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A COINCIDENCE THEOREM IN LINEAR NORMED SPACES

M.S.Khan, M.Imdad and S.Sessa

Abstract. A coincidence theorem of the first author is improved in the general
context of the linear normed spaces, using a generalized Mann iterative process
and the concept of weak commutativity of the mappings under discussion. Suitable
examples are also given.
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1. Introduction

Let X be a Banach space, F a selfmapping of a closed convex subset K of X and
I the identity of X. If F is nonexpansive, i.e. llFx-FleS ”x—yllfor all x,y € K,
.. . n .
Krasnoselskii [11] proved that the sequence of iterates {F X } , starting from
o
a given point x € K, does not converge necessarily to a fixed point of F,whereas
o

the sequenceliF; X } , where
o

(1) F)\=(1—?\)~I+A'F,O<)\S1,

may converge to a fixed point of F, as shown by Krasnoselskii [11] which assumed
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A = 1/2, K compact and X uniformly convex. This result was extended by Schaefer
[15] considering a general A.

The scheme (1) has been extended by means of the so-called '""Mann iterative
process" [12] associated with F and described in the following way: let X € X

and {xn} be a sequence defined by

(2) x = (1-c )ex + c +Fx
n+1 n n n n

for n=0,1,2,..., where.{c } is such that
n
(i) 0 ¢ c £ 1 for any n=0,1,2,...,
(ii) 2 ¢ = o0.
n

The scheme (2) has been studied by many authors: cfr. Bose and Mukherjee [1],
Das, Singh and Watson [2], Dotson Jr. and Senter [3], Emmanuele [4,5] , Ishi-
kava [7,8] , Massa [13], Rhoades [14].

In this paper we present yet another extension of the Mann iterative process
in order to obtain a coincidence theorem in linear normed spaces, using the
concept of weak commutativity due to the third author [16]. Illustrative exam-

ples are also provided.

2. Preliminaries

We need some basic preliminaries before of presenting our result. Let X be
a linear normed space, F and G two selfmappings of X such that G is linear and

(3) F(X)SG(X)
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Let X € X a given point and y, @ point of X such that FxO = Gyo. This can
be done since (3) holds. Now, let X, be a point of X defined by
= - . + 3
* 4 Co) o T %Yo
Since G is linear, we have
Gx, = (1-c )*Gx + c -Gy = (1-c )*Gx + c «Fx
1 o o o o o o o o
and since (3) holds, let v, be a point of X such that
F = Gy, .
®q T MY

Recursively, then we can define two sequences {xn} and {y } such that
n

= -— - -+ & =
X i1 (1 cn) Xt Yo, Fxn Gyn
and
(4) Gx = (1-c )*Gx + c -Fx
n+1 n n n n
for any n=0,1,2... . We denote with M(Gx1,cn,F) the sequence defined by (4).

Note that if G=I, we obtain the scheme (2). If cn=1 for every n=0,1,2,...,
we deduce the well known iterative process of Jungck [9]:
(5) Fx = Gx

n n+1

for every n=0,1,2,..., starting from xo.

As in Rhoades [14], we assume the following requirement:
(iii) 1lim c > 0

n-+00

instead of (ii).

We shall use also the following definition [16]:

Definition. Let F and G be two selfmappings of a linear normed space X. We



86 A Coincidence Theorem in Linear Normed Spaces

say that the pair{ﬁF,G} is weakly commuting if
IlFex - crx|| < JJEx - x|
for all x € X.
We note that a commuting pair is clearly weakly commuting but the converse

is not true as it is evident in the following Example.

]

Example 1. Let X [0,1] with the usual norm. Define Fx = x/(9+x) and

Gx = x/3 for all x € X. We have

||Fex - crx|| = = - = 2x
27+x 27+3x (27+x) - (27+3x)
x +6x _ X X _'I
27x+3x 3 o MFx - ox||

for all x € X, but clearly FG # GF.

3. A coincidence theorem

Now we are in position to prove the following result:

THEOREM. Let F and G be two selfmappings of a linear normed space X such that
{7,G} is a weakly commuting pair, G is continuous and linear and condition (3)
holds. Further, we have
(6) |17 - By)| < allex - eyl| + bf|fox - Bx| + [loy - w5}

+ c{]lex - my||+ ||ov - Fx||}
for all x,y € X, where at+b+c > 0, a+2b+2c £ 1. Let Xo € X and {Cn} be a se-

quence satisfying conditions (i) and (iii) such that M(Gx1,c ,F) converges
n
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to a point u. Then u is a coincidence point of F and G. If b>0, then Fu is the

unique common fixed point of F and G.

Proof. Define a sequence {Fn}-of selfmappings of X by setting

F (x) = (1-c )*Gx + ¢ Fx
n n n

for all x€ X and for every n=0,1,2... .

Then
Fn(xn) - GXn+1

and
(7 lanx - le|= cn-||Fx - Gx”
for all x€ X and n=0,1,2... . Since G is linear, we deduce by (7):

||F ox - eF x|| = ||(1-c ).6%x + ¢ +FGx - (1-c )Gk - ¢ - GFx|| =

n n n n n n
cn-,IFGx - FGx” < cn—,lFx - Gx||=,|an = le'

for all x€X and n=0,1,2... . So{Fn,G}- is a weakly commuting pair for any
n=0,1,2... .

Using (6), we have
||Fx - Fyll € a:|lex - Gy]| + b-{“Gx - Fx|| + |fey - Fy”}
+ c-{”GX - ey|| + lley - Fy|| + [Joy - ex]| +[|ex - Fx”} =
(a+2c) - ||Gx-Gy|| + (b+c) - {HGx—Fx” + ”Gy—Fy”} <
llox=cy|| + ——+ { [lox-r| + llo-v]|}
for all x,y€X. Then we deduce

’anx—Fnyll < (1—cn) -l'Gx—Gy||+ c .',Fx—Fy”

In
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(1-c ) - [lex-cy|l + c_-|Jex-ey|| +

3 el o] -
||ex-cy|] + —%— {HGx—an“ & ”Gy-—Fny”}
for all x,y€X and n=0,1,2... . It follows that
||G2xn+1 ~F ufl < |leF x - Fox || + ||F 6x - Full <
flox - ®x || + [l - cuf|
—%—'{-“szn—FnGxn” + ”Gu—Fnu”} <
o exy Il + fle",cull+

1 2
e e [+ forx wox I} +

2 2
—%f--{|lcu—c Xn+1|| + I'G Xn+1—Fnu||}

for any n=0,1,2... . Since
“GFan —FnGan < ”Gxn-ann” = ”GXH-GXH+1‘l s
we deduce from the foregoing inequality:
1 2 3 2
’*2— £ ”G Xn+1—Fnu” < > ”Gx—Gxn+1” + “G Xn—GuH +
1 gy 2 2 1 2
2 Mo ) s lleee ]
for any n=0,1,2... . Now, by letting n—+eo and using the continuity of G,

we find that
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limm”Gu - Fnu“ =0,
Since (7) implies
1
|IFu = Gull ='7;— ul'Gu = Fnull
n
for any n=0,1,2,..., we have, by (iii), as n—peo , that Fu = Gu, i.e. u is a

coincidence point of F and G. Using again the weak commutativity of the pair
{F,c} , we have
[ Feu - crul| € ||Fu - cul| = o,
giving thereby
GGu = GFu = FGu = FFu.
Using (6), we obtain
(8) [|Fe - 2] <a- [Jeu - GFru]| + b-{”Gu - Fu]] + |]cFu - qu”}+
C-{”Gu - qu” + || 6Fu - Fu“} <
(a+2c) ~ || Fu—F2u|| < (1-2p) - || Fu—quH,
which implies, if b > 0, FFu = Fu and therefore GFu=FFu=Fu.
So Fu=w is a common fixed point of F and G. Let z be a second common fixed
point of F and G. By (6), we have
llz -wl|l = ||Fz - Fw]] < a.|l6z - cw|| +
c-{”Gz—Fw” + “Gw—Fz“}=
(a+2c) - || z-w]|| < (1-2b). “z—wIL

which implies z=w. This concludes the proof.
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Remark 1. Although Khan [10] assumes X to be a Banach space, this assump-
tion is not used in our proof. On the other hand, ifsiF,G} is a commuting pair
and if cn=1/2 for any n=1,2,...,0our Theorem includes the cited Theorem 3.1 of
Khan [10].

Remark 2. The assumption b > 0 is used in our proof in order to guarantee
the existence and the uniqueness of the common fixed point of F and G. Such
an assumption does not appear in the statement of Theorem 3.1 of Khan [10], but
it is explicitly claimed as remark (ii) at page 4 of [10].

Remark 3. If b = 0 but we have a + 2c¢ < 1, it is easily seen, using the
inequality (8), that w is also the unique common fixed point of F and G. For
c=0, 0<a<1 and 2b=1 - a, see a result of Fisher and Sessa [6].

Remark 4. The assumption (ii) on the sequence {cn} is not used in our Theo-
rem. Analogous consideration appears in Rhoades [14] and Das, Singh and Watson
[2].

The example below shows that Theorem 3.1 of Khan [10) is not applicable be-
cause F does not commute with G whereas our result holds.

Example 2. Let X,F and G as in the Example 1. Note that G is continuous and
linear and

F) = [0,1/10] € [0,1/3] = e,

Starting from an arbitrary xoe;x, consider the iterative process (5), i.e.

cn=1 for any n=0,1,2.... An easy routine calculation proves that the sequence

M(Gx1, 1,F) consists of the following points of X:
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.{ X 3x 9x 3 X
o o) o L. o
X

+9 12x0+81 117Xo+729 ax + 9n

where {an} is a sequence defined inductively, assuming ao=0, by

n-1
a =9a _+3
n n-1
for any n=1,2,... and since X < 1, it is immediately seen that
3n—1 X 3n—1 1
0<Gx = 9 =
o <
ax +9n 9n 3n+1
n o
for any n=1,2,... . This implies that M(Gx1,1,F) converges to 0.
Further, we have
IlFX - Fy||= l X - y I &= 9-1x -yl <
x+9 y+9 (x+9). (y+9)

Jx -
9:1x - y| 1 x - y| = ——]ex-6y]|
3

81+ |x -yl 7 9
for all x,y€ X and thus all the conditions of our Theorem hold assuming a=1/3,
b=c=0. Note that zero is the unique common fixed point of F and G since
a+ 2c=1/3<1,

as pointed out in Remark 3.

We observe that the weak commutativity in our Theorem is a necessary condi-
tion, as is shown in the following

Example 3. Let X = [0,1] with the usual norm. Let Fx=1/2 and Gx=x/2 for

any x€ X and {cn} be a sequence satisfying conditions (i) and (iii). Starting
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from x0=1, it is easily seen that xn=yn=1 for any n=0,1,2...

Then

1 1
M(G1,cn,F) = { 2 g o e T ...}.

All the conditions of our Theorem are trivially satisfied except the weak
commutativity of F and G since we have
1-x

|| Fex-crx|| = _ZT >—— = |IFx - ex||

for any x € (1/2,1], but 1/2 is not a coincidence point of F and G.

We also observe that the assumption ''Let XOC X and {cn} be a sequence such
that M(GX1,cn,F) converges to a point u'" is necessary as is shown in the follo-
wing

Example 4. Let X = [O,+OO ) with the usual norm and define Fx=2x+1 and
Gx=2x for any x€ X. Note that G is continuous and linear and

F(X) = [1,+0) < [0,+®) = cXx).
Further, we have

[lFex - crx|l = 1 =] Fx - cx||
for any x€ X. Thus F weakly commutes with G and since

lex - Fyll=2 <)l x - y)l = lJox - eyl ,
the inequality (6) holds with a=1, b=c=0. Thus all the conditions of our Theo-
rem are satisfied except the aforenamed assumption. Indeed, let xOE X arbitrary
and {cn} be an arbitrary sequence satisfying conditions (i) and (iii). It is

easily seen that M(Gx,,c ,F) is defined by
n

1
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Gx =2x + S
n+1 o) n
where
S =c¢ + ¢ + c
n o 1 n
for any n=0,1,2... . Since (iii) holds, the sequence {Eil} diverges and then

M(GX1,cn,F) diverges. On the other hand, F and G do not have coincidence points.
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