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Conjugate covariant derivatives on vector bundles and
duality
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Abstract: The notion of conjugate connections, discussed in [2] for a
given manifold M and its tangent bundle, is extended here to covariant
derivatives on an arbitrary vector bundle E endowed with quadratic en-
domorphisms. A main property of pairs of such covariant derivatives,
namely the duality, is pointed out. As generalization, the case of an-
chored (particularly Lie algebroid) covariant derivatives on E is consi-
dered. As applications we study the Finsler bundle of M as well as the
Finsler connections on the slit tangent bundle of a Finsler geometry.
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Introduction

In a series of papers, namely [7]-[9], we have studied the geometry of pairs of linear
connections on a manifold M which are conjugated with respect to a tensor field of
(1,1)-type T € 7'11 (M) satisfying the reduced quadratic equation: T2 = eI. Here
I is the usual Kronecker tensor field I = (5;) and ¢ € {0,—1,+1}. Recently, an
unified approach for the non-degenerate case ¢ = +1 was presented in [2]. Related
to the almost product case is the study [6] concerned with golden structures and
[10] dealing with metallic structures.

Let us remark that all the previous studies involve only the tangent bundle T'M
of M. The aim of the present work is to extend these objects to an arbitrary vector
bundle E endowed with a non-degenerate quadratic endomorphism A and a given
covariant derivative V. An important remark is that the main property mentioned
above, namely the duality of conjugate linear connections (V, V*), continues to hold
in this general setting. Two new features of the present paper are: i) the use of local
expressions for all the involved objects, which leads to a better picture; for example
in Section 2, for the structural and virtual tensor fields of a pair (linear connection,
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endomorphism), ii) a special attention is given to the mean covariant derivative V°
which parallelizes the given X\. More generally, we use V? and the first associated
Obata operator in order to determine the whole class C'(\) of covariant derivatives
with respect to which A is parallel. The second Obata operator is used to express
the variation of the curvature tensor field. We finish the first section with the study
of anchored, particularly Lie algebroid, covariant derivatives on E.

The above computations are applied in the cases of two particular geometries
involving again the tangent bundle. The first concerns the so-called Finsler bun-
dle TM Xz TM while the second is a proper Finsler geometry provided by a 1-
homogeneous function F' : TM — R, with non-degenerate square. Let us remark
that the class of almost complex and almost product connections in vector bundles
endowed with such endomorphisms are discussed also in [19] but our study follows
a different path: we unify the treatment of these geometries and in this way we
firstly determine the mean covariant derivative from an arbitrary pair (V,V?*) and
secondly we derive the set C'(\). A strong motivation for an unified treatment of
almost complex and almost product geometries comes from the relationship (1.20)
of curvatures of the conjugate covariant derivatives; the same relation holds for both
geometries i.e. it does not depends on €. For the usual case of the tangent bundle
we associate to V two tensor fields of (1,2)-type called the structural and the virtual
tensor field of the pair (A, V) respectively. In the last section we compute these
tensor fields in the case of a Finsler connection.

1 Conjugate covariant derivatives for e-endomorphisms

Let 7 : E — N be a vector bundle of (paracompact) base N” and fibre R¥. As
usual, X(N) = I'(T'N) and I'(r) denote the C°°(N)-module of sections for the
vector bundle 7y : TN — N and m, respectively; in fact we mainly follow the
notations of [21]. A classical notion for this setting is:

Definition 1.1. ([21, p. 277]) A covariant derivative operator on 7 is an R-bilinear
map V : X(N) x I'(r) = I'(n), (X,s) = Vxs, such that:

i) V is tensorial in its first variable: Vyxs = fVxs,

ii) V is a derivation in its second variable: Vx(fs) = X(f)-s+ fVxs,

for all f € C*°(N), X € X(N) and s € I'(m).

Let now ¢ € {£1} and X € T'(End(7)) = End(I'(7)). Recall from [21, p. 284]
that V induces a covariant derivative operator V on the bundle End(E) through
the relation: R

(VxA)s:=Vx(A(s)) — AM(Vxs), (1.1)

for all X € X(N) and s € I'(nm).
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For the given A the natural problem is to obtain the class of all V such that
VA = 0; let us denote by C(\) the set of these covariant derivatives. In the following
we restrict to a particular remarkable type of such endomorphisms:

Definition 1.2. X is an e-endomorphism if: \? = elr(g)-

From now on we suppose that the fixed A is an e-endomorphism. In order to
study the above problem we follow the method of [2] and [7]-[9] by introducing:

Definition 1.3. The \-conjugate of V is V* : X(N) x I'(r) — T'(r) given by:
Vs = eA(Vx(\s)). (1.2)
More generally, the A-conjugate of V is V* : X(N) x I'(1) — I'() given by:
v = )\_loVo(lx(N),)\), (1.2gen)
for any invertible endomorphism A.

It follows immediately that V* is also a covariant derivative operator on 7. Let
us remark that defining the mean covariant derivative of V and V*:

v — % <v + VA> (1.3)

we obtain the desired solution of the problem, namely: VO = 0; see also the
Proposition 1.5 below. It follows that a study of V* is necessary and in the following
we provide some properties of this conjugate covariant derivative. A first important
property is the duality announced in the title:

Proposition 1.4. (V)‘)X =V, hence (V)‘)O =V
Proof. A direct consequence of the definition is:
Vi (As) = AM(Vxs) (1.4)

and hence:
A A A 2
(v )X s = eM(VA(As)) = eA[A(Vxs)] = £2Vxs

which implies the conclusion. ]
The next property concerns with the hat-versions of the involved V’s:

Proposition 1.5. VA\ = —V\ and then V € C(\) if and only if V> € C()\), that
is VA =V = V.
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Proof. We have directly from the definitions:
(VAA) (5) = Tx(As) = A(Tks) = A(Vixs) = e(VxAs) = ~(VxA)(s)
which is the claimed equation. O

In the following we express locally the above objects. Let h = (U,u®; o = 1,...,n)
be a local chart on N and suppose that E|y := 7~ 1(U) has a trivialization. By the
same arguments as in [21, p. 279] it follows that there exists a local frame field
Sy = {si;i =1,....,k} of w over U. So, any local section of I'yy(7) can be uniquely
written as a C°°(U)-linear combination of elements of Syy. In particular:

Vg%asi == F‘Zéisj (15)
for some smooth functions I‘ii € C*(U). Following the cited book we call these

functions the Christoffel symbols of V with respect to the chart h and the local frame
field Syy. Also we have the local expression of A:

A(si) = N]s; (1.6)

, A0
with A} € C>°(U). Let us denote by I'V,; (I'/4;) the Christoffel symbols of V* (V?)
with respect to the same pair (h,Sy). A straightforward computation yields the

A
change I' —T:

2 [ ON k yl
Fjai: EA'Z: <aué + Fal)\i> . (17)
Recall the usual local expression of the V-covariant derivative of A:
ONF
Aﬁa = au; + TR AL —TL R, (1.8)

Then the conjugate and the mean covariant derivatives can be expressed in the
following way:

A

Pjoci: EA%: (Aﬁa + ]‘_‘f)ﬂ)\f) = 8)\%)\5@ + foi’
0 . . . . (1.9)
Tlai= §X Mo + Tas = —5M M0 + Thse

The relationship in formulae (1.3) and (1.9) can be represented as follows:

+EN A —EN N ,
2 e 2 e - (1.9f1g)

\Y v vA
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. A A
fw= (wg ) is the connection 1-form of V and w is the connection 1-form of V then,
from w] =T7 du® it follows that:

A

W; —w! = eM )\Z‘adua —eA; )\iladuo‘. (1.10)
Recall also the curvature of V:
0 0 j
R <aua, 8w8) S; — ROc,BiSj’ (111)
where:
. orl.  ari. .
J ,32 ol k 1J k
Raﬁz - oue aug +F,6’irak Fazrﬁk (1'12)

Example 1.6. A) Suppose that F is the tangent bundle TN, hence A is a tensor
field of (1,1)-type on N and n = k while a € {1,....,n}.
i) The case e = —1, corresponding to almost complex geometry, was studied in [7];
n must be an even positive integer.
ii) The case ¢ = +1, corresponding to almost product geometry, was studied in [8].
iii) From the expression (1.9) we derive also a relation between the torsions of V
and V*, VY
0
TJM— T ;i + e ()\l|a )‘all) T oi= T ;+ )\j ()\l|a /\all) (1.13)

iv) In the setting of G-structures suppose that A is integrable. Then there exists an
atlas on IV such that the components of A are constant and hence:

)\ 0
i=eXEAL T, /\JF’“Z/\I + QF{M (1.14)
which yields:
by ‘ 0 c z
Rl ggi= eNLREg AL, R o5= 5%3 ahi + Raﬂl (1.15)

We recover the result of Proposition 2.1 of [2], namely V is flat if and only if V*
is also flat; this result holds even if A is not-integrable as well as for V°. The
relationships between the torsions of V and V*, V are:

A A 0

T i= eNTENL, T = QTéZ + /\]Tkl/\é. (1.16)
B) Almost complex structures on the vertical bundle associated to the tangent bun-
dle are studied in [4], while almost product structures on the same bundle are studied

n [17]. O
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Returning to the general case we describe now the C*°(N)-affine module C'(A).
The Kronecker endomorphism I € I'(End(n)) = End(I'(7)) acts locally as:

I(s;) = 0s; (1.17)
and A has two associated (2, 2)-tensor fields, called Obata operators:
1 1
QU = 5 (070 +eXIAR) Wi = = (ahok — XA (1.18)
A straightforward computation yields:
Proposition 1.7. 1. The generic element VI of C(\) has the expression:
g 0

IV =17 oy +0Y X2 (1.19)

al»

with arbitrary X = (X§;).
2. If V€ C(\) then Q and ¥ are also covariant constant with respect to V.

The second Obata operator is useful to express globally the first equation in
(1.15) through:

A
R= R —-2V(R), (1.20)
a relation obtained in [11] for E = T'N and conjugate connections with respect to

0
non-degenerate (0, 2)-tensor fields; see also [12]. In conclusion R= R — U(R). Let
us remark that from V9 € C()) it results that ]?2 commutes with A:

R(,)or=xoR () (1.21)

Another approach for the pair (V)‘, V) is expressed in terms of quasi-covariant
derivatives, more precisely \-covariant derivatives, which are maps D as in Definition
1.1 with the second condition replaced by:

i\) Dy (fs) = fDxs + X(f) - A(s).

It is easy to see that any covariant derivative V yields a A-covariant derivative

DV through:

DY :=VxoA (1.22)
and then: .
VA=eloDV, V% = 5(A0D3\(+D)‘o)\) (1.23)

for every X € X(N). Also, it follows that: Vx =eDY o \.

We finish this section with a slight generalization concerning algebroid covariant
derivatives. Namely, let (A, N,7: A — N, p) be an anchored vector bundle over N
of rank r, i.e. p: A — TN is a morphism of vector bundles over the identity of IV,
called anchor, [13, p. 7]. Following the cited book we consider:
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Definition 1.8. An A-covariant derivative on m is an R-bilinear map

D :T(r) xI'(r) = I'(n), (§,s) = Degs satisfying:

i) D is tensorial in the first variable: D(f{)s = fDgs,

ii) D is a derivation in the second variable: De¢(fs) = fDes + (p o &)(f)s, for all
feC>®(N),{el(r) and s € T'(m).

We note that this notion also occurs in the infinite dimensional setting of Banach
vector bundles, but under another name, in [3]. We can consider the same problem
for \ as above in the setting of anchored covariant derivatives and all the definitions
and results 1.3-1.5 hold with X replaced by £. Let us express locally these objects.
Let h = (U,u®),a = 1,...,n be a local chart on N and the trivialization of 7 and 7
respectively:

i) Ay := 771(U) has a trivialization sf} = {ea, A= 1,...,7},
ii) E|y has a trivialization as above.
The trivialization s;}‘ yields:
1) the linear fibre coordinates z4 i.e. A|y has the local coordinates (u®, z4),
2) the smooth functions ([13, p. 7]) p4 :=1“opoeyq € C°(U). Hence:
plea) = P 5oa- .
A fixed A-covariant derivative D has the local expression: DgA s; := I').s; with

A

Fih- € C®(U). Then its conjugate A-covariant derivative D* is the generalization
of (1.7):

% j N k L
Also, we consider the generalization of (1.8):
Nk
AQjA = pﬁaﬁ + TR AL — TR (1.25)

and hence (1.9) generalizes to:

A . . )
D= eX, (M4 + TU ) = eAJA, + Ty,
0

[ 4= %)‘Z:)‘ﬁA + F{M = _%)‘f)‘im + Fi&i'

(1.26)

We remark that if A is the usual tangent bundle of N then (1.24) — (1.26) reduce
to the formulae (1.7) — (1.9) since p is the Kronecker endomorphism (1.17).

In order to introduce the curvature we suppose that, in addition, A is a Lie
algebroid i.e. T'(7) is endowed with a Lie bracket [-,:] 4 following [13, p. 7]. Then
the curvature tensor field of D is ([13, p. 48]):

R(&,n)s := D¢Dys — DyDgs — Dig 8 (1.27)
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with local coefficients:
R(ea,ep)s; == RJABisj, Rile‘ e C™(U). (1.28)
A straightforward computation yields:

R’ o Op; _ o O, ki, — 1Tk — 04,1/ 1.29
ABi *— PA Juc PB Juc + 1l 4 il Bk ABL ¢ (1.29)

where the coefficients © are provided by the A-Lie bracket:
055 == 2% o [ea, epla. (1.30)

In the particular case 7 = 7w we can also define the torsion of D, ([13, p. 48]):

T(&,n) == Den — Dy — [§,n)a (1.31)

and hence:
T(eA, €B) = TEBeC'a TEB = FgB - FgA - @gB' (1-32)

2 The case of a Finsler bundle endowed with an
e-endomorphism

Let now M be a smooth manifold of dimension m and 7 = 73y : TM — M be its
tangent bundle. A local chart hyy = (U,2%i = 1,...,m) on M induces a local chart
(r=1(U), 2%, y*) on TM|y, where u € TM|U is expressed as u =y 8901.

The vector bundle in the preceding sectionis 7 : E=TM Xy TM — N =TM
with [21, p. 179]:

TM xp TM = {(u,v) € TM x TM;7(u) =7(v)} (2.1)

and 7(u,v) = u. The fiber of 7 over u € TM is 7~ (u) = {u} x T,(,yM and hence
k = m and n = 2m. Usually, 7 is called the Finsler bundle of M and its sections
are called Finsler vector fields. The C°°(TM)-module I'(r) of Finsler vector fields
is canonically isomorphic with the C*°(T'M )-module of sections of 75 along 75/:

I, (TM) :={X € C(TM, TM);mps 0 X = Tar}- (2.2)
Hence the Finsler vector fields are of the form:

X:ueTM— X(u) = (u,X(u) € TM x5 TM (2.3)
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or briefly X = (17ar, X). A remarkable Finsler vector field C corresponds to
X =1ry €T, (TM) and then:

C= (1TM, 1TM) ueTM — (u,u) eTM xp TM. (2.4)

In a compact form we have the Liouville vector field C = y* 621' e X(TM).

The local chart hys of M determines for u € 7=1(U) C TM]|y the basis {0;(u)}
of the fibre 7=!(u) given by:

0i0) = (1 gl ) - 25)

Hence S|y = {s; = 0;;i = 1,...,n} is a local frame field of 7 over U.
Fix now an e-endomorphism A of this 7; hence X is a particular case of a Finsler
tensor field of (1,1)-type. The equations:

NDi) = X, (2.6)
give its components )\g € OC=(r71(U)):
: . o )
N =X =Xz 2™y, L y™). (2.7)
Fix now the covariant differential operator V for w. The local expression of V:
VY 9; =T}, vU a = Cloh (2.8)
ozt
generates the pair of Christoffel symbols: i) horizontal: Ffj = Ffj(x, y), i) vertical:
A
C’fj = ij(x, y). The conjugate V* has the pair (T'*;;, C¥;;):
A a)\a A 3)\“
I¥= ek (a ! rm), CFij=eXi <a : 5A§>. (2.9)
Then V yields two covariant derivatives: one horizontal | and one vertical |. For
A we have:
k 8)\§ k)\l l )\k ko ._ aA? l L \k
Ajji = D + A — Ty AT, )\N = By +Ck A= CiN (2.10)
and then:
A A
Tk, = eAl ( 4+ T A“) Ok = enk ()\j‘l e A“) (2.11)
0 0

Also, the mean covariant derivative V has the pair (I'¥;;, C%;;):

0
+TF, CFy= 2)\’;)\?‘1 +CF. (2.12)

)\ k

a ]|z
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Example 2.1. Suppose that A is a tensor field on the base M; then A = A(z). It
follows that:

A 0
€ 1
Chij=eXaCiiNj,  CMij= 52 Ci; + 5C (2.13)
and then, the vertical part of both V? and V* follows the path of formula (1.14).
In particular, if the vertical part of V vanishes then also the vertical parts of VA
and V° vanish; in particular this is the case discussed in [2] when T lives also on the

base M i.e. I' =T'(x).
Now, with m = 2 and following the example 1.6 part iv) we consider:

A =hi= ( 2 (1) ) : (2.14)

The first equations (2.13) become:

A A
Clij=eCiN;,  C%ij= O\ (2.15)
or, in more details:
A A A A
0111: 0122, 0112: 60121, 021'1: 601-12, 027;2: C,L-ll. (2.16)

O
The corresponding result of Proposition 1.7 for this setting is:

Proposition 2.2. The generic element of C(\) has the expression:

g 0 g 0
Thy =Tk, +Q X, CFiy=C*y +0k Y (2.17)

jatil >
with arbitrary X = (X§) and Y = (Y}}).

Let us finish this section with the simple case of the tangent bundle 754; then
A € TH(M). Two tensor fields of (1,2)-type are associated in [2] to a given linear
connection V: the structural and the virtual tensor field, denoted respectively by C’é
and Bé. After a short computation of their initial expression we write them in more
useful form as:
1) the structural tensor field:

CHX.Y) = S{(TaxA)Y (VA (V)]} (2.18)
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2) the virtual tensor field:
BY(X.Y) = L{(Vax )Y + A(VxA)X )]} (2.19)
Their utility is provided by the relation (30) in [2]:
VA=V4e(Bd—C2) =V =V + g(Bé — ). (2.20)
Suppose that locally we write:
@ (g0 ) = Wlige B (i) =B @21

Since the equation (1.8) is expressed by:

0 p O
(V 2 (o) = Ny (222)
we derive:
1 1
(C) = 5()\2)\?” — NN, (B = 5()‘2)\?” FATAY). (2.23)

3 Finsler geometry endowed with an c-endomorphism

Recall from [5] that a Finsler fundamental function on M is a map F : TM — Ry
with the following properties:

F1) F is smooth on the slit tangent bundle TyM := T'M \ O and continuous on the
null section O of 7y,

F2) F is positive homogeneous of degree 1: F(z, \y) = A\F(x,y) for every A > 0,

2 Oytdyd
positive definite. The tensor field g = {g;j(z,y);1 < i,57 < m} is called the Finsler
metric and the homogeneity of F' implies:

F3) the matrix (g;j) = (1 O F> ) is invertible and its associated quadratic form is

F2(2,9) = 99"y = wiy/', (3.1)

where y; = gijy’. The pair (M, F) is called Finsler manifold. In particular, if g does
not depend on y, we recover the Riemannian geometry.

On N :=TyM we have two distributions:
i) V(ToM) := kerm,, called the vertical distribution; does not depends of F. It is

integrable and has the basis { 8?;1'; 1 < i < m}. A remarkable section of it is the
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Liouwille vector field C = y* a?/i'
ii) H(TpM) with the basis {% = azi - Ng%}, where:
1 o
Ni=_--0 3.2

and 75, = ; ¢ 47y is built from the usual Christoffel symbols:

i 1 0 (09ak  09ja  Ogjk
ik = 59 (83:3' T ok T Bae ) (3:3)

H(ToM) is often called the Cartan (or canonical) nonlinear connection of the geom-
etry (M, F') and a remarkable section of it is the geodesic spray:

0

The Finslerian connections are triples I' = (Nf,Fi]}(w,y),ij(x,y)) where F-
behave like the coefficients of a linear connection on M and C is a d-tensor field
on ToM. Such a Finslerian connection yields the covariant derivative I'A on To M

given by:
_ rk _ k
FA&iJ 6 5 FZ] S FASiJ 8 - FZ] ByF 35)
_k_¢ _ (k0 :
FAaZ)J 5o = Cligam FA@; By =G e

There are four remarkable Finslerian connections, [5, p. 227]:
-Cartan Ca = (NF, E’;,C’k)

-Chern-Rund CR = (NF, FZ;,O),

-Berwald B = (N}, G%;,0),

-Hashiguchi H = (NF,G¥;, CF),

. 7/‘77
where G* = N}yf and:

1 0gai  0¢; 09ii 1, 0g;; 92GF '
kE_ L ka aj ia  08ij k _ * ka9%5 ~k _ _ i
FZ] 9 < 6{1/‘1 + (S:EJ S 7013 29 8ya 3 Gz] ayzﬁyﬂ 7Yoo- (36)

Let now A be an e-endomorphism given locally by A = ()\f (z,y)) as in (2.7).
I, or equivalently I'A, yields two covariant derivatives: one horizontal | and one
vertical | which for A are:

SNE aAk
. ] k1l I \k k ._ [ l
)\m. — +FN = FUAS, A= 5y L Ck A= )\l (3.7)
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Then I' has:
Ak AR

1) a conjugate Finsler connection I'* = (NF Fi; (2,9),Cyj (v,y)) with coefficients

)
as in (2.11),
k k

0 0
2) a mean Finsler connection I = (NF* Fi; (7,y),Ci; (7,y)) with coefficients as in

)
(2.12). X is covariant constant with respect to this Finsler connection:

Moo=k =o. (3.8)
gl 1

Example 3.1. The almost complex case (¢ = —1) of I'’ appears in [20, p. 15] while
the almost product case (¢ = +1) in [18, p. 61], see also [1]. An important remark
of these works is that the set C'(\) derived from (2.12) is a commutative group. O

Returning to the general case let us remark that the Finsler connection I' defines

h h v v
the pairs: (C*r, B*r), (C*r, B r) with:

ok 0N 0N ko gk k ! !
2ACH)G = N = N g HeFl + NFA - NN FG + AR (3.9)
ok l(s)‘k j ko \lpk k ! !
2(Br)i; = Ni—7 5! /\l 5o eF + NI A; — NN Fgj — AjFg;] (3.10)
v Xk O
2(C*r)jy = Ai— —\F 5y L4 eCl A+ NCEX; = AN CL + XL (3.11)
9\ 197 AL w9 ko Lk ys _ \krysot sl
2(B ) =\ PGy + By — 05 + MO — N[N Cgj — Aj04]. (3.12)
Hence, for the case I' € {Chern — Rund, Berwald} we have:
2Oy = N O =M O\, A 1% 3.13
( F)’Lj_ ’Liy_lai? ( ) a laz ( )

and these tensor fields are zero if A is a basic endomorphism, i.e. A € T;1(M), or an
integrable one, i.e. with constant components in a preferential atlas on M.

Let (dx?, 6y := dy* + N’dxj) be the dual of the Berwald basis (5 ¥ 9. A final
remark is that the given A ylelds four endomorphisms of V:
AL (M) : —)\]i@)d i)\]i@)&i Bi()\): —)\Ji@)é i)ﬂi@)d:ﬂ (3.14)
+ i §d yj Y, + i S a .

We note that Ay (A) and By () are exactly e-endomorphisms on N while B_(\) is
an (—e)-endomorphism on N.
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Example 3.2. Suppose that e = +1 and A = 9§ = (55) Then: A, (d) = 1py is the
Kronecker tensor field of tangent bundle TN; A_(J) is (together with the Sasaki-
type metric Gy on T'N induced by (g;;)) the almost para-Kéhler structure Pr from
[15, p. 1880] while B_(J) is (again together with Gr) the almost Kéhler structure
Up from [16, p. 243]. For the general setting of tangent manifolds, particularly
tangent bundles, endowed with nonlinear connections, the almost product structure
A_(0) appears in [14, p. 14] and it is well-known that A_(J) is integrable if and

only if the corresponding nonlinear connection is without curvature i.e. flat. Also,
h

v v h
for any Finsler connection I' we have COr=B°r=C’r=B°r=0. O
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