u < v for m,n > 0. Define
mn — mn =
S
{Otmn} Q by
u
M when v__ # 03
v mn
mn
6 =
mn

0 , otherwise.

Then we have the following estimation:

Proposition 4.2. Let . 0 for all m,n, then we have

R . 6(S)(S+3)(UV’UU) = 6(S+1)(S+22(Uv’”u) - SUP %pp

ntnzs 2 2 minzs

where Uu igs the closed unit ball relative to p and a similar expression
u

for U .
v

Proof. Let

L, = sp{emn:O < mtn 5_3—1}_

For x €A(P) such that x € Uv, we have
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(s-1), _
P, ) = I Pl
umn
- x| 22y
mggés mn vmn mn
< sup «a |x Iv
m+nis mn mggés mnoomn
< sup «a zz lxmnlvmn

mtn>s >0

= <
sup o npv(x) < sup «a

min>s mtn>s
Hence
x—x(s_l) € ( sup umn)[hl=$ x € LS + ( sup o )U
mtn>s mtn>s nou
(*)
S (v_,7)
= (S+l)(S+2) V’ u < & ,
2 T mn>s oo
Next, let x € dinf q n[Uu N Ls+l]' Then for x € Ls+l’ we have
m+n§s
p, (0 = ) Ix v
v mns>0 T MO
- z |an!an
O<mtn<s
-1
< Csup a_) )} |x |u
mtn<s e 0<mtn<s oo ma
1. . n! tnn
= ( sup amn) inf o e
min<s mtn<s O§m+n§s inf o
min<s

-1
( sup amn) « dinf o
min<s m+n§s

|A
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since x € ( inf o )U . Thereforem for x € inf a_ [U N LS+ ] we get
u

mn mn 1
m+n<s m+n<s

pV(X) < 1. Consequently we have

jnf o [ C
( < mn)[ u S+l] \Y
WhiCh leads to

6s(s+3)(UV’Uu)

> inf o ,
(#%) 5

— mn
m+n<s

by Lemma 2.1. The required result follows from (*) and (¥%).

Lemma 4.3. 14 a bounded subset B o0f ok nelatively compact, then we have
(*) lim  sup 1) |x..| = 0.

minse  xEB  iticmin I
Proof. Suppose (*) is not true, then there exists increasing sequence {mk},

n and ¢ > 0 such that
k

A >2e > 0; ¥k >1
1 — S
k

where

A, = sup Xz |x,,] with 1, = + 0.
1 e i+3>1 HJ O

1
. k
Hence B contains a sequence {x } such that

: ij
+j>1
>l
Let Py = ll’ then we can find Py = lko for some kO such that
P P
1 €
) 17 Ix2l>e and  JI Ix5l <3
a2 ij S ij 2
i+3>p, i+3zp,

Proceeding in this way we can find an increasing subsequence {pk} of {lk}
such that

P P
22 (x.kl > €3 F[ lx.%] << s ¥k 3 1l
- ij ;g 1] 2 -
1+szk 1+szk+l
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Therefore

p P
Zz IX.%—X.F > E-, ¥ k,t > 1, k # t.
it+j>1 o] 2 N

For otherwise, say, for k > t we have

1 lxtl+ 5

| A

Py
M
i+3>p, i+i>p

| A

P
t) L €
i+j§% |Xij] g e R
2P

P
by using (+) and this gives a contradiction. Therefore {x k} which belongs
to B cannot have any convergent subsequence, and this again contradicts the

fact that B 1is relatively compact.

Lemma 4.4. Let X be an 1.c.TVS and By the neighbonhood system at origin
consisting of all balanced, closed and convex sets. Suppose A C X As bounded.

Then A 4s precompact if and only if 1lim §_, (A,u) = 0 §ox u € B_.
b m+n X

Proof. Let 1im 6m+n(A,u) = 0. Take € > 0. One can find a larger integer
m+n>e

=

4

{yl,...,yN} of X and a positive number o such that (cf. Proposition 1.3

in [20])

N such that GN(A,u) < Hence correspondingly there exists a finite set

€
A + = c +
GN( ,u) A ACou F{yl,...,yN}
where T represents the balanced convex hull. Hence

€ .
A C 7 u + P{yl,...,yN}, for u 1is balanced.

|A
'_I

|A
=

-

But F{yl,...,yN} is precompact, because let us define Ai = {yi}; 1

then Ai's are compact and convex. Let

N
L = {(al,...,aN):ai € K and l:z:l|al} < l},

N
then L 1is a compact subset of K . Let
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S = LXXlX...XAN, then S is compact in '}JJX XN,

N
Define a function f:iKNx X > X by

N
f(ul,...’aN’xl’.",XN) = .z O.le.

i=1
As f 1is continuous, f(S) is compact. But f(S) is nothing but balanced
convex hull of {yl,...,yN}. So P{yl, ,yN} is precompact being compact.

Thus M
F{yl,...,yN} c U {Xi + % u}.
So i=1 v
& M & M
ACsu+ U {x; +5u} U {x; + eu}
i=1 i=1

Therefore A 1is precompact.

Conversely let A Dbe precompact.

But we know & < &8

So by Lemma 2.3 we have 6n(A,u) - 0.
ey . B for each m,n.

Hence the result follows.

Proposition 4.5. Let

u,v € P with u < v
mn — mn

E

ém+n(Uv’Uu) M umn/vmn 00°?

where umn/vmn is regarded to be zero whenever v _ = 0.

mn

Proof. Let

{umn/vmn} S 00" By Proposition 4.2 we have

S (U ,U) < sup a
(s+l%(s+2) v’ u B 8 mn

T —_—
6(s+l)(s+2)(Uv’]u) — 0Oas s
2

Choose m and n so large that mtn > (s+1)(s+2)/2 > s,

s > 1 and this
proves the sufficiency part.

11
. . Q
Conversely let now 6m+n(Uv’Uu) >~ 0., Define a map T:A(P) ~ by

Tx = xu
where u € P. Then
'(TXHQII - mgg;olxmn'umn - pu(x).
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Obviously
T[Uu] = {{xmnumn}:x € A(P), 22 |anlumn<i l}
m+ni0
C
= T[Uu] uzll
; . . 11

where U 11 1s the closed unit ball in 27, Therefore

2

(T80 39) < 80 (TN LTWD) <6, (U,0,) > 0

by Lemma 2.2. So T(UV) is precompact by Lemma 4.4 and hence relatively

compact subset of 211, Dpefine now

st st

8 o e s,t >0,
where ¢ stands as in (4.1). Observe that GStEU . If v =0, then

st gll st
U
t t
6°" =0 and so 6% €U u. If U_#0 then 5% = St St g &St ey,
v st Vst st v

and hence GSt = Uv,u. Thus OSt € T[Uv] for all s+t > 0. So

oyl < s 1 I

—-XET[UV] mtn>s+t ma

But T(Uv) is relatively compact, so by Lemma 4.3 we get

lim sup EZ !x ] =0

s+t XGT(UV) min>s+t mn

= fa_} €eyy

=
and hence {umn/vmn} 00

Proposition 4.6. KZ:Xv - Xu is precompact if and only if
(*) 6m+n(v,n) +~0 as mtn > «

Proof. Let KZ be precompact. The closed unit bell in XV looks 1like

{v#N :v € V}. So it follows that
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K'[v#N ] = V4N  is precompact on X
u v u u

— 6nﬁn(v+Nu’U+Nu) 0, by Lemma 4.4.

> 6m+n(v,u) -+ 0, by Proposition 2.4.

Proposition 4.7. The space A(P) is Schwartz if and only if for each u € P,

there exist v € P with u < v and such that {u_ /v _} €c

mn’  mn 00"
Proof. This follows from Propositions 4.5 and 4.6.
Definition 4.8. If a power set P satisfies the conditions:
(1) Each u € P 1is non-decreasing, that is to say, u i-ust whenever
mtn < s+t.
2
(ii) For each a € P, there exists b€ P such that a < .
mn — mn

Then P is called a set of Anfinite ftype and the corresponding K-matrix space

is called a G -4pace.

Definition 4.9. If P satisfies the conditioms:

(i) Each a € P is non-increasing, that is to say, a < a " whenever
mn — s

mtn > st+t.
(ii) For each a € P, there exists b € P such that a . i’bmn’ ¥ m,n.
Then P is said to be of finife type and the corresponding A(P) 1s called
a G -4pace.

Proposition 4.10. A G_ -space (A (P),T), 1is Schwartz if and only if there

exists u din P such that {1/umn} IS 00"

Proof. If the given space is Schwartz then by Proposition 4.7, to every

a € P there corresponds u € P such that a < u and {a /u } € c but due

mn’- mn OO;

to the non-decreasing character of {amn}
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§

{
k=

Conversely, let there be an u in P with {l/umn} S COO' Choose an
arbitrary a din P. Then one can find b and d in P such that

2
b >max{a ,u }, and a \<d .
mn = mn’ mn mn — mn

Let there be g in P with g > max{b ,d }. Hence
mn = mn’ mn

1 1 1

< < <

<
mn Enn Vg /b yu
mn mn mn

amn
= { 2 }Ecoo-

mn

a vd
mn

mn
+ 0 as mn »> o

o

So by Proposition 4.7, A(P) 1is Schwartz.

Proposition 4.11. A G, -space (A(P),T) is Schwartz if and only if

11
P C 00"
Proof. Let P C 00" Take u in P, so by the Gll—character, we can find
a v E€P with u < V2 , for m,m >0, But vebPCec and so
mn — mn = 00
u
M .y 50 as mn > o
v — ‘mn
mn
Therefore, {um /an} € ¢y and hence A(P) is Schwartz by Propsition 4.7.

Conversely let A(P) be Schwartz and assume u € P. Then we can find

some v € P such that

35
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But members of P are non-increasing

u u

mn mn

_ — > ——
v - Vv

mn 00

mn OO} 00

and the result is proved.

Corollary 4.12. If a Gll—space (A(P),T) 1is not Schwartz, then A(P) = Qll.

11

11
277, then there exists on x € % such that

Proof. Suppose A(P)

x & N(P), and so

“+h-

| < o

I Ix

m+n>0 nn

also there exists an u € P for which the series

) RS

mn' mn
m+n>0

diverges. Hence for N > 0 we can determine integers R and SN so that

N
RN SN
L L gl

Hence we get R S
N N
&= mzo HZO'an| mn
By Sy

<u Lo e

o RNSN m=0 n=0 ™"

< up Yy lx |

So by (+) we have
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1

R

NE))

& =
u — N

|x i) -0

mn

m+n30

as N - «, Since {umn} is non-decreasing, {l/umn} € COO'

dicts the fact that A(P)

B

Definition 5.1.

}: to every u € B

fa=]a

mn
Then A

lim Iumnl6m+n(v,u)=0}. s

m+n->e

Proposition 5.2. If B%

BX’ then
A
By
Proof. Let x € A_ (X).
o B
X
u' € B%, then there exists u € B
v < u we get
1im |
m+n->©

Given v € Bx then exists v' € B% such that v' C v.

v' Cv < uCuq'

is not Schwartz.

Corresponding to an 1.c.TVS

there exist

(X)
X

x) =

% with

%

S
m+n

We begin with the following Definition:

(X)T) 5

v € BX

ABj(X)'

X

uCau'.

(v,u) = 0.

Thus

a— ] ] 1
*¢>6m+n(v ,u') 5‘6m+n(v ,u) j}6m+n(v,u)

=¢>|x |6m+n

So x € AB'(X)’
e X

Now let x € AB,(X). Take

X

u' C u. So then for v'E€ B%

1im |x

m+n-e

X

u € BX’

with v' <

mn]6m+n

C
and hence AB (X) AB,(X).

then there exists

u' such that

(v',u") = 0.

So then for

u

such that v <u
is called b{-dimetnical dimension of X.

let AB xX) =
x

and

Hence the result follows.

37

But this contra-

is another neighbourhood system at origin besides

Since neighborhood systems are equivalent, if

c .
v BX with

=

(v',u'):i|xmn|6m+n(v,u) ~ 0 as mtn > =,

Bl

X

such that
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Given vVv' € B}, there exist v € BX such that v @ v'. So

v Cv' <u' Cu
v < Al Al
= 6m+n(v,u) §>6m+n(v,u ) __6m+n(v ,u')
= $ < § v',u') >0 as mtn > =,
lanl m+n(v’u) —*ixmn| m+n( su’)

So x € A_ (X), and hence A_,(X) = A
By By

(X) -

By

Remark 5.3. From above, we find that AB (X) 1is independent of the choice
X

of BX’ and so we would prefer to use the notation A(X) for AB (X).
X
Proposition 5.4. If two locally convex spaces (X,F) and (Y,Y) are

topologically isomerphic by the map T, then we get

AX) = A(Y).

Proof. By Lemma 2.2, we have,

-1 =1 ~
6m+n(v,u) z_6m+n(Tv,Tu) Z_6m+n(T (Tv),T (Tu)) = 6m+n(v,u)

where u,v € BX with v < u. The above inequality implies that
* =
(%) 6m+n(v,u) 6m+n(Tv,Tu)

Let
B* = {Tu:u € B_}

From (*) we find that A(X) = AB(Y). But by 5.3 AB(Y) = A(Y). Hence
ACY) = A(X).

Corollary 5.5. We have c,., C A(X).

00

Proof. Let x = {x } € cnn- Hence for u in B there exists a large
o mn 00

X’
integer N Such that x € u for all mtn > N, then it is enough to show

that if v € BX with v < u, then

lim 1x 16 (v,u) =0
it g5 mn' mtn
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Since Go(v,u)_i p, where p comes from v C pu and

Go(v,u) zAdl(v,u) z_dz(v,u) P wee

we find
6m+m(v,u) <p, ¥m,n, mtn > N
= i =
lim Ixmn{5m+n(v,u) 04
m+n->e

and hence the result is proved.

Proposition 5.6. A closed subspace M of an l.c. TVS has

codimension less than =n, that is to say dim(X/M) < n, if and only if there

exist fl,...,fn € X* such that

M={xe€ X:fi(x) =0, 1<i<n}

Definition 5.7. A closed subspace M is said to be complemented in space

X, 1if there exists a closed subspace N of X such that
X=M&N

We would need the following well known result in the sequel (cf. [18]).

Lemma 5.8. Let M be a closed subspace of X such that
dim(X/M) < e

Then M A5 complemented in X,

Theorem 5.9.  Let <X,Y> be a dual system. Then

A(X,0(X,Y)) = @

Proof. Clearly A(X,0(X,Y)) € Q. So let u be a neighbourhood of origin in
X with respect to o(X,Y). Then there exists e > 0 such that eu C ws

where for YyseeesVg €y,

u, = [x € X:|<x,yi> <i, 1 <ic< s}
Let

NS = {x € X:<x,yi> =0, 1 <icx< s}.
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So N is a o(X,Y)-closed subspace of X. Then by Definition 5.6, we
s

have dim(X/NS) < s. There exists a closed subspace LS such that

X=N &L

s s
Now observe that

dim(LS) = dim(X/Ns) < s.
If p <1, then
u CN +L Cpu +L
s s s s s
=> 6S(us,us) < p.

Since p is arbitrary, allow p - 0. Then we get

Gs(us,us) =0

= i >
6m+n(us’us) 0, ¥ m,n with mtn > s.

Because eu C u, we have the inequality

6m+n(us’u) i6m+n(us’us)

6m+n(us,u) =0, ¥ mtn > s.

Now take any x € Q. Then we have

lxmn|6m+n(us,u) =0, ¥mn > s
= lim Ix | & +n(us,u) =0,
m+n->®

and so x € A(X,0(X,Y)), thereby proving the required result.

Definition 5.10. Let X,Y be two l.c.TVS. A linear map T:X - Y 1is called

almost open if
Tu € By’ ¥ ue BX.

Theorem 5.11. (Peamanence Theorem). Let X,Y be fwo 1.c.TVS. Suppose
T:X Y A5 Linear continuous and almosit open, then we have

A(X) C A(Y).



P. K. Kamthan and G. M. Deheri 41

% -1 %
Proof. Let u € BY. So T "(u) ©2u, for some u in B by our as-

X
sumption of continuity on the linear map T. Let x € A(X), so for

u € BX there exists v € B‘< with v <£ u and such that

lim |x |6m+n(v,u) =0
mHn->e
We now proceed to find v* in BY such that v* < u* with
s * u*) =
1im |anl6m+n(v ,u¥) 0.

mtn->e

Let us define v#* = Tv, So v* € BY for T 4is almost open. Then we have

i * * i
lim |an|5m+n(v ,u*) 1lim ]xmnI6m+n(Tv,Tu)
m+n-e m+n-o

| A

< 1lim
|an16m+n(v’u)
m+n->e

and hence x = {an} € A(Y), consequently A(X) C A(Y).

Conollany 5.12. For an l.c.TVS X, the following statements are equivalent:
(£) X 45 Schwartz

(i) 2™ ca).
.. -
(L) 0 § A(X).
Proof. (i) = (ii) Let X be Schwartz and assume x € % . So to each

u € By there exists v € By, v < u such that

6m+n(v,u) -+ 0 as mtn > o

adn also there exists k > 0 such that |x < k, ¥m,n > 0.
mn' — —
Thus

lim [x |8 , (v,u) = 0,
mipoe WD m+n

which gives x € A(X) and hence A AX) .
(ii) = (iii). Assume that [ A(X), but we know that C SEQ , and

OO
ce (e (,-I A(X) .
hen j ( )

!

5k . § ; i € A -
(iii) = (i). Let 50 fiA(X), then there exists x (X) but x 0
as mtn -+ «, So there exist sequences of integers {mk} and {nk} such that

inf|x 1 =n > 0.
MM
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Take u € BX’ then there exists v € BX with v <u and such that

(*) 1im lxmn|6m+n(v,u) = 0.
m+n-+e
But we know

m, +n |6

(v,u)
by T T L

ném +n (v,u) -~ 0

= mny

by (*). So we get 6m+n(v,u) -+ 0, and hence X 1is Schwartz by Lemma 4.5 and

Proposition 4.7.

Conollany 5.13. Let T:X >~ Y be a continuous Linear and almost open. Suppose
X A8 Schwarntz, then Y 45 Schwartz.

Proof. Under the given hypothesis we have
A(X) C A(Y)
by Theorem 5.11. But X 1is Schwartz, so we get

= 77 ca).

Therefore Y is Schwartz by Proposition 5.12.
6. DUALITY OF GG’B: We begin with the following; define

1
am+8

n

(6.1) da’8 = {xeg:sup{t lx ¥ mtn 3'1} <m}_

XOO\’ mnl

Then we have

X
Proposition 6.2. (60“8)X = a%B ana (du’B) = 6“’8.

Q’B. Then there exist M > O

Proof. We follow [12] for the proof. Let x € d
with

Ixijl <M 3 4455 0.
B

One may choose € > 0 such that €M < 1. If y € 8% then we get
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a.+B,
lyijI <e I for ity > 1, = 1,(e)
therefore
Wolxy. = Y IxLvell 4 0 IxLv..
530 M ocawger M s HH

D T P N N C V)

T 0<iti<d, 34 i+3>1,

— dOL,B c ((SOL’B)X

On the other hand, let x € (606’8)'>< but x & du’B.
increasing sequences {mk} and {nk} such that
2(a_ +8_ )
m, N
hmnl>k ko Tk ko> o1,
If kk
- +8_ )
k "k
k s M= m, n = nk,
Ymn
0, elsewhere.
a,B o, BX
Then y=y €3¢ , but zz |x,,y,,| = o, Thus x & (§ )
mn L b ij dij
i+320
x
contradiction. Therefore (SQ’B) C da’B. So we got (GG’B)
Similarly we can show (da’B)>< = Su’g.
Proposition 6.3. A subset B of ks is 0(6a’8,du’B
only if the following hold:
(1) B is o(s*’P,0) bounded.
(ii) For each ¢ > 0, there exists NO = NO(E) such that
a +B
lx | < e " , ¥mtn > N and ¥ x € B.
mn' ~— — 0
Proof. Let (i) and (ii) be true. Choose vy € da’B

e > 0, there exists N = N(g) such that
-(a_+B8)

m n

|ymn| < (2¢e) , ¥ m+n > N.
*

Let N = max{NO,N}. Then we have

Hence there exist

which is a

o,B

bounded if and

, so for a suitable



44 Extended Classes of Analytic Functions

DE

i+j>N*

! 1
v N =< J] —=——, ¥ x€B.
e e 2“i+8j i+j>1 2“i+8j

Because of (i) exists a constant M = M(N*) > Q0 such that

L eyl

v..| @
0<i+j<N* +

ij
= ] lxgy e I e <
i+j>0 T H i+3>0 2“1 i

a,B

Conversely, let B be a o(éu’B,d ) bounded then it is enough to show

that (ii) holds. Suppose (ii) is not true, then for some ¢ 0 there exist

increasing sequences {mk} and {nk} and a sequence x(k) in B such that
“m +Bn
[x(ki | > € K k, k > 1.
e
: € q
Deflne y by Bnk Bmk
1+ — 1+ —
o ")
e M
o 2 Bn > W =Wy, 0= 03
m K
Yoo~
0, elsewhere.
a, B .
Clearly y € d . Consider now Bn o
l+u—k l+E_k
m n
k k k
IR P B PR ¥
y T e "k

So B 1is not n(éa’g,da’ﬁ) bounded and hence not O(SQ’B,da’B) bounded, be-

a
cause -8 is perfect. This is a contradiction, so (ii) must hold.

Lemma 6.4.  Considen the sequence {a,,:m,n>0}, satisfying

C . s
Then mggéo mnomn  converges Lf and only Lif
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1
am+8
(legolsl o | ™ ™ mno]
L8 bounded .
Proof. Assume first of all that, there exists a positive constant M, such that
o +8
m n

|C00| <M, |C | <M , myn > 0, m+n # O.

mn

By hypothesis we can get an integer N such that

a +B
|amn| < ( é%-) m n’ mtn > N,
and hence _(“m+8n)
|amnCInn <2 , mtn > N.
Therefore for m+n > N
1
I ag e l< Q1 lac |+ ) T

m+n>0 O0<m+n<N-1 m+n>N

| A

I Jag ol + I 2 < e

mn mn a
O<m+n<N-1 m+n>0 ,m m

To show the necessity assume that the series in question is convergent but
1
o _+8

{|COO|;’Cmn| E n’ m,n 3_0} m+n # 0 is unbounded. Thus in general there exist

increasing sequences {mk} and {nk} such that

o +B
c n|ikmk ks
MM
defi = ]
Now define a new sequence a {amnf by
= (o, +8, )
k k ke m=m n=n;
k’ k’
a =
mn
0 elsewhere
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= la_ C 0 > 1, k > 1.
MM M
1
OLm+B
Hence Zz |a C \ does not converge though  lim la | - o,
mtn>0 T TR mtnseo
Theorem 6.5.  Consider %P equipped with eithen Tp o T g Then every
¢
continuous Linean functional V¥ on s P s o4 the foam
(6.6) Y(x) = ZZ x C ,
ek 0 mn mn
whese 1
0Lm-’-Bn
(6.7) {|C00|;|Cmn| , mn # 0, m,n 3_0}

L5 bounded.

Moreover fon any double sequence {Cmn}, satisfying (6.7), the map
TPESTLIN ¢, whose value at x s glven by (6.6), represents a continuous
Linearn functional.

o, By * ;
Proof. Let Y € (6§ ) . Now define
mn
Cmn = V(e )
For any element x in Sa’s we can write x = zz x_ "™ where s—th
m+n>0 mn

plane section of x 1is given by

X(S) - ZZ % emn
O§m+nfs
(s)

where we note that x - x in Tp[Tu B]. Hence we get Y(x

(S)) > ¥(x).

Now we observe
o (s)
Y(x) = lim (x )

S—>™

= lim ITox (™
mn
S O§m+n§s

HHiéoxmncmn'

But .

+0 as mtn » =

and so
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+
O:m Bn

= {[c gl 1C,,| ; wh # 0f

is bounded by Lemma 6.4.

Conversely let ¥ be mentioned as in the hypothesis. It is enough to show
that ¥ dis continuous, linearity being clear from the definition. So let
xP >0 in Tp' Let € > 0 be chosen such that

1

o+
m Bn

eM < 1, where M = sup{| ; mtn # 0].

Cool 2 1€y |
Then there exists Q = Q(e), so that for p > Q we get

1
a +p
P | m n

I P
mn

XOOI’ ’x < €; myn > 0, m+n ¥ O.

Then the continuity of V¥ follows from the following inequality by (3.6):

a +B
W(xp) < |xp C | + 22 ]xp C l < eM + Zz (eM) mon
— 0000 m+nzl mn mn m+nil
%n 8n
< eM + Z (eM) Z (eM) .
miO niO

7. CERTAIN SUBSPACES OF A FRECHET SPACE. We consider a special type of

matrix space which in particular envelopes the class of entire functions of two
variables having finite order and type points. The purpose of this section is
to study the form of continuous linear functionals on this class of matrices.
Let {pm} and {qn} be two bounded sequences of real numbers such that
p, >0 and Q > 0 and p;l and q;l satisfy Mandelbrojt condition, namely

if W, = L and kn =

= , then
pm

1

a4,

(7.1) lim (u -p ) =h > 0; 1lim (A -A ) =k > 0.
== m m-1 — n n-1

With this restriction on {pm} and {qn}, let us introduce the following

two spaces:
+
Pndy
— pm+qn
Fl(p,q) = {a € Q:llm(m+n)|amn| < w}
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Ppdy

Pm+qn
Tz(p,q) = {a€ Q:I(m+n)!amn| + 0 as mtn > =f

Clearly F2 is a subspace of Fl. We observe that the space Fl contains not
1

only entire functions but analytic functions also, For example, if P = 1+ o
1 ; ¢ ; i
and q, = 1+ o’ then Fl contains those functions which are analytic in the
; ; _ 1 _ I
disc ‘zl <r, 1<r<x We see also that if P % and 9L, = X for

m n

fixed k > 1, then the space T contains entire functions only. At the same

1
time, clearly Tz(p,q) contains entire functions only because of the fact that
Pniy Pry
p_+q p_+q
la__| mon | (m+n) ta_ | T 50 as min > = .
mn = mn
(= i p -
Now for a Fl(p,q) define M 1+N 1
;l+ -1
¢p(a) = Sup{(m+n)lamn| ™ imtn # 0}
(=) i - -
and for a Fz(p,q) define o 1+N 1
-1, -1
Pn +qn
Y(a) = sup{](m+n)!amn| :m+n # 0},

where M = max{l, sup pm} and N = max{l, sup qn}. Then ¢ and VY are para-
m n

norms on Fl(p,q) and Fz(p,q) respectively making conplete matrix spaces,

under the metric topology induced by them.

Regarding the inclusion relation between l(p,q) and 2(p,q) we have

Theorem 7.2. 14 {p_} and {q_} are chosen s0 that
vttt
-1, -1
. pml+qn

K = lim[ (m+n-1)!] <

then Fz(p,q) is a closed subspace of Fl(p,q).

Proof. Let a € Fl(p,q) and a® € FZ(P,q) with a® » a in Fl(P,Q)- Then

given e > 0, there exists iO = io(e) such that
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vttt
-1, -1
i Pn +qn
i _ P s g
|(m+n).aIlm amn‘ <e, i> iy
Consequently we have & PR
w1t L4y l_
P~1 -1 p—l+ -1
5 -q
' m n p 1 m n
| (m+n) 'amnl < | (mtn)! amnl
w Tt !
-1, =1 =1 =1
m n i P +qn
+ [(m+n~-1)"!] . (m+n)|a -a I
mn mn
Vi
-1, -1
i Pn +qn
< 1
< |(m+n) .amnl + Ke,
which gives the required result for {a;m} € I‘z.
Remark 7.3. This above theorem includes the class like the case when P and
q are of the form
1 1
= — - = — S
pm k 3 qn k 2 k i 15 U"C ]K i
om cn

Lemma 7.4. rz(p,q) C I‘z(r,s) Af and only L4
b5 s
(7.5) lim -2 > 0 and lim —% 0.
Pn 9
Proof. Suppose (7.5) holds, then there exists )\ and yu such that ro> Apm;
s >pq. for m>N and n > N

n n 1 2
exists a large integer I such that

respectively. Take a € Fz(p,q) then there

P a,

P_+q
](m+n)!amn| & nil, mtn > I

= ](m+n)!arrl xly, min > I.

n l

Now B
T+l Ll BB asw, na,
m n Apm an pmqn

where ©0 = min{)\,u}. So then we have
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r S 6p q
?lrl = _11 =5 x T L m>N, n>N,
rm Sn r +s pm qn
m
Then for m+n > max{Nl+N2,I}, inview of (*) we get
"n°n pmqn_
r +s p_*+q
| m n ' m n 6
I(m+n).amn| < [l(m+n).amn| ]

and hence a € Fz(r,s).
Conversely suppose (5.5) is not true. Then there exists increasing sequence

{mi} and {nj} such that

;<1 .o < L
m, i Py i j 9,
i i j j

Now we construct a € @ as follows.

+

Pntdn

P aq_

., . —1; ‘m'n

[(i+5) 7] s =m, n= nj;
| s
(m+n).amn

. 0, elsewhere.

Then clearly a € Pz(p,q) and hence a € Fz(r,s). But

rmisn,
—1 -1, -1 , -1, -1
r +s p +q /r +s
myon, 1, My By Wy n,
] = i
|(mi+nj).amin1 [(E+5) 7]
- -1, .-1
L .=l T
> [
Since N i_lL"l
lim [(G+3) 710 " =1,
itjoe -
1=j m. n,
1 J
r +s
m, on,
we find a subsequence of {1(mi+nj)!am N | J } which does not tend to zero.
ij

Hence a ¢ rz(r,s), a contradiction.
We next consider another totoplogy on F2(p,q) and proceed to establish its

equivalence to the original topology. So for a € Fz(p,q) and § > O,
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(m+n) ! | amn[

spl ==y
+
pm qn
-1 1
GM

14, 8] =

Lemma 7.6. Let T* be the topology generated by {|la,s||,s>0}

Now for the above choice of ) there exists I = I())

such that for

i>1

51

and T be the

paranornm topology. Then T and T* ane equivalent.
Proof. Let ai >0 din T. Let § >0 and O < e <1 be given. Choose A >
such that A < 8e, then we have
-1, -1 -1, -1
+ +
Py Ty Py Ty
-1,.-1 -1, -1
A M +
(g) + <eM N < &g, ¥mtn > 0.
Since a1 -+ 0, so for above choice of XA, there exists I B I(A) such that
v Lyt
-1, -1
i Pm +qn
|(m+n)!amn‘ <€, ¥mtn >0, i > I,
and hence for 1i > I,
-1, -1
| Pn 9p
(m+n)'a | -1 1
A M
(E) N < e, ¥mtn > 0
—l+ -1
P Tp
m !
i § i *
So ||a ,(SH <d8, i>1I, that is to say, a ~+~ 0 din T .
Conversely let a’ >0 in T*. So we get Hal,GH -+ 0 for each ¢ > 0.
Then for each e > 0, choose A,8§ > 0 with & < eg; A < % . Then
-1, -1
Pn +qn
-1 -1
)\<£<(£)M N , ¥min > 0
§ — 6§
e
-1, -1
+
s (S)\pm 9 < €, ¥ mtn > 0.

0
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|(m+n)!ain\

T LT
Pn T

oLyt

1 M_1+le
-1 -1 -1 -1

i b, e pm +q

m+n) la ] < SA
mn

<A, ¥mtn > 0.

n

<eg, 1>1I,¥%mn >0

= a ~»0 in T,

and hence T and T* are equivalent.

In the next main result we will need.

Lemma 7.7. Forn everny a € Fz(p,q), the senies

CD) ZZ (m+n)'la c
w30 mn mn
) ) M—l -1
convenges A4 and only Lf ;_IiH_I
Pm +qn
{|COO!; ICmn' ; m+n # 0}
L5 bounded .
Proof. Assume first of all that there exists a positive constant L, such that
-1, -1
+
Pn "9y
-1, -1
M 4N
}c00| < L, |cmn| < L , mtn # 0.
For each a € Fz(p,q) we find L* such that
-1, -1
P, ta
-1 -1
1 M +N
1 —_— *
|(m+n).amn{ < ( 2L ) , mtn > L
Hence for mtn > L*, we have
-1, -1
+
_[ Py T4, J
-1 -1
|(m+n)!a c | 2 LR
mn mn' —
So then we have
! = +n) !
1) |(m+n).amncmn| 0 | (m+n) a e

m+n>0 O<m+n<L*-1
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(mtn) !
mggéLl m+n amncmnl L

< 0 |(mtn)ta ¢ |+ )} 2 < o,
~ O<mtn<L*-1 W <Lk

Conversely assume that the series (+) 1s convergent for each a Fz(p,q)
but the sequence (*) is unbounded. Then there exists increasing sequences {mk}

and {nk} such that

-1, -1
B +qn
k k
-1 -1
e, o | P R N |
k 'k
Now construct a € @ as follows:
-1, -1
pm +qn
{ k &J
M_1+N_l m=m n=n;
5 'k’ k’
a =
mn
0, otherwise.
P 4
Let us note that LUS L
Bt 1M
|@m)ta |7 7= (K] >0
However
| (m, +n ) 'a & > 1,
k 'k m, 0, mknk

and this contradicts the convergence in {(+).

Theonem 7.8. Consdiden Fz(p,q) with elthern of the two topologles. Then every
continuous Linear functional Y on Tz(p,q) L5 glven by

Y(x) = mgg;o(m+n)!xmncmn, x € Fz(p,q)
where {Cmn} is such that M:}+N_l
-1, -1
Py Y9
{[cool;ycmn{ , mtn ¥ O}

is bounded.
Conversely, for c¢ € Q satisfying (+), the function defined by (*) is

continuous and linear.
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Proof. Let VY € [Tz(p,q)]*. Suppose W(emn) = (m+n)!cmn, then for any element

x € FZ(P,Q), we can write

x= J] x ™
m+n>0 mm
Consider the s-th plane section x(s) = zz x_ €™, Hence we get
O<m+n<s
W(x(s)) -+ ¥(x), and so
¥(x) = lim IT = _vE™

-0 O)<mtn<s

+n) ! € .
mgg;o(m n) CnXmn® ¥ x Fz(p,q)

So, by the previous lemma the sequence

T
-1 -1
+
| pIIl ql'l

. , mtn # O}

HC00|’|C
is bounded.
Conversely let V¥ be mentioned as above in (*). We need show only the

continuity of VY. Let xP > 0 1in either of the two topologies, and put

m n

k = sup{|c00|,[cmn| , mbn # 0}.

Choose ¢ > 0 so that ¢K < 1, then there exists Q = Q(e) such that for

P > Q we get -1, -1

pm +q1’1

vyt
lxgo| < g3 [(m+n);xgn|< € , m+n # O.

The continuity of vy follows from the following inequality

|y Py |

A

P P
ICOOXOO| + mgg;ll(m+n)!xmncmnl

-1 -1

pm +q1’1

-1 -1

EK + [EK]M *

m+n>1

| A
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Lemma 7.9. 14 for each a € T the senies

Pm+qn
P_4d
“ mgg;o(m+n) " *mnmn’ ¥ a s Fl
convernges, then P
p_tq
+) {lx001;|xmn| noR , mtn # 0}

L5 bounded.

Proof. Suppose (+) is not true, then there exists increasing sequences

and {nk} such that

p_ *q
M Tk
P q
m
lx - | < k k nk , k > 1
MKk
Construct a € Q as follows
B, T4
k k
Py 9,
k ke m=m ,n =

P +q ’ k’ 'S

m n

P q

(@tn) ™ Ma =
mn
0, otherwise.
Clearly a € Fl’ for when m = m and n = nk, then for k > 1,

pmqn
p_*q o
mono_ g 1

(m+n)|amn] s

and the left hand side is zero otherwise. But at the same time we have

p_ +q
M M

pm

\(mk+nk)

.

k 'k

a nX ol -
McMe MM

and this is a contradiction to (*).
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Theorem 7.10. Every continuous Linear functional ¥ on ry A5 0f the §omm

Pm+qn
P_q
_ mn
+) ¥ (x) = mggio(m+n) i Sy >
wheste -
Pyn
p_+q
(*) {|COO];|cmn| M I nin # 0}

45 bounded and convernsely suppose for a sequence {cmn} satisfying (*), the
functional ¥ degined as 4in (+), {8 a continuous Linear gunctional.

Proof. Let ¥ € T*¥ and define {c } € Q by
B 1 mn
+
Pn 9n

P_q
_ mn
) = (m+n) Cmn'

y (emn

We know that

(s) EZ mn
x = x e
O<m+n<s mn

(s)

mn
= X - x, for any x = zz X e
mn
m-+n>0

- v&x%) > v,

So we have

Y(x) = lim W(x(s)) = 1im zz X W(emn).
mn
g S O<mtn<s
Consequently
+
Pu 9
P_4q
¥(x) = ) (@) " Tx n.
m+n>0 oo &
But we know that {an} € Fl is arbitrary and so by the previous lemms, we find
that
_qun
p_+q
m n
{|COOI;|cmn| ; mn # 0}

is bounded.
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Conversely, let ¥ be the one mentioned in (+). So we need show only the

continuity of ¥ as linearity of Y 1is already clear. Take x¥ >0 4in T

l,
then our aim is to show that W(xp) -+ 0. Set
Pnin

T +q
m

M = supf T, mtn # 0}

ICOOI;ICmn|
and choose ¢ > 0 so that eM < 1. Then there exists Q = Q(e) such that for

Pp>Q
- +
pm qn

p_q
pr [ < ( =)y =e , ¥ mtn > 0.

mn m+n
Al h +
so we have Pm q,
P4
]c I <M ® 0 s ¥ m+n > 0.
mn' — =
S -
o for p > Q, we have Pm+q
n

mqn

P
IW(XP)] < ZZ ,xp cmn'(m+n)

mtn>0 ™

+
pm qn

P_dq
< Q) (e M
m+n>0
Recalling the Mandelbrojt condition on p and q, it follows that

1 1
P q
Py < (e ™ Y (emy ™
m>0 n>0
7.11. Remark, In particular, Theorems 5.8 and 5.10 contain results developed

by Maddox Iyer [4]. Kamthan [7], etc.
At the end, this is authors' pleasant duty to thank Dr. Manjul Gupta for

giving valuable suggestions in the preparation of this paper.
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