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ALMOST-PERIODICITY OF COMPACT SOLUTIONS
FOR OPERATIONAL-DIFFERENTIAL EQUATIONS. (*)

S. Zaidman

Introduction. If the function wu(t) from the real line R into a Hilbert space
H verifies an equation of the form:

1) u'(t) = Au(r)

where A is a linear, often umbounded, operator in H (with a domain D(A) C H),
it happens some time that precompactness of the trajectory of wu(t) in H is
equivalent with its almost-periodicity (for instance, the first result of this
kind, by S. Bochnmer in [1] (see also the fundamental paper of Bochner and von
Neumann [2] as well as references [4], [5]). Recently in [3] a special kind of
linear operator was considered, which is not included in the class examined in
[2]; because of the convexity properties of the solutions of the corresponding
equation (1), it turms out that all bounded solutions over R 1lie on a sphere

in H-that is to say, the relation Hlu(t)l = lu(O)l, ¥ £t € R holds. Hence,
almost-periodicity = normality of precompact solutions follows as usual (see [5]).
In this short note we first indicate a simple genéral principle which includes
the case tackled in [3] and then apply it to the equation

(2) u'(t) = (@ + iR) B u(t)

where 0,8 are real numbers and B is a symmetric operator, of domain D(B) C H.

1. We shall prove the following:

(*) This research is supported by a grant of the N.S.E.R.C. of Canada.
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Theorem. Consider a Banach space X and then a linear operator A, D(A) € X -+ X,
Assume that any regular solution wu(t), R -+ D(A) of the equation u'(t) = A u(t)
which is bounded over R verifies the relation lu(t)l = llu(O)Il, ¥ £t € R. Then,
any solution v(t), R =+ D(A) of the same equation which has precompact range in

X 1is almost-periodic.

Proof. Consider any sequence {a;} of real numbers and extract a subsequence
{an} such that {v(an)}i is a convergent sequence in X. We shall see that the
sequence of translated functions {v(t + an)}: is uniformly convergent over the

real line. 1In fact, let us note the equality

d = -
(3) Tp v +0) - vt +a)] = Alv(t +a) - vt +a)l
Furthermore, we see the estimates: llv(t + an) - v(t + am)H < 2 supllv(t)l for
tER

all n,m € N; accordingly, using the hypothesis, we get equality:
= = - e
(4) lv(t + an) v(t + am)H Hv(an) v(am)ﬂ, ¥ t €ER
and this implies the desired uniform convergence.
We shall apply this result in a Hilbert space H, taking A = AB where )\
is a complex number while B is an hermitian operator in H with domain D(B).

We shall give the (known)

2 .
lemma. If w'(t) = AB w(t), t € R, the scalar-valued function ¢t - |lw(t)ll is
a convex twice differentiable function.

In fact, we see that é%—<w(t),w(t)> = (2Re)M)<Bw(t),w(t)>. Use now, say,

[6] - page 56 and deduce existence of the second derivative JLE Ilw(t)II2 and the
dt

2
equality: Jii»ﬂw(t)ﬂz = 4(Rel)2HB w(t)”2 > 0. If we assume now that w(t) is
dt

2
a bounded function over R, it follows that the scalar valued function t ~+ [lw(t)l
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is constant over R: thus [[w(t)ll % = IIW(O)H2 and accordingly, the solutions

w(t) with precompact range are almost-periodic.

Remark. The above considerations extend to solutions of differential-operator
equations which are only defined on the non-negative real line. Precisely, in

the same way as was done before, we can establish the following:

Proposition. Consider a Banmach space X and a linear operator A, D(A) C X -~ X.
Assume that any regular solution u(t), [0,®) - D(A) of the equation u' = A u
which is bounded over [0,») 1lies on a sphere in X. Then, any solution v(t)

of the same equation with precompact range, belongs to the class B(R+;X).

(the definition of the class B(R*;X) is given in [5] - page 44) As an applica-
tion of the last result we consider in the Hilbert space H the anti-symmetric

operator A =1 B where B 1is hermitian, of domain D(B) C H. If w(t) is

any solution of the equation w' = iBw on the half-line [0,~) we find that
é% <w,w> = 0, hence llw(t)ll = Ilw(0)Il ¥t > 0.
REFERENCES

[1]1 Bochner, S. "“Fastperiodische Losungen der Wellengeichung", Acta Math. 62
(1934), 227-237.

[2] Bochmer, S and Neumann, J. von. '"On compact solutions of operational-
differential equations I", Aon. of Math. 36 (1935), 255-291.

[3] N'Guérékata, G.M. "Remarques sur les solutions presque-p&riodiques de
1'8quation [(d/dt)-A] x = 0", Canad. Math. Bull. 25 (1982), 121-123.

[4] Zaidman, S. "Solutions presque-périodiques des €quations différentielles
abstraites'", L'Enseignement Mathématique 24 (1978), 87-110.

[5] Zaidman, S. Almost-periodic Functions in Abstract Spaces (ondon : Pitman
Advanced Publishing Program, 1985).

[6] Zaidman, S. Abstract Differential Equations (London: Pitman Advanced
Publishing Program, 1979).






